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(4.) The velocities by whicli these quantities are product 
may be eitlier uniform op 

variable. If the velocities of ^ ^ 

two points --/and Cbe uniform, 

and in the ratio of 1 : 2, the ''■ 

lines JB and CD, described 
in the same time, will be in the same ratio of 1 : 2 ; and 
in this case the line CD is said to JJaiv with twice the velocity 
of ylB; the increase of CD in a given time is double of 
the increase of JB in the same lime, or the fluxion of CD : 
the fluxion of ulB :: 2:1. And in general, if the uniform 
velocity of tlie point ^ : the uniform velocity of the point 
C :: m : n, the corresiwnding increments of .7JS and CD will 
be in the same ratio ; that is, the fluxion of .4B : the fluxion 
of CD :: m : Ti or :: velocity of ^ : velocity off. 

If the lines AB and CD are described with variable velo-, 
cities, their corresponding r r r 

increments are no longer ' ' 

proportional to the velo- , , 5?_ 

cities, and therefore can- '^ t D 

not represent the fluxions. The velocity of a body at any point 
of it's motion is represented by the apace, which would be 
described in a given time with the velocity at tliat point con- 
tinued uniform. Let E and F be two contemporaneous positions 
of J and C; let EG and F// represent two spaces, which j4 
and C would describe in the same time, if the velocities at E and 
at F were coiitinued uniformly ; and let EB and FD be the 
spaces which tliey actually describe by the variable velocities. 
The parts GB and HD are produced by accelerations which had 
no existence at E and F, and are not described uniformly ; 
whereas EG and FH are proportional to the velocities at E 
and F, and are described in the same time. Hence the fluxion 
of JE : fluxion of CF ■.: EG : FH. 

(5.) This reasoning may be illustrated by the doctrine of ' 
falling bodies. If a body descend by the force of gravity for 2", 
it describes a space in the 3d second of 48 feet, nearly ; 



i 



I 



this may be divided into two parts; of which 32 feet are 
described by the velocity acquired at the end of the 1st 
second, and l6 by the acceleration of gravity. If then we 
should assume 48 as the measure of the velocity in the 2d 
second, the conclusion would be erroneous. Supjiose a body 
to fall for 10", the space described in the llth second may 
be thus re[)resented. 

The velocity acquired in 10", omitting fractions, = 320 feet; 
or the space described in the lith second by feci. 

that uniform velocity = 320 

The space in the 1 1th second, by gravity . . . = i6 
.*. the whole space, from both causes . . . . = 33(j 

On this division of the spaces depends the whole method of 
fluxions. 

(6.) When a quantity increases with a velocity which 
continually varies, the quantity, which measures the fluxion, 
is a limit between the preceding and succeeding increments, 
and is ultimately * equal to either of them. 

1 . Let the point A move on the straight line AB vrith 
a velocity perpetually 

mci-easmg. Let Co . . , ; 

represent the space 

described in a given time before A arrives at B ; and let 
BD be the space described in the same time afterwards ; both 
by the variable velocity. Suppose BE to be the space which 



' The word ultimaiely is intended to denote that particular instant, when 
the time is dimiujslied sine limile. Sir laA.iC Newton thus describes ultimate 
Telocity and ultimate ratios: "Per velucitatem ultijnam intelljgi earn, qu& 
corpus movetur, neque anlequara attingit locum ultimum et motui cessat, 
nrque postea, sed tunc cum attingit ; id est, illam ipsam velocitatem {juScum 
corpus attingit locum ultimum, et quScum motus cessat. Et similiter per 
altimam raliooem quantitatum evanescenliiim, Intelligciidam esse rationem 
()uantitatuin, non anicquain evancscunt, non postea, wd qu&cum evaauscunt." 
Scholium Sect. Pripuc, 




4 FLtrXTO^ 

the point JJ would describe in the same time, with th< 
velocity at B continued uniform ; and in the Hne BA take 
BF = BE. Then, since the velocity of A is perpetually 
increasing, BE is less than BD, and greater than BC\ but 
BE measures the fluxion ; therefore the quantity whiclfti 
measures the fluxion is in this case greater than the pi 
ceding, and less than the succeeding increment. 

Next, let the time of describing CB or BD be assumed^ 
extremely small ; the difference between BF and BC, 6t 
between BE and BD, will ultimately be less than any 
assignable magnitude. For ED is descril>ed by an acceleration, 
which was nothing at B ; and BE is described by an uniform 
finite velocity; theretbre. by diminishing the time sine Ihnite, 
ED is indefinitely diminished with respect to BE, and FC 
with respect to BF; or BE is ultimately equal to BD, and 
BC to BF; that is, the quantity which measures the fluxion 
is a limit between the increments, and ultimately equal either 
to the preceding or succeeding increment. 

a. Let AB be traced out by a velocity perpetually retarded. 

In this case, BC, tlie 

... .A c F B D « 
precedmg mcrement, . i i i . 

is greater than BF 

or BE, and BD is less ; tlie reasoning and the conclusion are 

the same as before. 

Cor. 1, If one quantity, as AB, increase uniformly, and 
another, as CD, increase with ^ ^ 

an accelerated or retarded ' ' ' 

velocity ; the fluxion of AB : 

fluxion of CD :: increment of *■' " 

AB in a given time : Umit between the corresponding in- 
crements of CD. 

Cor. 2. Hence the fluxion of a quantity must have these 
two properties. 1. It must be a limit between the preceding 
and succeeding increments, 2. It must be proportional to the 
increment of a quantity, which flows uniformly. 
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TLUXIONS OF QUANTITltSrr 

(7.) In the preceding demonstration we have reasoned upon 
the hypothesis, that if the time be indefinitely small, HE 
vanishes in respect of BE. This may be illustrated in the 
following manner. Suppose a projectile to be dischai^ed 
in a direction GH perpendicular to the horizon, and „ 

with a velocity of 1000 feet in a second, the force of 
gravity being considered as uniform, and the resistance 
of the air omitted. Take GL= 1000 feet, LM= 16^ ; 
then, at the end of 1", the body would be found at J/, 
and LM : LG :: l6 : 1000 nearly :: 2 : 133. Next, 
take GiV=300 feet, and A"t>=4 feet. Then, in half a 
second, while the body would uniformly describe GN, 
gravity would draw it through NO; therefore it will be 
found at O ; and NO : NG :: 4 : 500 :: 1 : 125. 
Next, take GP = 100; then Pv, the space by 
gravity in ,-", or whilst the body with an uniform motion 
would describe lOO feet, = ^ of a foot ; therefore in this 
case Pv : PG :: 1 : 100 :: 4 : 2500 :: 1 : 625. If we 
take the one thousandth part of a second, Pv : PG :: 
1 : 62,500, nearly ; so that in every case, as the time is 
diminished, the space through which gravity would draw the 
body bears a less ratio to the space described in that same time 
by the uniform finite velocity. And if the time be assumed 
indefinitely small, Pv will ultimately become evanescent in 
respect of PG. 



(8.) The first letters of the alphabet, a, h, c, d, &c. are gene- 
rally assumed to represent invariable quantities ; the last lettei-s, 
as w, X, y, s, such as are variable. 

The 0uxion of a simple quantity x '•■ ■ 

is denoted by a point over the letter, 

u X. Thus, if AB is equal to x, BC, the fluxion of AB,=i. 



(9.) If the fluxion of j be expressed by x, the fluxion of ax 
will be or. 
For if X increase uniformly, ax will also increase uniformly, 



and it3 velocity of increase will be a times greater than that of j 
X, that is, it win =«.!. Lei J BCD be a parallelograiii,t 

<rf which the side ^ /} remains '' 

constant, wliile ^/ B flows uniformly. 
BCFE will represent its fluxion. 
Let AD=a, AB = x, BE=x; 
then ABCD = aT, and BCFE= "l 



(10.) If two quantities have to each other a given ratio, tlieirs J 
fluxions are in the same given ratio. 

Let X : y :: a : b, 
then bx = atf; .: bi=at/; 
.'. .i : if :: a : b. 



(11.) The fluxion of a ± x is 

Liet AB, a constant line, =a, d. 

CD, a variable line, =x. ^~ 



Bf| 

The line AB does not affect the increase or decrease of a;j ,' 
so that the variation of AB+CD is the same as the variation j 
of CD alone ; that is, the fluxion of a :± x = ±x. 

Cor. Constant quantities, connected with variable ones by 
the sign + or — , disappear when the fluxion is taken. 

(12,) If any numerical or algebraical quantity .r be supposed 
to increase uniformly, the squares of the succeeding quantities 
will increase with velocities continually accelerated. 

Let the numbers 6, 6, 7, 8, 9, 10, be assumed, which 
increase uniformly, as tlie several differences = I. Their squares 
are 25, 36, 49, Gi, 81, lOO, of which the several differences 
are 1 1, 13, 15, 17, IJ) ; therefore the nuuibers do not increase 
uniformly. 

In general, let .c represent any algebraical quantity, and jf 
it's increment; then the present and succeeding values are 
X, x + x', x+ijf, x + 3j^, &c. ; and the present and succeeding 
values of the squares are x% x+jfV, x+2.t\', x+3jf\', Sec. 
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FLrXIONS OF QUANTITfK^. 

The incrementa are obtained by subtiBcting in this case 
each preceding yalye from that which follows it ; therefore the 
increments are^ 2a'a' + 3j;", 22'x' + 5j" Su:.; that is, if tlje 
qaantities themselves increase with an uniform velocity, tlieir 
squares increase with a velocity perpetually accelerated. The 
same reasoning is true of the higher jjowers. 

Cor. It is manifest, that if 2xa/ were equal to the difference 
between tliese several squares, their velocity of increase would be 
unifonn ; so that the parts j.'", Sj,-", 5j/', &.c. are the effects of 
acceleration ; whence (by Art. 3. and 4.) these quantities, which 
involve the powers of x', are to be omitted in taking the fluxions. 



(13.) To find the fluxion of j*. 
LEtJB=x: ABCD=x'; let AE 
and AF each = the increment of 
jo = 3f; and let EGHD, FKMD 
represent the preceding and suc- 
ceeding values of ABCD. Then 
the gnomon APJI, or the prece- 
ding increment, = AP + BH-JiG „ 
= 2xy-.r"; and the succeeding increment, FLC=:2x3f+j.'*^. 
Now the limit between these is 2xjf, or ultimately 2xx\ .*. the 
fluxion of x" = 2xx. 

The same result is obtained by the following process. 
Let j:-;t', X, a id x + j', represent the preceding, present, and 
succeeding values of x. Their squares are 

j;'- 2j2' + x", X*, and j:' + 2x^+0;"; 
.*. the preceding increment = 2xx' - j,'", and the 

succeeding =2xx'+j'*, of which the limit is 

ixnf, or the fluxion =.2xx. 

(I4.) To find the fluxion of a rectangle xy. 
Let ABCD be the rectangle; 
AD=^x,AB=y. 'r&keAE,AII, 
each = y, and BN, BM, each =y, 
and complete the rectangles 
EFGD, HIKD. These two 
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XCXIONS OF QUANTITIES, 

rectaDgles will represent the preceding and succeeding valuei 

of ABCD. 

The preceding increments; the gnomon -i4LG = ^L + i3G-Bi^'l 

or ... = .. . yaf + T;/-i/x'; 
and the succeeding increment =IiB+BK+IB, 

or . . . = ... ^if + x^ +1/3/ ; 
and the limit between them is ysf-irxtf, or the fluxion vtm 

The same result may be obtained in the following mannra*. 

Letj:+?/ =a J , ,, , .in- ^ ^, . 1 

. ■' > thenx-+-u|* = s ; .". the fluxion of a+i/= the 
.-. x-^y =2 J "^ 

fluxion of a' = 2Bi,or=2 x x-^y x .r-{-y = 2Tx-^1xy+2yi-\-^yy\ 
but the fluxion of x-\-yY= the fluxion of J;' + 2Jy4-y' = 2.ri^- 
the fluxion of 23-y + ^yy ; 

.: 2j-.f+2j:y4- 2yjrH-2y_y=2.ri+ the fluxion of 2xy + 2yy; 
.'. 2xy + 2yi= the fluxion of 2xy, or =2 x fluxion of xy; 
,". Jy+ yx = the fluxion of ry. 

Rule. The fluxion of the product of two flowing quantities 
is equal to the sum of the product of each quantity and the 
fluxion of the other. 



(la.) In this Article, x and y are both supposed to increase ; 
for X and y are both assumed positive. But if one of tliem, as x, 
decrease, whiiiit the other continues to increase, the fluxion 
is xy — yx. 

Let ABCD be a parallelogram, ^ ^ ^ 

of which the side AB increases, and 
AD decreases, with an uniform ve- 
locity; take AB=y, AD-x; BG 
=y, DE = x; and by this variation 
of the sides, let ABCD be changed 
into AEHG. The fluxion of ABCD = BH- EC= BO 
= xy-xx y-i-y = xy-yi~.ry = ultimately, xy—yx. 

Hence, to express the rate at which any quantity increases, 
the fluxion of the part which increases must be written with the 
•"S" +j and that which decreases with the sign - . 
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FLUXIONS OF QUANTITIES. 

If a negative quantity increase, it must be considered as 
a decreasing ptwitive quantity, and its fluxion is — . 

(16.) To find the fluxion of xt/z. 
hetji/ = v; then jyz~vz; .•. the fluxion of j:)/z = fluxion of rz 
c=vz + zv; but V:=.rif-\-yj-, .". the fluxion of xyz = xyi-\-zxy 
■^zyx. 

Rule. Hence the fluxion of the product of any number of 
flowing quantities is obtained by taking the sum of the products, 
which arise from multiplying together the fluxion of each quan- 
tity, and the product of all the others. 

(17.) To find the fluxionof any power of a simple quantity a*. 
Let X- 3f, I, and x + x', be the preceding, present, and succeed- 
ing values of x. Then the corresponding values of xf are, 
- 1 



x~x'\ ', or y - 
x', or x', 
and x + y]', or of +nx"'x' + n . •■ -— x''~'x'^+ &c. 
n-l 



-'x'+n -—^ x—x'^- . 
n-l 



.*, the preceding increment :=nx'~'3f —n, — — a^'V^- &c. 

the succeeding = nx''~'af + n. ——— 3f~*x'^~ &c. 

and the limit =»tr"*V, or the fluxion =n3f~'x. 

In this case, n may be either positive or negative, a whole 
number or a fi-action. 

(18.) To find the fluxion of any power of a compound quan- 

tity, as a" +a;"l*. 

Let a^ + iT"]' = 1/, .•. fl''+:r"=)/', 

p mx"'' X 
mx"''! p __, . — =-- — -, 



P 
p mx""'i 
:. y = - X — 5 



■^TLUXIONS OF QUANTITIES. 



that is, the fluxion of o* 



-V , 



o-'+j:"'! 



In cases of this kind a^-Yx" is called the root, and 
fluxion of this root is »u;""'x. 

Rule. Hence the fluxion of any power of a flowing 
quantity, whether simple or compound, is found by multiplying 
together the index, the next interior jjower, and the fluxion of 
the root, 

(19.) To find the fluxion of a fraction, as - . 



theH 



Let: 



= yz, .'. x = yz-\- zif, 



■.yz = 



■ =i/ = 



^_^^.Vi-xy . .^yi.-..,>_ But i= the fluxion of ?^ 
.'. the fluxion of- = ^ — — ^. 

y y 

Hence the Rule. From the fluxion of the numerator, multi- 
plied into the denominator, subtract the fluxion of the denomi- 
nator multiplied into the numerator, and divide by the square 
of the denominator. 



(20.) Examples of the different Rules. 
Ex. 1 . Tlie fluxion of x* - Sx'x. 
Ex. 2. The fluxion of a' = ^I'x. 

Ex. 3. The fluxion of o+J = 6x x 0+^ . 
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Ex. 4. The fluxion of '2ax - i'\ =4aj — 4jix 2ax~x'. 



Ex. 5. The fluxion of a' 
~%xx 



- 2xx X a —x'] = 



5 X a'-x' 



M- 



Ex. 6. The fluxion of ax'+bx'-cx'\ 
Gcx'x X ax' + bx' — cx'\ . 



: 3axx+- 




Ex. 7. The fluxion of x^* = 3j'i x y* + Ay^y x 3? 
= 3y*x'x + Ax^ X y'y. 

Ex. 8. The fluxion of x'y* 2^ = 2^2' xi + 3x'B^y^+- x 
Ex. 9. TTie fluxion of xx a'+xi^ = xx'a'+x'\ + 3xi x 



a'+x*] x I = (i-x + .iM + 3x'x x a'+x'] 



u'x -I- 4J7 j; X 



Ex. 10. The fluxion of x^+y] x .r' - y\ = 3xx+3yf/ x 



af+y'] XX' -y] + ■ 



( x'+y'l 



Ex. II. The fluxion of a'+x'^^x 6'— y")'— xx xa' + j'| ' x 
— s' _ JJ X b'-y'\ ^ 



A"- i/1 - 3yy X a' + ^ 



3yy X a-+x'\ X 6'-yl . 

Ex. 12. The fluxion of 
ay'xx - 2x'yy 

Ex. 13. The fluxion of ■ 



2 jj X y'' - 



y' it 

1 O ~ 6x*.r — 6x*x 



Ex. 14. The fluxion or — = -ri 

x" x" 



Ex. 1 5. The fluxion of — ^ = — 2 " ^ = 

x'x-x'V- Sx'x+a^ar'i _ 3yx'x- 2x'x— x'y 
''~? ^ ? • 

Ex. 16. Tlie fluxion of - *. - = fluxion of x x a+x\ = 

j^* 

xxfl+xl ' - six a+x\ ~* X X = ai+xx-5xi x o+xl" = 
ox— 4xx 



0+ A' 
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Ex. 17. The fluxion of y''.±^ = iTp ' x V+7?l 



x<r+3"5x4+;^-i- 



iyxa + d'xi+^1 ^ = 



^i J ^j 



Ex. 18. The fluxion of " " '^' = fluxion of a'+x^ 



«o'+j/'r" 



xa'+j:*] = 



jn-i 



X a'+x'l ^ X a'+y') 



Sy.'/ 



2j^y xa^+j' 



xF+71 "^ 
i 



2 X a' + x') X aM-y*l 3 X fl'+^'l''' 



Ex. 19. The fluxion of . , orof;t— 1 x ax-x") 

^ 2X — X ' 

ix 2x~a^ . xx~xxx-\ x 



2*-j*l'*" 2j-j;'1'* 

Ex. 20. The fluxion of 

Ex.21. The fluxion of 

Ex. 22. The fluxion of 
Ex.23. The fluxion of 



2x-:c'| 

x+l i_ 

- v'n" - x' X 






fluxion of^* X i/^+b'\ 



n 



y'+i'l'' t^W y'+b'Y 
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ON THE MAXIMA AND MINIMA OF GUAKTITIES. 



(21,) Xhe fluxion of a quantity, when it is a maximum 
or minimum, =0. 

Let two pomts, /n and w, begin to move on the straight line 
^B at the same time ; m from the 

point C with a given uniform ve!o- 1 i i ■ 

city, and n from .-/ with a velocity 

less than that of m at the commencement of the motion, but 
which is continually increasing. Let D be the point, in which 
the velocity of n equals that of ni ; it is evident that the di- 
stance nm is perpetually increasing till n arrives at D, and then 
n begins to overtake m, or Ji m decreases. At D therefore the 
distance between n and m neither increases nor decreases ; and 
consequently its fluxion = 0. But in this case Jim'isa maxi- 
mum ; hence the fluxion of a quantity, when it is a maximum, 
= 0. 

Next, let the velocity of n at first, be greater than tliat of m 
at first, but perpetually decrease ; n m continually decreases, till 
the velocity of n is equal to that of m, and afterwards it increases. 
Let D be the point, in which the velocity of n is equal to that 
of m; here then n m is neither increasing nor decreasing; 
therefore its fluxion is nothing ; but here n ni is a minimum ; 
consequently the fluxion of a quantity, which is a minimum, = 0. 

(32.) If a quantity be a maximum or a minimum, any power 
or root of that quantity is a maximum or a minimum ; for the 
increase or decrease of the power or root will depend upon the 
increase or decrease of the original quantity. 

In the same manner any constant multiple, or part of the 
original quantity, is at the same time a maximum or miaimuro. 




(23.) Examples. 
Ex. 1. To find the greatest ordinate in a given circle. 
Let ^M = x; AB=aa% BM = 
20 - X ; then MP' = 2ax - x' a maxi- 
mum ; .". 2ax—2xi = 0, and x = a; 
that is, if C be the centre, and 
CD be drawn perpendicular to ABt 
it is the ordinate required. 



Ex. 2. To divide a given line AB into two parts x and y, so J 
that the rectangle xy may be a maximum. 

Let^C=j; CB=y; AB=a; then ^ f; 

j;+y = a, and x+y = 0; .■, x=~y; 

also xy is a maximum j ..". xi/-\-yx = 0, 

or substituting —if for i, -xx+yx = 0; hence x=y, or j^fJ? 

must be bisected in C. 

Cor. Hence to divide a quantity n into three parts x, y, and s, 
so that their continued product may be a maximum, the parts 
must be equal. For if x be assumed constant, the product yz, 
and therefore xyz is a maximum, when y^z; i(y be assumed 
constant, the product is a maximum, when x = z ; if « be con- 
stant, ,r must equal y. And in the same manner, into whatever 
number of jiarts a given line is divided, they are all equal, when 
their continued product is a maximum. 

Ex. 3. Todivlde a given line AB into two parts x and_y, 
so that x'H y' may be a maximum. 

Let AB = a; AC^x; CB^y. Then x-fy = a, and x= -y. 

Also x''xi/" is a maximum ; hence »ix"~' xx^y"-!- ny'^^yxx!' 
= 0. Divide both sides by x^' y^', then »nyi+nxy = 0; for x 
write -y\ .". nxy = myy, and x : y :: m : n. 

Cor. If it be required to divide the given line into three parts 
X, y, and 2, so that x* x 3/" x 2' may be a maximum; it will 
follow by the reasoning in the last Cor. that x i y :: m : n, or 



; hence, smcex + i/ + z=a. 
We may proceed 



we liave x+ \-^— = a, and x = 

m m ni + n ^p 

in the same manner, whatever be the number of unknown 
quantities. 

Ex. 4. To divide a given hne j'lB into two parts, x and y, 
so that - -f ■- may be a minimum. 

As before, x+y = a, and x= — y ; also - +~ is a minimum ; 

1/ X 



= 0, by 



writing - if for i ; that is. 



jy+.y.v _ ;fi/+xif 



x=y, 



or the line must be bisected. 



Ex. 5. To find the fraction, which shall exceed its cube 
by tiie greatest quantity possible. 

Let the required fraction =x; then x-x^'a a maximum; 

.•. i-3x*x = 0, andj;= — =■ . 

Ex, 6. To inscribe the greatest rectangle in a given triangle, 
ABC. 

Draw AD perpendicular to BC, take AD = a, 

BC=b, AI=x, EF=y; then, by similar 

triangles, 

, bx 

a '. b -.1 X '.y= — : 

f,x 

.-. the rectangle EGHF= — x a - iv is a maximum j .". ax — x" 

a 
IS a maximum; .'. x= -. 




MAXIMA AND MINIMA 

Ex. 7- To inscribe the greatest rectangle in a given ellipsea 
ABN. 

Let CM=x; i*J/ the ordinate =y\ 
then, if v/C the semi-major axis = a, 
andBCthe semi-minor = 6,therect- J 

angle PEFD=2x 




1/2 • 



< \/a'^ ~ : 



X 2j; .•. jx v/u* — X*, or its square 

fl'x'— ^, is a maximum ; .*. the fluxion = 0, and x = 

Ex. 8. To inscribe the greatest rectangle in a given paraboh 
ABC. 
Draw the axis AD; let AI=x, IF 

=y, AD = b; latus rectum = c; then 
FI= s/cx; .: the rectapgle EH 

= 2'i/cxxb—x; .-. bx^-x^ is a 

maximum; its fluxion = o, and x= - . 
:i 

Ex, 9- Given the radius of a circle to determine the arc, when ] 
the rectangle under the sine and cosine is a maximum. 

Let the radius =r, and the cosine =j:; then the sine = 
y^r'-j'; .". by the problem xx s/Y — j^ is a maximum; 

hence the fluxion of .t* x ?■' - a.* = 0, and x = — :i: . 
' \/^ ^ 

Ex. 10. To determine in an ellipse, at what poW the angle 
contained, between the tangent and distance, is a miriimum. 

Let 5 and // be the foci of the ^L_^_ \ , 

ellipse, P the point required, PI' 
a tangent, A'K perpendicular to PK, 
and spy the least angle. Its sine 
is a minimum. Let j:=the sine 
to radius 1 ; then 1 : x :: SP : SV; 

SF 1 ^ n/^ „ A /~SP 1 . . 

•• "=^ = ^ ^ ^^'^ ^HP^ ^SP.HP " """'- 
mum; .•. SP x HP is a maximum; and since SP + HP = 
AM, in this case SP = HP; and the point P is at the extremity 
of the minor axis. 




OF QUANTIT 

Ex.11. Of all right-angled plane triangles having the same 
given hypothenuse, to find that whose area is greatest. 

Let AB = a, BC^x; then AC=^/V~x: 
Now the area of the triangle A BC = 
BCxAC xxs/lF'" 



a maximum; 



, orx'x a^ -X is 

the fiuxioD of aV — J'*, or 

; hence a' = 2j;', and x = — ;:^ . 
s/2 




Ex. 1 2. Of all right-angled triangles having the same area, to 
find that in which the sum of the sides BC, CA is a minimum. 

Let the area=fl, BC=x; then, since BCx AC=2a, 
AC = — i .: x-\ 13 a minimum ; hence x = o, 

X X X 

aod X— v^'siT. 

Ex. 13. To find the value of x and j/ in the equation x'+y']* 
=o'j', when y is a maximum. 

Extract the square root; then x''+j/' = axi .-. 2xx+2^p 
= ai ; but y, and consequently 2^y = 0, when y is a maximum ; 

.*. 2xx^ai, and x= -, To find »/, we have 



-+y'=-. 



••• !/-- 



, and % 



(24.) To determine when the equation x' — 9z' + 24t- l6 = o 
becomes a maximum or minimum. 

Assume the fluxion =0; then 3x'i— 18j-x+24i' = ; or 
3x xa-*-6j + 8=0. 

Now the roots of this quadratic equation are 2 and 4 ; 
.'.3ixx~2y.x~4~0. 

To ascertain which of these roots gives a maximum, and 
which a minimum; find whether the value of the fluxion just 
before it =0, be [wsitive or negative. If it be positive, the 
quantity is increasing, and the next root gives a maximum ; if 
n^ative, it is decreasing, and the next root gives a minimum. 
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In this instance, if i be assumed positive, and x less than J 
the value of 3xxx-2xx--4 is positive; /. thin root givcfg 
^ — 9-t'+2-l.r- 16 a maximum. If r be assumed greater than 3, 
but less than 4, 3i x a; - 3 x x - 4 is negative ; .■. this root givq 
the original equation a minimum. 

(25.) The meaning of the assertion, that if x = 2 it gives the 
equation amaximum, and if it = 4 a minimum, is, thatx* — gx^+- 
24j^- 16 increases till x = 2, and then decreases till x = 4; not 
that it is the greatest possible when x = 2, nor the least possible 
when x = 4. For if quantities less than 2 be successively sub- 
stituted for X, as 

1 -J . _ . . _ f 1 - 9 + 24 - 16, or O, 

\ the results are < - 16, 

- 1 &c. ) - - - - - ( - 1 - 9 - 24 - 16, or- 50 &c- 
that is, it will go on decreasing, sine limite. 
And if quantities greater than 4 be substituted successively 
for X, as 

5 ■\ . . . . - /■ 125 — 225 + 120- 16, or 4, 

6 i the results are J 216- 324 + 144 - 16, or 20, 
7&C. i (343-441+ 168-16, or 54; 

that is, it will go on increasing, sine lim'tte- 

(26.) In this case we have supposed x to increase, and therefore 
that X is positive. If x be a decreasing quantity, its fluxion is 
negative. Suppose x to decrease till it becomes equal to 4 ; here 
3jxx— 2 . X- 4 is negative, while xis greater than 4; therefore, 
when x=4, the original quantity x^-9x° + 24x- 16 is a mi- 
nimum. If X be assumed greater than 2, and less than 4, then 
3XXX-2.X — 4is positive ; therefore the root 2 gives x' - Sx* 
+ 2Jx— 16 amaximum. These results are exactly the same 
with those obtained by the first method. 

{37.) When two or an even number of the roots of the 
resulting equation are equal, they shew neither a maximum nor 
a minimum. 

It follows from the pi-eceding articles, that when the fluxion of 
the given quantity is of the same denomination with regard to 
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positive and negative, before and after it becomes equal to 
nothing, it does not indicate either a maximum or minimum. 
Now this occurs, when two roots of the fluxional equation are 
equal. For, let the given quantity be 3a.'*-33J?* + 120j:'- igsx; 
of which the fluxion is l2x'J' -Q6x\r+ 2 40xx—\S2i; 
or, 12xx x'-8x^-i-20x- l6; 
or, l2.ixx-2xi—2xx—4. 

Let X be positive; then before x = 2 this fluxion is negative; 
and if x be greater than 2, and less than 4, it is still negative; there- 
fore the root 2 does not give a minimum. But as the fluxion 
changes from - to + , while x iucreases from a quantity less than 
4, to a quantity greater than 4, this root 4 gives 3j;* -32i:' + 
120j:*- iS2x a minimum; and it tlien begins to increase. 

In the same manner, if the fluxional equation has 4 equal 
roots, as x x x — ux x—a x x-.ax x~ ax x- 2a, or any even 
number, the fluxion is of the same denomination with respect 
to + and — , both before and after x becomes equal to a ; and 
therefore the equal roots neitlier indicate a maximum nor a 
minimum. 

(28.) The number of maxima or minima which a flowing 
quantity admits, is equal to the number of unequal roots in the 
fluxional equation. 

Let 3x*-2Sax' + S4a'j^—Q6a'x + 4Sb' = be an equation, 
in which it is required to determine the different values of x, 
when the expression becomes a maximum or minimum. Put 
the fluxion = 0; 

.■. l3x*x—64ax'x+l6Sa'x.i-gGa^x = 0; 
or, 12ix j'-7flJ^' + 14a*x— 8n' = 0; 
or, i^i K X - a X X - 2a X X — 4a. 

If X be assumed less than a, the result is - , or the root a 
indicates a minimum ; if j^ be greater than a, but less than 2a, 
the result is + ; and the root 2fl denotes a maximum, &c. ; there- 
fore when all the roots are unequal, the proposition is true. 

And if the fluxional equation have an odd number of equal 
roots, asixx— axx-axx 



~axx-3a, when x is less than a, 



the result is + ; when greater than a, hut less than 2a, it is — ; 
therefore one root a gives a maximum, and la a minimum; 
the product of 37— u X J— a determines nothing; hence univer- 
Bally, there are as many maxima and minima, as unequal roots, 
in the given equation. 

When all the roots are impossible in the fluxional equation, 
as no possible value of x can give a result = O, the quantity must 
either increase or decrease perpetually, and therefore cannot] 
admit a maximum or minimum. 

(29.) Every quantity which admits a maximum or minimum 
is of a compound nature ; one part of it must increase, while 
another decreases, and according to the increase or decrease it 
approaches a maximum or a minimum. Thus, in Ex. t. Art. 23, 
we have two quantities, 2ax and ~x^; if t increases, Sar also 
increases; but x' increases at the same time; therefore the 
expression 2ax—x* partly increases, and partly diminishes; 
this quantity, then, is in a state to admit a maximum or a 
minimum. 
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Chap. III. 

THE METHOD OK DRAWING TANGENTS TO CURVES. 




(30.) 1_F a straight line as BC move on the line AC in 
a direction always |>arallel to itself, and AC and CB increase 
uniformly, the locus of the point B will be a straight line; and 
the motion of B in that straight line will be uniform. 

Let BC come into the position DE. p 

Then, since AC and CB begin their mo- 
tion together, and have an uniform in- 
crease, the ratio of AC : CB is con- 
Btant; that is, AC : CB :: AE : ED, 
or ACB and AED are similar triangles ; 
,'.ABD is a straight line. Also the motion 
in that line is uniform; for, since CB and 
ED are parallel, AC : CE :: AB : BD, and alternately 
j4C : AB :: CE i BD; but AC is to AB in a constant 
ratio ; .*. CE : BD in a constant ratio ; and the motion in the 
direction AE is uniform; .■. the motion in the direction AD 
is uniform. 

Cor. 1. If the motion in the direction AC be uniform, "but 
that in the direction CB not uniform, the point B will trace 
out a curve. The same construction remaining, let CB increase 
with an accelerated velocity ; then BG being drawn parallel 
to CE, BG and GD would represent the uniform con- 
temporaneous increments of AC, and CB ; but if CB increase 
with an accelerated velocity whilst the velocity of C is uniform, 
BG and some line GF greater than GD will represent the 
corresponding increments ; in this case, a curve BF is described 
convex to the line AE. By the same reasoning, if the incre- 
ment of CB is perpetually retarded, whilst that of AC remains 
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uniform, the point B will trace out a curve, which is concave to'l 
the hne JE. 

Cor. 2. If AC increase with an uniform velocity, but the iiwl 
crease of CB is not uniform, the curve BF is not described witbl 
an uniform motion. 

(3 1 .) To draw a tangent to any algebraic curve. 
Let AM represent the abscissa, and MP the ordinate of an 
algebraic curve convex to the axis AF. Take Mc and Mb on 



I 



^ 



and cv, ^H 



each side of PA/, and equal to each other; and draw bt and 
parallel to PM, meeting the curve in x and r, and a line tPr 
parallel to AF in t and r. Let Mb, and Mv, or Pt and Pr 
represent the uniform increase of the abscissa AM m a. given 
time. Then since EPl^ is convex to the axis, MP increases 
with an accelerated velocity; .*. the fluxion of AM : the fluxion 
of MP :: Pr : a quantity less than jt. Take r.<t equal to this 
quantity; join Ps, and produce it both ways; this line is a tan- 
gent, that is, every part of it falls below the curve. For since 
by equal triangles Ptd.Pcs, rs = td; .•. id is the fluxion of the 
ordinate at P. But the fluxion of AM : the fluxion of MP :■. 
Pr or Pt : a quantity greater than the preceding increment Ix ; 
.•. td is greater than tx, and d is below the curve. 

Next, suppose the curve to be concave to the axis AF. 
The same construction remaining, since the increase of MP is 




I 



in this case retarded, the fluxion of AM : the fluxion of MP :: 
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i'r : a quantity greater than r»; take r* equal to this quantity; 
join ^i*, and prcxluce it; this hne is a tangent at P, or fa!U 
wholly above the curve. For, by equal and similar triangles, Prs, 
Ptd, td~rs, or = the fluxion of the ordinate at P. 

But the fluxion of ^.1/: the fluxion of MP:: Pi or Pr : a quan- 
tity less than /x; .-. td is less than tx, or d is above the cui-ve. 

In both these cases, \i AM=x, PM=ij; Mc'=x, rs=y, we 
have rs : rP or Mc : : PM : MT by similar triangles j 



ory : 



: 1/ : the subtangent MT= ■^. 

Hence in any algebraic curve, to which it is required to draw 
a tangent at any point P, find from the equation to the curve 

the value of •^; take Mf equal to this expression, join TP, 

and produce it. TP is the tangent required. 

Examples. 
(32.) Ex. 1. To draw a tangent to the common parabola. 
Let AP be the parabola, AM the 
axis, and P the point at which the 
tangent is to be drawn. Take AM=x, 
PM=y, the principal latus rectum 
= a; ^exi y—ax; ' am 

.-. 2ww=:flLt; ,-. r = ~, and ^ = J^ = =2x; 

^^ y a y a a 

that is, MT the subtangent = twice the abscissa MA. Hence, 

to draw a tangent at P, let fall the ordinate PM, and in AM 

produced, take Afr=2MA, and join TP. TP is the 

tangent. 

Ex. 3. In general, to draw a tangent to any parabola of 
which the equation is €i'~'x = if. 

.t='^: ... MT or H = 

a^~ a—' 



Here a— 



= lix the subtangent. 
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Cor. If «= 2 it becomefl the common parabola, and jW= 2x 
as berore. 

Ex. 3. To draw a tangent to the circle at a given point P. 
Let fait the ordinate PM on the 
diameter JD. Let AM=x; 
PM=y \ AD~2a; then y = 
2ax— x' ; .". 2_y^ = 2ai- Six; 

y n-i y 

j^ ^ 2e£r£'. Take MT= 

a~x o - .r 

to this quantity, and join TP ; TP is the tangent. 

Ex. 4. To draw a tangent to the ellipse ABD at any point P. 
Let .-/C=a, CB=b, where .^C and Cfi argtth'e'semi-ajfes; 

AM=x,PM=y; 
then, by the property of the 
ellipse, AMx MD : MP' :: 
AO : BC, or j: X 2a -a: : y" 

r.a* : 6"; .•.y'=— x 2fl.c— x'- 





■2i»=- 



; 2(7i - 2.rx = - 






Cor. 1. Since the value of MT is expressed in terms of a 
and T, the subtangent will continue the same, if a and .r are 
the same, whatever be the minor axis of the ellipse; therefore 
if any other eltipe ApD be described on the same major 
axis, and cut MP in p, and Tp be joined, Tp is also a 
tangent to this ellipse at the point p. And if a circle, de- 
scribed upon the major axis, as a diameter, cut MP produced 
in it, and TR be joined, TR is a tangent to tiie circle. 
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Cor. 2. If X be greater than a, and less than 2a, 
is negative ; or the sub-tangent lies the contrary way. 



a-x 



Ex. 5. To draw a tangent to the hyperbola AP, whose major 
axis is AD J and minor 2BC. 

Let AC^a; CB^b; AM=x% MP^^y. 





T Ji 



By the nature of the hyperbola, 

AMx MP : MP^ :: AC^ : CB*; 
or, X X 2a +x : y* :: a* : A*i 

.•• y* =2? ^ 2ax+x*; 



/. 2yy = — X 2ax+2xi = — x a + a: x 2i; 



a' 



• • 



X 



y 



; :.MT or''— = 



yx 



y 



— X 2aj:+x* 
a* 



— ; X a+x 
a 



y fL 



a^^"+^ ^ X fl+^ 






(33.) Def. If PiV be drawn perpen- 
dicular to PTy meeting the aids in A^, 
PN is called the normal, and MN the 
sub-normal. 



To determine their values, we have TM : MP :: MP : MNi 

or ^ : y :: V : MN the sub-normal = •^. 
y X 

£ 
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Also, NP' = NM'' + MP' = -^^ + y* = tJl^l^l. 



% i J.% 



:. NP the normal = y x V^ j: +.y 



(34.) Examples. 

Ex. 1 . To find the value of the normal and sub-normal in 
the common parabola. 

Here y^ = ax\ :. 2yy = or, and --^ = - the sub-normal; 

.-. the normal PN = v/y*+:J:a*. 

Ex. 2. To find the value of the sub-normal in the ellipse 

and hyperbola. 

6' 

In the ellipse, y* = - x 2ax - x* ; 

6* ; . 



'• yy = -jx ax -x:c; 



yif 6* 

and '-r =-rx a ~x = the sub-normal. 



X a 



In the hyperbola, it = ~ x a+x. 
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Chap. IV. 



TO DRAW ASYMPTOl'ES TO CURVES. 



(35.) Def. An asymptote to a curve is a straight line cut- 
ting the axis at a finite distance, which continually approaches 
the curve, and arrives nearer than by any assignable difference, 
but never meets it, though indefinitely produced. 




c r A 

Let j4P represent a curve, which admits an asymptote Cx ; 

this line is conceived to be a tangent to the curve, or the limit 

to which the tangent approaches at an infinite distance. Take 

j4M =:Xy MP^y ; let MP produced meet the asymptote in iV, 

and draw AR perpendicular to AM^ and PT a tangent at P. 

From the nature of the curve proposed, find the value of V = 

i!f r the sub-tangent; hence AT may be found = -JL « x. 

Imagine x to become infinite, and T to move on to C; if -^Cbe 
finite, the curve admits an asymptote. Next, find the ratio of 
TM : MP when x is infinite ; that is, L x being supposed an 
ordinate at an infinite distance, the ratio of CL : Lx; then, by 
similar triangles, CLx, CAR, CL : Lx :: CA : A R; of 
which proportion the three first terms are known, and therefore 
AR can be determined. Join CjR, and produce it indefinitely. 
CR is the asymptote required. 

(36.) Examples. 

Ex. 1. To draw an asymptote to the common hyperbola. 
(See the preceding Figure.) 

By Art 33. Ex. 5. MT = ^ , ~; .-. AT^ r- x 



a+x 



a+x 
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(iX QX 

. Let X become infinite; ^T ultimately = — = ^ = 



a+x *^ ^ 

AC. Now if X is infinite, TM, which then becomes \Ly = 
j»^ J ^^^ 

-^ = a: ; and MP. or - x v2ar+ar*, which in that case = Z*r 
or^ a 

= — ; .% since CL : Lx :: CA ; ^/J, 

a 

a: : — :: a : ^H ; .'. AR =? 6. 
a 

Hence, irom A draw ^ R perpendicular to CA^ and equal 
to h. Take the centre C; join CjR, and produce it indefinitely. 
CRx is the asymptote. 

Ex. 2. Let the equation to the curve be j/^ = ax*+x^. 

Here 3I/-I/ -2axi + 3x»i- • -H = ^'^ - ^^+^3:' 
iiere dyy ^2axx + SoTx, . . ^ - 2im:+3x* "^ 2ax+3x* 

«Mr. Hence ^r = 3flj:^+3x > - x = - ^^ , , Let x 

3x' I 

become infinite. CL =--.=: x; Lx = s/ax*+s? = x; -^C 

3x 

S3 -—. = -. Therefore, since CL : Lx ;: C^ : ^jR ; x : x :: ;- 

3x* 3 ^ .3 

Hence, draw ^/J perpendicular to ACy and=^C=5-, and 
join Cft. CR produced indefinitely will be the asymptote. 



OF FINDING FLUENTS. 



Chap. V. 



ON THE METHOD OF FINDING FLUENTS- 



(37.) JjY the direct method of fluxions, we are taught how 
to find a fluxion from a fluent. The object of the Inverse 
method, which is deduced from the former, is to find tlie fluent 
from the fluxion. In the former case, general rules are proposed, 
which are easy in the application ; but it is frequently diflicult 
to determine the fluent of a given fluxion, and in some cases 
even impossible; for it is obvious, that certain fluxions may be 
of such a nature as could not result from taking the fluxion of 
any fluent whatever. Rules can only be proposed for finding 
the fluents of those fluxions, whose forms prove them to have 
been deduced from some fluents. 

(38.) To find the fluent of any power of a simple quantity 
which is multiplied by the fluxion of that quantity. 

The fluxion of r' is ix'x ; .'. tlie fluent of ir'i is x\ 

The fluxion of j:' is 6x^.f; .'. the fluent of 6j;'j is j.'. 
And, in general, the fluxion of x' is nx'~'j-; .: the fluent of 
tuf"x is jf. 

Hence, to find the fluent, we have the foltowing 
Rule. Divide by tlie fluxion of the root, add I to the index, 
and divide by the index thus increased. 
Examples. 



Ex. 1. The fluent of 10.t',t : 

Ex. 2. The fluent of 40x'i = 8.i». 

Ex. 3. The fluent of .3i'.c = ~. 

Ex. 4. The fluent of S^'i = -^r- = 



= x". 



15a^ 
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^ r»^f « ^ 4i 4i X x'^ 4x^ Sx^ 

Ex. 5. The fluent of — r or = - — - = -r-- 

3x^ J 1x3 ^ 

Ex. 6. The fluent of or of -— — = = x^. 

2x^ 2 2 X i 

(39.) If the quantity be compound, its fluent in certain cases 
may be found by the same Rule. 

The fluxion of a*+x*| = 6xx x a*+xi ; /. the fluent of Sxx 

X fl* + x^] is cF+3pi ; and it is obtained by the Rule preceding, 
in the following manner; a^+x* is called the root; its fluxion 
is 2xx\ divide by the fluxion of the root, and the result is 
3 X a*+a?*l*; add 1 to the index, and divide by it; the answer is 
a*+x^X ; /. in this case the Rule gives the correct fluent. And, 
in general, since the fluxion of oT^^xfY = pnaf'^x x a^+x^"*, 
and that the Rule already laid down will from this fluxion deduce 
the right fluent a*+j?*K, it follows that the Rule holds in all 
fluxions of a similar nature ; that is, wherever the index of the 
variable quantity without the vinculum is less by 1 than the 
index under the vinculum. 

Examples. 

Ex. 1. The fluent of aM^' x 6xx = ^^+^^^'>^6^ ^ 

2xxx 4 
.♦ 6 3 5I* 

o 4 



Ex. 2. ITie euent of ¥^'' x x*x = «'-^l^xx*i 

4 1 — 5x*i X I 

— — ■ X a* — x'l . 
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Ex. 3. The fluent of .- , or fl*+x*) x As^i = 

^ aFTPC 

= 3xa*+xn.. 

Air XX f 

Ex. 4. The fluent of o' + 4x'l* x x'x = ^^^^^ , 

a* + 4x'r 
60 • 
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Ex. 5. To find the fluent of a+xV x i. 

Since x^ = 1, this is the same as a+x]* x ofi; and the index 
of 3(1 without the vinculum is one less than the index of x under 
the vinculum ; therefore the Rule applies^ and the fluent = 

a+x? X X a-j-x\ . . 

— ' — z — ^ — I — • ^^ "^"^ same manner. 

Ex. 6. The fluent of 9y + 4al xy = — x 9j/+4a\ . 

27 

(40.) If all the quantities under the vinculum be variable, and 
the quantity without be in any given ratio to the fluxion of the 
root^ the fluent may be found as before. 

Ex. 1. Let X* +y*l X Bxjb-^th/y be the fluxion, whose fluent 
is required; the root is x^+y% stnd its fluxion s 2^i+2yy; 

x" + v" r X Hxx + 6Vv 3 — -- — -^* 

.-. the fluent = - ^^^ , /'^ = 4 ^ ^+/1 • 

2xx + 2yyx4 * 

Ex. 2. The fluent ofa^+/+%'l* x %x'x+\2y'y-^l6z'i ra 

* 

4ar*i + 6y*y+8z^i: x4- ^ 



Ex.3. The fluent of aV+a?*l x 2a*xii-4x*i = ^ ^ 



a^x*+x*l . 



TO FIND FLUENTS BY LOGARITHMS. 

(41.) Let^ be any number^ and x its logarithm ; then if ir in- 
crease uniformly, or in arithmetic progression, by the nature of 
logarithms y increases in geometric \ but if quantities increase in 
geometric progression, their differences or increments are pro- 
portional to the quantities themselves ; that is^ ultimately, y^y, 

and - is constant; but x is constant, .*. '^ oc x: and if m be 

y y 



1 

any ^ 

i 



[ 
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assumed of a proper magnitude, ,r = — ; or the fluxion of 
logarithm is equal to some constant quantity multiplied into the 
fluxion of the number, and tliis product divided by the number 
itaelf. 

TliJs quantity m is called the modulus of the system, 

If m = I, X = -, a.n equation which may be deduced from 
the hyperbola ; hence these logarithms are called hyperbolic. 

Cor. If X = the hyperbolic logarithm ofy, j= - ; and con- 
versely, if i=-, x = hyp. log. of y. Now _y may represent any 

compound number, and ^ the fluxion of that number; hence, if 
any fluxional expression consist of the fluxion of a quantity 
divided by that quantity itself, the fluent will be the hyperbolic 
logarithm of the quantity. 

(42.) Examples. 

Ex. 1. The fluent of - " 

Ex. 2. Tlie fluent of -7—^ = hyp. log. a'+x'. 

Ex. 3. Tl.e fluent of -^, = | x fluent of -?^. = * x 
hyp. log. a'+x\ 

Ex. 4. Tlie fluent of ^-^ = - >c fluent of ^1^ = i x 
hyp. log. a' + x'. 

Ex. 5. The fluent of -^ = fluent of "^ x -^ = «' 

,,t " 4 *' 

X hyp. iQg.^;^ + !/'. 

(43.) In these and similar cases, the application of the Rule is 
obvious i but as tliese instances do not often occur, it is generally- 
necessary, in fluxional expressions which admit fluents by loga- 
rithms, to use one of the following forms. 
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Form I. The fluent of " 



/Via' 

Let ^x'z±ia' = v, then x'±a' = u', z.nAxJ-z=vv 
.', X 1 v :: V : X, 
and i : i + v :: v : v+x; :. 
x-\- 



hyp. log. a:+v''-c'±«'. 



X r-t-v 

X + V 



, . . the fluent of . _ 
Form II. The fluent of 



hyp. log. .r+y= hyp, log. 



\/x'^2ax 



is the hyp. log. of 



x±o + s/j^'i 2ax. 



Let v/'T'^hSflj = y; then j?'±2aj; + fl' = tj''+o% and .r±:a 

irz; J- «'. 

/r' +a'; .". i = ' y- ^ = , and 



X V 

.*, the fluent of > ^ — ~ = fluent of — ,-~— — hvp. loe. 
v' j: ± 2ax V y + a -^ ' ° 

t)+\/u' + a' = hyp. log. of x± a+ ^/i'± Sax. 

Form III. The fluent of --■■ ■ is the hyp. log. of - — . 
«~x' ^^ ^ a-x 

- A , B Xa . Aa- Ax + Ba + Bx 

Assume — ; — * **■"" 

a+x a-x 



the homolo- 



f Aa + Bx^ 
or \ +Ba — Ax > =0; hence, equating 

gous terms, Bx — Ax = 0; .■.B = A; 

also, Aa + Ba-2a=:0, or 2Aa = 2a; .-. A=\, and^=:i 
3ax 



= hyp. log. a + »- hjfp. log. a~x= hyp. log. 



, and the fluent 

a-\-x 



a-x 

In the same manner the fluent of — = hvn. loe. . 

x'-a' -' ^ x + a 



TO FIND PLUENTS 




xy/a'-\-x' I 
In the same manner 



and xx = vv 
and the fluent of 

\/a' -\-x' — a 
d' + x'-^a 
the fluent of 



;.of ^ 



2nj- 




These are the principal fonns of fluxions, whose fluents may ' 
be found by a table of liyperbolic log'irithinB. This table may 
be supplied by a table of the common form ; for the hyberbolic 
logarithm of any number : the common log. :: \ : m the 
modulus of the common system. This subject is more fully 
explained under the Article Logarithms. 

(44.) To find fluents by means of circular arcs. 
l,et AB be a circular arc, whose center 
is C; BD the right sine, AT£ie 
tangent, CT the secant ; let B)t,nm 
represent the fluxion of AD and BD; 
then Bm is the fluxion of the arc. 
] For Bn and wm being described uni- 
formly, Bm is described uniformly, and 
is in the direction of a tangent at B ; 
also, since the arc is described by a 
velocity either continually accelerated or continually retarded, 
fint is a limit between the increments. Conceive fin and nm 
to lie very small. Join Cm, and let it meet AT produced 
in F; draw TG perpendicular to CF. Assume CA = a, AD=x, 




AB = z, DB. 



AT=t, CT=s, Bn = 



and since ultimately the fluxion = 
GF^i. 



=.V. 



Bm 



the increment, TF=t, am 
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Case I. To find the fluxion of a circular arc in terms of the 
right sine. 

By the similar triangles Bmn, CBDy 

Bm : mn :: CB : CD 

or i : y :: a : v/a'-y'; /. z= V^:_ , . 

Case II. To find the fluxion of a circular arc in terms of the 
versed sine. 

By the same triangles, 

Bm : Bn :: CB : BD 

or i : i :: a : \/2ax — x^ ; 

ai 



:. «= 



s/^ax-x ' 



Case III. To find the fluxion of a circular arc in terms of 
the tangent. 

By the similar triangles CBm, CTG, 

Bm : TG :: CB : CT. And by similar triangles FTG, ^CT, 
TG : TF :: AC : CT; 

.-. Bm : TF :: ^Cx CB : CT*; or 



» = 



aV 



Case IV. To find the fluxion of a circular^'arc in terms of 
the secant. 
By the same triangles^^ 

Bm : TG :: CB : CT 

TG I GFi: CA : JT; 
/. Bm : GF :: ACx B C : AT x CT; or 



• • • « 



.•. 2 = 



These are the four principal forms. But it may be useful to 
add another. 



Case V, To find the fluxion of a circular arc in terms of J 
the cosine. 

In this case let CD=x, Bn= -x; for as the arc increasci'J 
CD diminishes; and BD=^d' — x'. 

Hence, by similar triangles, 
Bm : Bn :: CB : BD , 



Cor. 1. The fluent of - 
radius is a, and sine i/. 

Cor. 2. The fluent of - 
and versed sine x. 

Cor. 3. The fluent of - 
a 
is a, and tangent t. 

Cor. 4. The fluent of - 
radius is a, and secant s. 

Cor. 5. The fluent of - 
radius is a, and cosine x. 



= 2= a circular arc, whoM 



^ is a circular arc, of radius a^ 



; is a circular arc, whose radiiUi 



X s/y - a 



y-^-=t is a circular arc, whose 



is a circular arc, who« 



(45.) Hence, since the circumferences of circles and cor- 
responding arcs are as their radii, if we know the length of an 
arc to any one radius, we may find it for any other. Let ^ = 
the length of an arc to radius 1 ; required to find the lengtli of 
an arc subtending the same angle to radius a ; the proportion is 
1 : a :: ^ : the arc required =ax^. Thus, if the length of 
an arc of 30" to radius 1 = 0,5335987, the length of the cor- 
responding arc to radius a = a x 0,5335g87. 
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ON THE CORRECTION OF FLUENTS. 

(46.) The fluxion of a' is j-; and the fluxion of x^a is .r, 
whatever be the value of tlie constant part a, and whatever its 
sign. Under different circumstances, therefore, the fluent 
of x may be either x, or x±a. So that though a fluent can 
only have one fluxion, yet a fluxion, in diflferent cases, may 
have different fluents ; and this must be determined from the 
nature of tlie problem. First, take the fluent according to the 
rules, and observe whether this fluent becomes equal to nothing, 
or to some determined value, when the nature of the problem 
requires that it should ; if it do, no constant quantity is to be 
annexed to it ; if not, some constant quantity must be added 
or subtracted to make it =0, or to give it the value required. 
This is called the correction of a fluent. lostances will be given 
in the following sections. 




(^7-) Xhe fluxion of the area of an algebraic curve is equal 
to the rectangle contained by the ordinate and the fluxion of 
the abscissa. 

Let .4MP be any curvilinear areuj generated by the uniform 





motion of the ordinate PM. Take Mb and Mc on each side 
oi MP, and equal to each other; and let tPr, parallel to AFj 
meet bx and cv, which are drawn parallel to MP, in t and r. 
Then, since the abscissa AM is supposed to flow uniformly, if 
the ordinate MP be conceived to increase, either of the equal 
parallelograms PtbM, PrcM, is greater than the preceding 
increment PxbM, and less than the succeeding PvcM. Also, 
since PM=rc, the rectangle PMcr increases or decreases 
according to the increase or decrease of MC; therefore PMcr 
is the fluxion of the area AMP. Hence, if AM= x, PM=y^ 
the fluxion of the area APM=yx. 

Examples. 
(48.) Ex. 1. To find the area of a triangle ABC. 
Draw AD perpendicular, and EF parallel to 
BC. LetAD^a,BC=b,AG=x,EF=i/, 

' similar 



by s 



r triangles 



hx 



• — J ."■ .V'^j the fluxion of 
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area = — , and the fluent = — = ^^ ; that is, the area 
a 3U 3 

Ex. 2. To find the area of the common parabola APM. 
Tlie equation is o-r =y ; r . aJ- = 3j/^ ; .•.yf= " 

a .'« 3a 

?f£-l^ = ?yx, or the area JMP = 
3a 3^ ' J 

AMx MP, = - of the circumsaibiiig rectangle AMPB. 

Es. 3. In general, to find tlie area of any parabola. 
The general equation is <f''.T=i/'; 

.-. a'" X = nv" V; •'■ '/J'= '. '. ; and tne fluent = — .r_- 

■^ -^ ' a ' 7i+l.fl"- 

tit/'xi/ na"^xy.jf . » X J y 

~ n+l.a— ~ n-l-l.a"-* ~ n + l 

scribing rectangle. 

Cor. Ifn = 2, the area = - of this i-ectansle, as before. 

■A '^ 

Ex. 4. To compare the areas of two parabolas described on 
the same axis, whose latera recta are L and /. 

Let j4P and Ap be the jHimbolas : AM the 
common axis. Then the fluxion of AMP : 
the fluxion of AMp :-. MP x i : Mp x i 
:: MP : Mp; 
but LxAM=MP-, .-. s/LxAM=MPi t_ 
and v// X AM^ Mp ; .-. tlie fluxion of ,/.l//» : the fluxion of 
AMp :: s/L^AM: s/lxAMv. y/X : ^1. But quantities, 
whose fluxions are in constant ratio, are themselves in the same 
constantratio; .'.theareayi/il//* : ihe&K&AMp :: %/T : \/7. 

Ex. 5. To compare the area of an ellipse, whose major axis 
is 2o, and minor 2b, with the area of a circle, whose- diaineter is 
the major axis of the ellipse. 




ARSAS OF CURTES. 

Let APD be the circle, JpD 
the ellipse, AM an abscissa com- 
mon to both, PM and pM the 
corresponding ordinates, C'B half 
the minor axis of the ellipse, and 
CE the radius of the circle = CA. 
Tlien the fluxion of AMP : the 

fluxion of AMp :: MP -. Mp :: CE : CS {by the natm 
of the ellipse) :: CA : CB :: 2CA : 2CB. 

:: the major axis : the mintN 
which is a given ratio ; 

.■. the area v^iWjP : the area y^.W/j :: the major axis : theminoi 
and ACE : ACB, or the whole area of the circle : the whtJ 
area of the ellipse ;: the major : the minor. 

(49.) The same proposition may be easily proved l^ i 
of the following Lemma. (See the Figure above.) 

If APD be a circle, AD the diameter = 3a, and PM 1 
ordinate, the area AMP = the fluent of i x ^2ax~:^. For ^ 
PM or if = s/-2ux - X' ; ,-.y.i or the fluxion of the area AMP 
=i X y/2ax-3f; .-. the area AMP itself 1= the fluent of 
ix y/2ax- x". 

Hence, to find the area of an ellipse, whose major axis is 3* 




and I 



terms of the area of a circle whose diameter| 
h 



In the ellipse, y= ~ x ,/2ax-x''i .-.yx or the fluxion 

the area ^.Wp (See Fig. to Ex. 5.) = - x ix ^Soj:- x"; .■ 

fluent or area AMp= - x the fluent of i x ■^2ax- x' = 

the circular area AMP, and the whole area of the ellipse ABD 

-. X the area of the circle AED ; therefore, 

a 

the area of the ellipse : area of the circle on major axis :: 4 : 

(ff :: the miaor axis : the major. 



Ex. 6, Let DEF be an hyperbola, of which the asymptotes 
are CM and CN; to find the area EGIIF comprehende<i 
between two ordiiiates EG, FH. 

Let CG = a, GE = b, GH = x, 
HF=y, then, by tlie nature of the 
hyperbola, CGxGE=CHxHF, or 

axb = a+xxyi .'. w = , and 

i/x= — -^-^ ; .*. the fluent =.ab x hyp. 
log. a + x+ cor. 
Let the area 



0, .T = 0; .*. cor. = - 
,*. the correct area EGHF= ab x hyp. log. 

Cor. If CG and Gfieach = \,yx= ^- 



■ ab X hyp. log. a ; 
o+x 
a 

and the fluent = 



hyp. \o^. 1 +x + cor. = hyp. log. l +x - hyp. log. 1 ; but hyp. 
log. of 1=0; .-. EGFH= hyp. log. l +x ; orthe area J5;G//F 
is the hyperbolic logarithm of the abscissa ; the modulus 
here = I . 

Ex. 7. To find the area of a cycloid. 
Let CAL be a cycloid, JD 
the axis, ABD the genera- 
ting circle, AF a tangent at 
the vertex, CF parallel to 
JD. Take any point P in 
the arc, and draw /* J/ perpendicular to AM. Then the fluxion 
of the externa! area^ AMP = PM x the fluxion of AM. Let 
AE=x, AD = 2a; then B£=v'^2a^ 

v/2ux-x' 






and the fluxion of 



= the arc BA ; .-. the fluxion of PB = , 

y/iax- 



lofPB+BE, oToiAM= 



y/ -lax - x' 



and the fluxion 
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of the area APM or PMx the fluxion of JtM= 



X X ■ 



< v/sax-x"; but XX s/^ax 



^/2ax- X 
~' (Art. 49.)1 



^ax — x" 
y/2ax- x" 

= the Buxion of AEB ; .". the fluxion of APM= the fluxion 
of AEB; and these two areas begin together: .: APM= 
ABE; and the whole external area ACF= the semieircle 
ABD; for the same reason, ALR = the other semicircle; 
.'. the whole area, without the cycloid, = the generating circle ; 
but the parallelogram CFJtL~CLx DA- the circumference 
X the diameter = 4 generating circles ; .-. the area of the 
cycloid = 3 generating circles. 



Ex. 8. To find the area of a curve, whose equation 
ax 



-jiiM 



^ax-3f' 

Here }/x= —===- whose fluent is (Fluent 23.) a x a rii 

cnlar arc of radius J a, and versed sine x — ax y/ax - x', which- 
vanishes when x=:0; and if x = a, it becomes ax the semi- 
circumference, whose radius = |o= the area of two circles of 
radius = | a. 

Ex.. g. The area of a curve equals n times its circumscribing 
rectangle; required the equation. 

Here the fluent of yi=n x yx; .". yx=nyx-\-nxui 
,-. I -nxyx = nxy; .•. l-nx-=:nx^; and I - /) x hyp. 
log. x = nx hyp. log. y ; or j:'"" <x y". 

In the common parabola, n= -; .*. x^ oc yi, or x oc y'^ 
and ax=y* the equation. 



Jog. 



Er. 10. Required the nature of a curve whose area = hyp, 
a+x 



AREAS OF CURVES. 43 

Here the fluent of yi= hyp. log. '- = hyp. log. a + x- 

hyp. log. fl - X ; 

X X 2ax , 2a . 

.-. yx= 1 = -T • ; and v= -: : the equation. 

^ a+x a-x a-x* ^^ a*— a:' ^ 

Ex. 1 1 . Required the nature of the cunre^ 
the square of whose ordinate BC is a mean 
proportional between some constant quantity 
a% and the curvilinear area ABC. 

By the problem^ 
the fluent of yi : y* :: y' : a'; , 

.-. tf X the fluent of yx^y^ ¥li f^^yi^^y^y\ .*. o^i^^y^y^ 
and €fx = —; .•. x oc y». 
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Chap. VII. 



TO FIND THE CONTENTS OF SOLIDS. 



tvliich is conceived Ift 




-Ijet p.-/ F represent a solid, 
be generated by a circle, beginning 
its motion at ^, and perpetually 
changing its "magnitude, while its 
centre moves uniformly on the line 
AM. Let PRF denote the position 
of this circle, corresponding to the 
ordinate PM of the curve ^IP. 
Through P and F draw two lines, 
tPr, eFp, parallel to AC; take Mb = Mc, and through A and e 
draw two lines parallel to PF, meeting tPr, eFg, in /, e, r and p. 
Conceive circles to be described on the diameters te, xd, vg and 
rj>. Then the cylinder PrpF = PteF; and PrpF is less than 
PvgF; and its equal PteF is greater than PxrlF; that is, 
the cylinder PrpF is greater than the preceding, and less than 
the succeeding increment of the solid. Also, since PF is 
constant in the cylinder PFpr, the increase or decrease of this 
cylinder will vary as the increase or decrease of MC; bat j4.M 
flows uniformly, /. the cylinder PFMK is the fluxion of the 
solid PjIF. 

LetJM=j:; PM=y; MC=Xi then, if p=3. 14159, &-C. 
the area of a circle, whose radius is 1, the content of this cylinder, 
or the fluxion of the solid =py*d: 

Cob.. Wliatever be ttie form of the generating plane, as a 
triangle, a square, a parallelogram, &c. the fluxion of the solid 
vidll be equal to the product of this area and the fluxion of the 
abscissa. 
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(51.) Examples, 

Ex. I . Let J BE be the solid generated by the revolution of 

the common parabola about its axis. B 

Here y' = (ir; .'. p>/'.i=paxj:, and the ^^„ 

pax' . / / 

fluent or content — i—; — l-con-ect. j letj; = 0; / I 

then the content = o, .'. C=0; or the con- 



whole content of ABE = p 



■; that is, the 
BC X AC. 




1 



Cor. Since /» x BC'x AC=ihe content of the circumscribing 
cylinder, the paraboloid = half the circumscribing cylinder- 
Ex. 2. Let ABE be the solid, generated by the revolution 
of any parabola about its axis. 

In this case, a"~'-'^=i/'i ■"■ a'''x = ni/^'^; .-. py'i = - "rC^^-f , 
npi/- ■' ' 



and the fluent or content = 
the content = < 

71 + 2. a"-' 



",+correction, Butif^=0, 



11 + 2 X a 
cor. = 0; .-. the content 

xpj/'x. 



71 + 2 



n + 2.a-' 7i + 2.a"-' " + 2 

Cor. The content of ABE in this case = - 
of the circumscribing cj'linder. 

If n = 2, the paraboloid = } the cylinder as before. 

Ex. 3. To find the content of a sphere. 
Let the radius = a, the versed sine = .r, and the right sine w; then 
the equation is y' = 2(u - x\ .: pi/'x=px 2axx^x'x; and the 

fluent =;jx ax*- -+cor. Let j? = 0; then the sphere = 0; 
.-. cor. =0; and the fluent =;; x ax' - g; let x = 2fl; then the 



CONTENTS OP SOLIDS. 

CoH. The content of a cylinder circumscribing the splicie 
=:pa' X 2(1 = 2pa'; therefore, 

4pn' , 

the sphere : Its circumscribing cyhnder :; - - : 2pa , 



Ex. 4. To find the content of a spheroid generated by the 
revolution of a semi-ellipse about the axis major. 



Here y' = -. x 2ax ■ 



__rv 




.*. by the last case, the content of 

the section correspondine to the abscissa 0-=^ — x ax* ; the 

*^ " fl* 3 

cor. = O ; and the content of the whole spheroid ='--r x • — = -^ — . J 
^ a' 3 3 1 

Cor. 1 . If the ellipse revolve round the minor instead of the 
major axis, since the same property of the curve obtains in each 

case, the content of the spheroid thus generated = -^ — . Hence 



the solid generated round the major : the solid generated round 

the minor :: "I^ : "I^ :: b : a ^^ BC : CA. 
3 3 

COK.2. Since f^^e : Ifl* :: 1^ : i^; .-. the »,lid 
generated round the minor is a mean proportional between the 
solid generated round the major and the sphere, whose diameter 
is equal to the major axis. 

Ex. 5. To find the content of an hyperboloid. 
Let BAE (See the Figure in the preceding page) represent 
a hyperboloid, whose major axis = 2a, minor =26, AM = x^ 



I 
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and the fluent »■ ^ x a»' + --, which needs no correction; or 



a' 



^pb* 



the whole content =s^ xae'H — . 

a* 3 

Cor. The content of a cylinder, the radius of whose base is 
PM, and altitude AM^p x PM' x JM=^ x 3a^+x»; /* the 

content of the hyperboloid of the altitude x : the content of 

x^ 
a cylinder of the same base and altitude :: ax* + ':T : 3ax'+jp*. 

Let X be very small, and this becomes the ratio of ox* : 2ax% or 
of 1 : 3, which is the ratio in the paraboloid. 

Ex. 6. To find the content of a cone ABC. 
Let JD the axis^ra, DC=b, AO a 

=x, OF^y. Then y = — ; /. py'i 

a 

=^— r-> and the fluent =^r^, which 

needs no correction . Let x = a ; then 
the content of the whole cone = 

^-— = 5 of a cylinder of the same base ® 
and altitude. 

■ 

Ex. 7. To find the content of the solid called The Groin, 
which is generated by a variable square, mnpqj moving parallel 
to itself, the section GAK through the middle of the opposite 
sides being semi-circular. 

Let AH^a\ AF=x; ^ 

FI=y ; then y = v^Sax— x* 
by the nature of the circle ; 

:.2y=:2xy2ax-x*; /.the 

area of the generating plane 

mnpq, which answers topy* 

in the other casesy = 4 x 

2ax - x^ ; hence jn/^i = Saxx - 4x*x ; and the fluent = 4ajf 
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As? 
— — + correction, and the correction = 0. Let x=a\ then the 

whole solid BAD = 4a' - — = -— . 

Ex. 8. To find the coiitent of a pyramid, the section of 
which parallel to the base is any given figure. ^ 

Let EFG be a section parallel to the base ; 
draw -^/jRT perpendicular to the plane BDC^ 
cutting EFG in /; join KD, FT; then 

the area of the base BDC : the area of 

EFG :: DC : FG' :: AD" : AF' :: AK' b —^ ^ 

: AT; hence if ^ = the area of the base, AK=a, AI:=zx, the 

Ax* Ax*x 

generating area, EFG = — ;;- ; /. py'i = — :^ ; and the fluent = 

Aof 

'■ — r, which needs no correction. Let x = a: then the content of 

3a* 

the whole figure = -— — =4. the content of a prismatic figure of 

the same base and altitude. 






(52,) Def. a curve is described by the motion of a point 
which is continually changing its direction. 

Cor. 1. If MPN be a tangent to the 
curve ^B at P, the direction in which the 
describing jwint moves, when at P, is in the 
tangent PN. 

Coa. 2. Its direction at anv otlier points, E and F, is not in 
the Hne PN, but in tangents drawn to the curve at E and F. 

(53.) If the point do not continually change its direction, 
bat move, by a sudden change at 
P, from the curve ^P, to describe 
PB, there may be two tangents at 
the point P, PM and PN. This 
is not a curve of " continued cur- 
Talure, but is, as it were, broken 

at P. Newton's expression, " Carvatura confinua" (Sect. 1 . 
Lemma 6.) is applicable to those curves alone, which are de- 
scnbed by the motion of a point continually changing its 
direction. 

(5-1.) To find the length of a curve, which is referred to 




Suppose jIP the curve, .4M the axis ; 
bx, PM, cv, three equidistant ordinates. 
Let dPs be a tangent at P, meeting bx and cv 
produced in d and *. Then the direction of 
the point P, which describes the curve, when 
the ordinate is in the position MP, is in the tangent Ps. 





LENGTHS OF CURVES. 

Suppose the ordinate PM, and the abscissa AM, to flow uni 
formly for a small space, and their fluxions to be Mc and r 
then, by Art. 44, Ps is the fluxion of AP. Let AP = % 
AM=x, MP = i/, Pr = x, rs=if; then i^^x'-^y". 

(35.) Examples. 

Ex. 1. To 6nd the length of a seniicubical parabola. 

The equation is ax'=y'; .". x= "— r , and i= ■ 

= 2i2— uu' = 5;2_: :!_ - hence 2= V* +V =- 

the fluent of which, by Art. 39, = ' ^ r 4. corr. Let the 



arc e= 0; then y = 0; 



270'' 



■ 52 

27' 



27(1^ 270' 

the whole length, thus corrected. 



9f/+4a Y sa 
27a* ~ 27' 
Ex. 2. To find the length of a common parabola. 



Here c 



=y', and X = -=^ i .•. -r +/= ^-r + V = -^ + 1 



xy. Let-=7; then— =pi 



?+!.<>•=■■ 



. Jy'+ii'^!/ 



, of which the fluent, (Fluent 58.) = 



5J X y' + 'yl' + i i X hyp. log. y+s/y+i" + corr. Let 
the curve = 0, then i/ = 0; .-.0=|tx hyp. log. i + C, and 
C=: - 1 6 X hyp. log. t ; .• . the whole corrected length = —^k 
y+*Y)' + jixhyp. log.y + Vi'' + ''' - i' x hyp. log. 4 = 



LENGTHS OF CURVES. 



xy + iyi' + Jfrxhyp. log.^+V^' + t'- hyp- log- ^ = 



^x7+6y)'+ j&xhyp. log.-^— ^^^ . 

Instead of reasoning in all cases from the expression s = 
s/i* + §', it is sometimes useful to adopt other methods, 
according to the nature of the curve. Some instances are given 
in the following Examples, 

Ex. 3. To find the length of the cycloid ABC. 
Take BD = a, BE=x, BG b 

= z, GH in the dii-ection of 
a tangent at G = a; draw 
H/A" parallel to GE, and let 
EK=x. Then, by similar 
triangles, BEF, GIH, BE : BFv. GI: GH; or, since BF= 




xT 



^DBx BE= ^ax, X : a^ x^ :: x : z ; 

znd z = 3a^ x' + correction. Let x = 0, z=o, .*. C = 0; and 
z = 2a^x^; thai \s, BG = 2BFi .-. 5.-/=2B/J,andthe whole 
arc of the cycloid .4BC=4BD. 

Ex. 4. To find the length of a circular arc, by summing the 
four first terms of the series, which expresses the length of the 
arc in terms of the tangent. 

Here, according to the notation in Art. 44, i = —-—- ; or, if 



aV he actually divided by a' + /', i = / j H — j 



t*t ft 



;; + &.C. ; 

V t'^ f 

,'. z = t — •—; + — - - -—J + &c., which needs no correction. 
da oa / a 

Let the arc be 43% then t=a; .-. an arc of 45" = a — 
~ + - — z + &c. ; or, if we take four terms, the arc = 



1 



«xl-5+3- 



■ Tn^ ' ^^^* ^ ^"'^ ^ *^ mite ~ , d being 



i 
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the diameter, the arc of J5'= ; .". the whole circum- 

103 

- 304d , , , ,■ 

lerence = - — --; or, the circumference : the diameter ;: 3 : 1 

nearly. 

Cor. 1. If we assume z an arc of 30', and «= 1, tlien t= —7= 

= 0.57/3502 ; if this value be substituted for f, and twelve terms 
of the series be taken, z the arc of 30" = 0.523598/'. Multiply 
this by 12 ; then the whole circumference = 6.2831804, where 
radius is 1 ; but the circumferences of circles are as their radii ; 
.'. if the diameter be assumed = 1, or radius = f, the whole 
circumference in this case =3.141590, &c. > 

-, c- ,1 <. ■ 1 raaiasfx circumference 

Cor. 2. Smce the area of a circle = ~ , 

2 * 

. .u f ■ 1 I. J- ■ , 1 X 6.2831804 

.•, the area of a circle, whose radius is ! , = = 

2 

3.14159. &c. 

Ex. 5. Comijare the circumference of a circle with ita 
diameter, by summing the four first terms of a series expressing 
the length of a circular arc in terms of the sine. 

Here, according to the notation, (Art.44.) 2=—^====, of 

"' V isy 

2.4.5a'^2.-I.6.7«;/^ ^'^ 
(Fluent 93.) Let y = a, tlie arc = a quadrant; .*. a qua- 
drant = ax:l+r, + — + -^ ; or, by adding the three first 
t) 40 3*1 ti 

terms together, and dividing the numerator and denominator of 

the first by 2, and of the last by 3, it = a x : -^ + -5- = 

2161 .IV,- c 8644 .„ d 

a X -71 — ; -' ■ the whole circumference = a x - ,.„ ■ ; or, if a = - . 

rfx4322 , 

d being the diameter, it = — Y(jg5~» •'• ^"^ circumference 

-. the diameter :: 4322 : l6S0 nearly. If a greater number 
of terms were taken, the approximation would be more correct. 
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(56.) Nearly in the same manner, an approximation may be 
made to the value of the circumference in terms of the diameter, 
by taking the sum of a few of the first terms of the several 
series which express the length of a circular arc, in terms of 

the cosine, versed sine, or secant. The expression for z in 



terms of tlie cosine is i = ^ , = - i x 1 — r ; for the 

\/a'-x' o'l 



versed sine, i = 



ax ax d^x 



\/2ax-x^ ri — , s? 



2ax 



^2x 






X* I I* J o's a. 
; and for the secant z = ^.^ =— r x 1 — : 



2ax I ' * X \/i* - a* s'' s" 

The ^rt, which is in the form of a residual, is to be expanded 
by the binomial theorem, as in the last case, and the fluent of 
each term to be taken separately. 
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Chap. IX. 



TO FIND THE SURFACES OF SOLIDS. 




/i 



r* 



(57-) IjEtS^C represent a solid generated 
- by the circle PF, as in Art. 50. The surface 
of the solid is generated by the circumference 
of that circle. Hence the fluxion of the 
surface will equal the circumference of PF 
multiplied by the velocity of the point P, 
or equal the circumference PF multiplied 
by the fluxion of .//P. Let PM=if,AP = z, 
^ = 3.14159. &c. the circumference of a circle w 
is 1 ; then the fluxion of the surface = 2pyz. 

(38.) Examples. 

Ex. 1. To find the surface of a sphere ABP. 
Let EP, FD be two ordinate?, PD 
a tangent at P, PH perpendicular to 
IP- 'TUen\iCP = a,AE=x,AP=z, 
EP=y, PH=T, PD=i, by similar 
triangles PHD, CPE, i : x :: a : y, 
.'. 2pt/z, the fluxion of the surface = 
Spax; and the fluent =2/)tfx+ cor- 
rection. Let 1 = 0, the surface = 0, 

and the correction =0; .-.the surface = 2^ax. Assurt 
x=2a; then the whole surface ~4pa'= the area of four e 
circles. 

Cor. Tlie surface MAP oc x. 

Ex. 2. To find tlie surface of the solid generated by the" 
revolution of the common parabola about its axis. 




Here ax=i/'i 
4y' + g' X y* 



s/Ay'- 



hence, 



Sf^ia 



SURFACES OF SOtlT 



!iPlf?/s/4>f' + a' ^„d the fluent 



^M^^ 



6i/yx -xa 



py-^ff +Ql ^ correction. Let the surface =0, « = 0; .". the 
isa 

pa' .L . J _c px 4t/' + aY 
correction = — '-vr- ; .■. the corrected surface = ' '^ 



"ST" 




Ex. 3. To find the surface of a cone. 
Let AC=s, AF=z, FG=y, CD=b, 
FH=Zt Hl=y', then, by similar 
triangles, FHI, ACD, z : y :; s : b\ 

•. %= -f ; and the fluxion of the 
b 

surface, or Hpyz^ -—■ xyy. Th^ 

fluent = -^ X ^ , and the corr. =0. ^ 
2 

2p.vi' 
; - : ■■ ■ =ps 
2fc '^ 

= the circumference of tlie base x \ the side AC. 

Ex. 4. To find the surface generated by the revolution of 
the cycloid jJBC about its base DC. 

Let AD=a, AF=x, AB=z, BE=y, 
=0-1; then AG = a'x^i ABi=-2d'x' '^ 
'.z=a'x i; :, 2pyz = 2pxa-xx 
a^x~^T = 2pa*x~^i-2pa^x^T; and the ^ 
fluent =4pa^x^ ^-- — 



I 



£ C 

+ correction, and the correction =0; 



N 



.". the surface generated by AB = 4pa^x^ — . Letx = a; 

then the wliole surface = 4/ja' '—— = -J^ — . 

Ex. 5. To find the surface of tile figure called The Groiiu 
(Vide Art. 51. Ex. 7.) 
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Let JH=a,^F=x,IF=i/,AI=z; then, since i : i :: a : 

■ 

(y) Vaax-x', i;= / : also, 2F/= 2x ^2ax-x'i 

^ V 2ajr— X* 

/. 2p2/ in the other cases = 8 x ^2ax-a;' in this case ; hence 



ax 



2pyz:=z^Xs/2ax-x'x y =, =8ai; and the fluent = 

8ax+ the correction, but the correction =0; /. the surface 
corresponding to the abscissa AF=z8ax. Let x = a, then the 
whole surface =8a% 
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Chap. X. 



ON THE CENTER OF GRAVITY. 



Lemma. 

xJ Y Mechanics, if j4, B, C, &c. 

be any number of bodies, whose 
center of gravity is G ; and jia, Bh, 
Cc, Gg, be drawn perpendicular to 
a plane PQ.; tlien the line Gg = 
^x.4a + By Bb + CxCc+ &c. 
j4 + B+C+ &c. 
The truth of this Proposition is assumed in the following 
articles. 



Proposition. 

(5g.) To find tlie center of gravity of a body taken as an area, 
solid, curve line, or surface. 

Let MAN be the body, AF its 
axis ; draw KAL, BEC perpendi- 
cular to AF. Then, since AF is the 
axis, the figure will balance round it, 
or the center of gravity is in AF. 
Conceive the body to be composed 
of an indefinite number of particles, 
and multiply each particle by its 
distance from KL. Then, by the lemma, if G be the center of 
gravity, AG is equal to the sum of all these products, divided 
by all the particles, or by the body itself. The sum of all these 
products is found by taking the fluxion of the sum in the first 
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instance, and then the fluent. Hence, if s represent tlie fluxion 

of the body at the distance x from KL, AG= —. — ^ 1 — c~- • 

■' ' the fluent of s 

(60.) To find the center of gravity of an area. 
In this case, the fluxion of the nume- 
the fluent of iyxi 
the fluent of 2y.i: 
the fluent of yxx 
" the fluent of yx 

(61.) To find the center of gravity of a sohd. (See the 
Figure in Art. 59.) 

the fluent of py^i x x the flue nt of y'xi - 
the fluent of y'x 



rBtor = 2^arij .•.AG = 




Here AG =- 



the fluent of py^'x 



(62.) To find the center of gravity of i 
the Figure in Art. 60.) 



1 this case, the fluxion of tlie numerator =xii 
fluent xi 



curve hne. (See 
; and tlie fluxiOB 



of the denominator = a 



AG='. 



(63.) To find the center of gravity of a surface. 
The fluxion of the numerator = 2pyxi, and that of the 

.-, fluent 2pyxz fluent yxz 
denominator = 2pyi: .: Ab= fl„ent 2p^i " flnentyi ■ 



I 



(64.) Examples. 

Ex. 1. To find the center of gravity of a triangle ABC. 
Take ^F bisecting the base; draw DE 
parallel, and y^L perpendicular, to BC; let 
AF=a: BC'b, AI =x, DE=y,AH 
=.v, AL = C. Then the center of gravity 

^ fluent yvi^ 
is In JF, and .lO = u^^ntj,^ = 

guent DEx .If* tlie fliminn of AH 
triangle AliV 




Now AF : JL 
or, a : c 



AI : AH. 



bx 



.V = -, amly = 



.-. AG -- 



cl>y 



triangle ABC 3 a' x triangle 



= , for the 



whole triangle, — 



Ex. 2. To find the center of gravity of the common parabola, 
£AC. 



Here _i/' = aT; .•.if = a^x^ 



fluent yx.c 
fluent yi 



.=— =AG. 




Ex. 3, To find the center of gravity of any parabola. 

,- . , ^ ' , fluent yxi 
Here yT = a ^ x; r. y = - ' -*■ - — ' ' ■ 



^ ; and 




Ex. 4. To find the center of gravity of a semi-circle. 
Let FE in this case = x, DE = y, 
FD =ri tlien x' +y = /-'; .■. xx= ^ 
, fluent 7/xa: fluent - u'w 
^^ fluent _!/x 

cor. — 4 .y* 
^ area i)£FB 



fluent ^i 
. Now when the distance 
of the center of gravity from BC=0, DE coincides with BF; 




.-. FG = 

3xAFB- 



-y' 



fin ' FP ' °'^» '^'^ ^'^^ whole semicircle = 



CoTol AG = r-- 



CENTER OF GRAVITY. 

Ex. 5. To find the center of gravity of the segment of a circle! 
BAC. 

Take F the center; join BC, and 

draw FA perpendicular to BC% the 

center of gravity is in FA. Let 

FE = x, ED -if, MB=b; then, by 

the corr. - j^' 

the last case, FG= -. mm' - n '— — —i — ■wrwrrrwi.ii 

' the area BMED 3 x the area BMED "j 

.'. FG for the whole segment = - — -7 ti , , - . . 

° 3 X the area BMA 

Ex. 6. To find the center of gravity of the solid generate 

by the revolution of the common parabola about its a 

., , the fluent of iAr.r 

Here ir = ax; .'. —. — 3 . .- .- ' = 

'' the fluent oi y'^x 

the fluent of rt j'j- the fluent of jr'j- 




the fluent of axi the fluent oixi 

3«' 3 

Ex. 7. To find the center of gravity of any paraboloid. 

¥ ^ . . V^ J . ^ -. J fluent of y'3. 
LxXy' = a* 'x; .'.y=a x' ; .'.^=0 a:";andj| in- 



fluent of y*i I 



fluent of a 



Z +2xx" 



_ » + 2.3: 
■ 2H + 2 ' 



Ex. 8. To find the center of gravity of a cone, 
By similar triangles, AED, AFC, AF 
: FC :: AE : ED. Or, if JF=a, 

and FC=by a : b :: x ■■ y~ — , and 
, b*x* ^ the fluent of y^xx _ 
" ~ a* * * ' the fluent of y'x 

the fluent of — 3?x 



the fluent of ~ x'i 




Ex. 9. To find the center of gravity ol 


a hemisphere. H 


Let BjtC (See the second Figure in 


the preceding page) H 


represent a hemisphere; here y'' = 2ax- 


x' i .*. the fluent of 1 


y^xx= the fluent of 2ax^x~ x^x = -—- 


- --; and the fluent 1 


of y'i= the fluent of 2aj:i-j;'x = aj''- -• 


. the fluent of v'jri .| 
*' the fluent of u'x ■ 


= 5 i-. Let x = ^F=a; then -1G= ^ i—^LL. ■ 


«.--l^ 


«'-3«- i"' ■ 


5a 
~ 8 ■ 


1 


Ex. 10. To find the eenter of gravity of a hemispheroid. H 


Let BAC (See the second Figure in 

J' 


p. 6?.) represent a 
the fluent of y'j:x = 

- — ; and the fluent 


hemispheroid; theny = ^ x 3ax~x'; .', 


— X the fluent of 2ax'i-x'x= -, x -^— 




of y''i= — X the fluent of 2axd-a 

i' 2 , 1 
. the fluent of y^xi a' ** 3 ""^ 4 


whence by the last 


tlie fluent of y'x - 6' , ^^ ' 


case, if x=a, AG= —. 




Cor. I. Since b is not found in the 


expression -^ , the 


distance of the center of gravity from A 


in all hemispheroids 


round the same major axis is the same. 




Cor. 2. In the same manner, if SA 

I,* Rnr + tr* 


? be an hyperboloid, ' 
that is, if AF= C, 


' ««iy'=~ x2ax+x% ^G- i^a + ix' 


„ 8aC+3C* 
1 ^^ I3a + 4C- 


^M 



Ex.11. 

aemi-circle. 
Let FE= 
i ■■ -SI ■■■■ 



CENTER OP OBAVITY. 

To find the center of gravity of the art: of 

then 



, BD=z,FD=r 

: Xi (Art. 44.) 



.•. -ry=xzj 

r,^ fluent of xz 



fluent of — ry 







= - „ Jj + the corr. ; and if FG = o,y = r; .-. FG 

-KfTl fo*" tlic arc of the quadrant ; and the same is true fi:^ 



the other side; .-. FG 
Cor. AG=r~ 



I for tlie arc of tlie semi-circle. 



BDA' 



Ex. 13. To find die center of gravitj- of any arc AEC ( 
I drcle. 

Take S the center ; and draw SDE perpen- 
dicular to the chord AC; the center of gravity G 
is in that line. Let^/> = 6, SE = r, SB=x, 
BM=y, AM=z. Ttien xE=-ry; .-. the 
fluent of X2= — ry-f the corr. =rb-ryi and 
the 8uent of ji _ rb—ry 
X ~ AM * 



S0= ' 




or taking \ 



f the whole arc AE, and therefore y = o, SG = 

irxb SE^AD . , ....,, ^ 

f'^jfp' = — -fP — i and the same conclusion holds for EC\ 

SExAD SExAC 



~aE- 

. 5G for the whole wc AEC= 



AE ~ AEC • 

Ex. 13. To find the center of gravity of the sector 
a drcle. 

Let 5 be the center of the ^ j 

dide ; Mm Uic chord of the arc 
MAm; -.V.Y perpendicular to .1/ai; 
QJiq an arc at any distance SD ; 
Of its chonl. fake MAm^c, 




SM^ 



Mm=a, Sa=x, QD^=.vi then f 



Qq^\ 
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OX 

— ; .% yxi, in the preceding cases^ corresponds in this instance 

with "^ X *i= ^^; .'. 5Gf^ the fluent of .yxi ^ 
r r the fluent of yx 

2 the fluent of ax* i 2ax* i ^ .1 11 

— X ^ = -- — ; and for the whole sector «= 

r vx 3rv 

2ar 



OC 




Ex. 14. To find the center of gravity of the surface of 
a hemisphere. 

Let AE-x, ED^jfy 
AD^%, DFz^rt 

the fluent of j/z 

: i :: r : y; .** yz^rx% .\ AG^ B 

the fluent of rxi x* x ^i.^i uiu -u ^ 

-. — T= 3; — — = — = - ; or for the whole hemisphere = - . 

the fluent of rf 2a? 2 ^2 

Ex. 15. To find the center of gravity of the surface of 
a cone. 

Let ACz^s, AF=a, FC^b; (See the third Figure in 

StJC 

p. 60.) then z : X :: s : a; .•, i= — ; also 1/ : x :: b : a; 

- X - X fluent of j?'i 



^bx 1 jf» _ the fluent ott/xz _ a a 

* * " '^ ^ ^ fVi<a Anient rkf 9/ r. .« h 



^^^•mmam 



the fluent of yi s b ^ ^ c - 

^ - X - X fluent ot xx 



a a 



2x 



— ; .'* for the whole conical surface AO 
3 



2AF 



CENTER OF GYRATION, &C. 
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Chap. XL 

ON THE CENTERS OF GYRATION, OSCILLATION, 
AND PERCUSSION. 




Pboposition, 

(65.) 1.F P represent any moving force acting at a distance 

SD from the axis S, and a body B revolve round the axis by 

the action of P, the same angular velocity will be produced ii 

a given time, if a weight = — v7>^~ ^ placed in D. 

Let M and m represent two 
moving forces acting at B and 
at D; /''and v tile velocities; and 
B and X the quantities of matter 
at these points. Then since J/oc 

.1/ B r 



Q 



hence 



B 



e have - 
M V 



Now 




ttie effects are the same, we have by the lever J/: m ■■ SD • SB' 

.'. — = yg ! alsoj since the angular velocities of B and D an 

the same, the linear velocities are directly as the distances ; 01 

AU ; . . 77 = —^ ; that is, — - _— X •— =t 
^ SB ' X SB SB- 

BxSB' 



r : v.: SB : 



SD' 



Cor. Since the accelerating force <x as the moving fora 
divided by the quantity of matter, the accelerating force upon J 

" p ^ gj)' 

oc as fi X SB' oc __— ~j; and the same is tnieforanynum- 

SD' 
ber of bodies. The inertia of P is here not taken into account. 
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ON THE CENTER OF GYRATION. 



(66.) Def. The center of gyration of a body, or system of 
bodies, is that point into which, if the whole maos were collected, 
a given force as P applied at a given distance from the axis of 
suspension, would produce the same angular velocity in the same 
time, as if the bodies were disposed at their respective distances. 



(67.) 



Proposition. 



To find the center of gyration of any body, or system of 
bodies, revolving round an axis of motion, which passes through S. 



Let J, B, C, &c. be the bodies, 
or the particles of which the body 
is composed; P the given force 
applied at X); R the center of 
gyration. Then the force which 
accelerates D, whilst these bodies 
are at their respective distances, = 



(byCoR.Art. 65.)- 



PxSD^ 




lei the whole mass be collected in R; the accelerating force 
PxSD^ 

upon If = . ■ . But since P, and the 

^ + B + C-i- &c. X A«' 
angular velocity of O, are by supposition the same in both cases, the 
absolute velocity of D is the same, and .-. the accelerating force 
upon -D must be the same; that is, -y- ^ ' 



' JxSJ-^+B^SB'+Slc. 



PxSD' 



A-^B^C+SockSR- 



:,:.SR 



-^ 






Cor. If j be the fluxion of the body at the distance x from 
J . r,„ . / tlie fluent of j'i 

ix axis, *«= V • 




8.) Def. The center of percussion is that point in the 
axis of a vibrating body, at which, if stopt by an immoveable 
obstacle, it would rest in equihbrio, without inclining tov 
either side. 

(69.) Proposition. 

To find the center of percussion of any body or system ofl 
bodies. 

Let RTl^ represent a section of 
the body formed by a plane passing 
through the center of gravity G, and 
perpendicular to the axis of suspen- 
. sion passing through -S'. Let O be 
the center of percussion ; suppose the 
whole body to be projected ortho- 
graphicaliy upon the plane Rf^T, 
the center of gravity will remain the 
same, and the angular motion will 
not be affected. Let J, B, C, &c. 
represent particles of the body Rf'T; join S.'i, SB, SC) and 
draw An, Bb, Cc^ perpendicular to these lines, meeting the 
axis of the body in a, b, and c; and let fall JE, BF, CL, 
perpendicular to ST. The instant O is stopped, the particle A 
will endeavour to proceed in the direction Aa, with a force 
proportional to A x SA ; and tliis force : its force in the 

; AE; hence, 
AxSAx SE 




direction AE, to turn the body round O :-. Aa 



1 the direction AE= '- 
(by similar triangles) =AxSEi 



Aa SA 

and its effect to produce 

■ound = AxSExaO=AxSEx SO^S^ff^ 

AxS£xSA = AxSExSO-Ax SA'. " 

III the same manner, tiie effect of B and C, from which the 

perpendiculars cut the axis in F and L, on the other side 

of = B xSB' -BxSFx SO; and C x SC'~ Cx SL x SO; 



angular motion 
AxSExSO- 



and since these forces balance eacli other rountl O, we have 
AxSEaSO-AxSA' = BxSB'-BxSFxSO + CxSC 
- Cx SLxSOi :. A X XE+ B x A'F+ C x SL + &c. x SO= 
AxSA^+Bx &B' + Cx SC + &c. ; or, by the nature of the 
center of gravity, A+B+C-^ &c. xSGxSO = Ax SA^ + B 
AtcSA' + BxSB" + Cx SC\ &c. 



xSB' + CxSO-^ &c.; .-. .SO = - 



A+B+C+ &c. xSG 



ON THE CENTER OF OSCILLATION. 

(70.) Def. The center of oscillation is that point in a body, 
or system of bodies, into which, if the whole mass were collected, 
it would vibrate through a given angle by the force of gravity 
in the same time as before. 

(71.) Proposition. 

To find the center of oscillation. 
Let LMN represent a body pro- 
jected upon a plane, which is per- 
pendicular to the axis of suspension 
passing through S. Let SGO be 
the axis of the body at some period 
of its vibration, G the center of 
gravity, and O the center of 
oscillation. Draw SDF perpen- 
dicular to the horizon ; with S as 
a center, and SG, SO, as radii, 
describe the circular arcs GD, OF; 

^w DE, FII, |>erpendicular to , 

SO. Let Gv be a line parallel to SF, and draw vt perpend iculai- 
to SO; join the point S, and the particles A, B, C, of the 
body. Now the moving force upon G, whilst the particles are 
iu the position A, B, C, &c. : the whole weight of the body 
:: tv : Gv :: DE : SD; .: the moving force upon G = 




cfiirfsft bfmettthi^r' 



j4 + B+C+kc.x -TTpj p^y;; and this force will, inaeivenj 

oU or tSlr I 

time, produce the same velocity, if A, B, C, &e. be remon 

, . AxSA' BxSB' ^ .^ , J • i^ 1 
and the masses —^rn — H ptt; 1- &c. be placed m G.J 

Hence, the accelerating force upon G in this < 
A-\-B+C+ &c. xDExSG 



AxSA'+BxSB^ + CxSC'+ &c. ' 

Next, suppose the particles collected in O ; the accelerating'! 



force on O •■ 



A + B + C+&C. X ^ 



HF DE ^ . ., M 



A-\^B + C+6cc. A>' 

triangles; and the force which accelerates O : that which 
accelerates G :; SO : SG; .'. the force which in this case 

DE 

accelerates (^=-rft- But in both instances the force at G 

must be the same ; for then, in both cases, the point G will 
describe a small arc, and equal successive small arcs, and 
consequently the whole arc GD in the same time. Hence, 

A+B+C+k.c xDExSG __ DE 

Ax SA' + Bx SB'+C X SC" + &c. ~ SO 
AxSA' + Bx SB' + Cx SC'+ &c. 



SO = . 



A+B+C+SccxSG 

Cob. 1. If i be the flusion of the body at the distance x ^ 
the fluent of x'j 



from the axis, S0 = 



the body x SG 



Cor. 2. The distance of the center of oKcillation from t 
axis of motion, is the same as the distance of the center ■ 
percussion. 



Cor. 3. SOxSG = 



A X SA^ + B X SB'+Cx SC'+ &c. 
A+B+C+lkc. 



Cor. 4. If -K represent the center of gyration, 
SG : SR :: SR : SO. 
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For (Art. 6?.) SK' = ^i-B + C+S^. — 

and SO X SG = the same quantity (by the last Cor. ;) .■. SO y 
SG =SR'; and SG : SR :: SR : SO. 



(?2.) 



Proposition. 



If the distance of the center of gravity and the axis of motion 
be increased, the distance of the center of gravity, and the 
center of oscillation, will be diminished in the same proportion. 

Let J, B, C, &c. be particles of 
the body, S the point of suspension, 
G the center of gravity, and O of 
oscillation ; join 8^4, SB, SC, and 
GA, GB, GC: draw Aa, Bb, Cc, 
perpendicular to SO. Tlien, 
SJ^ = SG' + GA' + 2SG X Ga 
SB' = SG- + OB- + iSGxGb 
SC = *G'+ GC - 2«Gx Gc; 
.: AxSA'+B^SB'+CxSC'+tu;. = A+B+C+Ik. 
xSG-JrAxOA'.^BxGB-+CxGC-+kc. +Ax2SGx 
Ga+B X 2SG xGh-Cx 2SG x Gc. But, by the nature of 
the center of gravity, /<x 2SG x Go+B x 2.W xGJ- Cx 2SG 
X Gc = 0; divide the whole by ../ + B + C+&C. x SG ; then, 
^x.W + Bx.Sa' + Cx.VC- + &c. A + B+C+kc. x SG' 




A + B+C+kc.xSa A+B + C+kc. 

Ax GA- + BxGB' + Cx GC + &c. 



SG 

or,SO=SG-t. 



A + B+C+kc.xSG 
AxGA' + Bx GB- + Cx GC-+&C. 

A+B+C+tu:.xSG 
_ AxGA+Bx GB'+Cx GC + 
~ ATB+C+lkc. X SO 

for the numerator, and the other part of the denominator in the 
same body, or system of bodies, is a constant quantity. 



; here, .SO-. 5G, or GO 



that is, GOot-^ , 
SG 



CoK. 1. SG X GO is a constant quantity. 



CENTER OF OS 

Cor. 2. If O be made the point of suspension, tlie point S 
will be the center of oscillation ; or the center of oscillation, and 
the point of suspension, are convertible. 

{73.) Examples, 

Ex. 1. Let the straight line SJ revolve about S; to find 

O the center of gyration. 



SO = 
= SA. 



. /thefluentof^i * /SA ' 






Ex. 2, To find O the center of gyration of a circle, which^ 
revolves in its own plane about a center C. 

Let Ce the radius of a concentric 

circle =x, CA = r; then px' = the 

area of the inner circle, and 2pxx its 

_„ . /thefluentofsox'x 
fluxion ; ,:C0=\/ r— i 

px^ 




— —J— when x = r. 
Spx' ^2 

Cor. Tlie same conclusion is true for a cylinder revolving 
about its axis, since it is true for every section parallel to the end. 

Ex. 3. To find O the center of gyration of a sphere ABR, 
revolving about its diameter RT. u 

■ Draw CA perpendicular, and KB parallel to RT. Then £0 = 1 
. ^r'-x'; and the surface of the cylinder generated by the 
revolution of BL about RT=2x ^r' ~ x' x 2pxi :. the 
numerator of the expression for CO becomes = the fluent of 



Apx'i X 



- x', whose fluent (Fluent 7'5.) = 4^x - 



+ the corr. Leta' = 0; theny = r; /. the corr. of the fluent — 
4px 



-r'y+ 7^= (when x = r, and y = 0) -^-; and 
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the content of the sphere = -^^; •*• CO 



^ 5 



A 



3 



(74.) Case 1. 

Ex. 4. Let SC be a straight line of uniform 
density suspended at one of its extremities S. To find 
the center of oscillation. 

Let O be the center of oscillation^ and SP a variable 



s 



' p 



port =x. Then 50=: - 



the fluent of x's the fluent of x*x 



X 



2 



5= - or, or for the whole line = 

3 ' 3 



"O 



Ex. 5. To find the same, the density of the line being 
supposed to vary j^^ from the point of suspension. 

the fluent of x'i x -- . « n .^ . 

of the fluent of x^'^i 



In this case, SO = 



the fluent of 



XX 

1^ 



the fluent of x^*+'d? 



X Xy for the whole line = x SC. 



3-n 



3-» 



(75.) Case 2. 

Ex. 6. Let AB be a line vibrating lengthways in a vertical 
plane about S^ having its two extremes A and B equidistant 
from the point of suspension. To find the center of oscillation. 

Draw SF perpendicular to AB ; 

let SF^a, FG=:Xy and join SG. 
F is the center of gravity of the 
line; then, taking FM=:FGy we 



have S0 = 



2x fluent of ixa*+ar* 
2xx a 



^^^^ 3" J?* FB* 




6mt^ 

(76.) Case. 3. 

Ex. 7. Let ANM be a circle vibrating in a vertical plane. ( 
Let a diameter MCN cut a con- 
centric circle in D and B. Assume 
SC=a,CB = x,CN=T. TUenSIT 
+ 5B'=25C'-|-2CB'; .-. the sum 
of the products of two particles at D 
and B, and the square of their dis- 
tances from S = a'-\-x' X the two par- 
ticles ; hence that expression for the 
whole circumference =a' + x' x 2px = 

„ , .„ , „„ fluent of z'i 2d x fluent of a'jji+x'i 




■ =a+ — = for the whole circle 04- — . 



Cor. If the point of suspension 5 be in the circumferenw 
of this circle, SO = r+ ~ ; .•. CO= - ; and conversely, if i 

be made the point of suspension, where C0= - , the center c 
oscillation will be in the circumference. (Art, 72- Cor. 2.) 
(77.) Case 4. 

Ex. 6. Let ANM represent the circumference of a circle 
vibrating in a vertical piai 

By the last Case, the numerator of the expression for SO, or* 
as it is sometimes called, the force of the fluxion of the circle BDE, 
or of an annul us, whose breadth is i- = 2;)a'Ti + 2;jj'x; divide 
this quantity by x, and there remains the force of the circmn-f 
ference BDE = 2pa'x + 2px'i hence, SO in this 
2pa'x + 2px' 



the circumference 2px x a 



or for the whole t 
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(78.) 



Case 5. 



Ex. 9. Let AHBE be a circle^ having its plane always per- 
pendicular to the axis of suspension SG. 



The point G being the center of 
the circle, let AB be the diameter 
parallel to the axis of motion RS ; 
draw EF parallel to AB, GP per- 
pendicular to EFy and join SP. 
Take GB^r, GP=x, SG = a; 
then EF= 2y/r' - x% and SO^ 

fluent of 2i x >>/r* -x^x a*+x' _ 
area of semi-circle x a 



R s 




the fluent o f 4a'x^r'^x' +4x'x^r' -x* ,^, , . 

■ _^ 7 • I -^ = (Fluient 24.) 

area of circle x a ^ ^ 



a^+^r^xpr' 
pr* x a 



^ 4a 



(79.) Case 6. 

Ex. 10. Let AHBE represent the periphery of a circle, 
whose plane is always perpendicular to SG'. 

By the last Case, the numerator of the fraction, which 
expresses the value of SO for a circle, =/>aV+ ^pr*; of 

which the fluxion 2pa^rf+pr^^ denotes the force of an annuhis 
whose breadth is r ; /. dividing by r, 2pa*r+pr^ is the force 

of the periphery; hence, S0= -^ £-- =a+ — . 

r K J ^ 2j»r X a • « - 



2a 



(80.) 



Case 7. 



To find the center of oscillation of a curvilinear area moving 
flatways^ or in a direction perpendicular to its axis. 



M 



CENTER OF t 



Let 5 be the point of suspension, 
SA = d, AP=x, PN=y; then S0 = 
the fluent of 2 y.r x rf + j?]' 



fiuent of I 



< d-\-x 




the fluent of 2 ui' x 3 ^ c ■ — 

, ^ iluent or yx 

the fl uent of y.r x rf + J-T 

the fluent of ^i- x 'd-\-x 

ir ,* k ii .. e ■ Ar\ tl'^ fluent of ifx'i 

It ^ be the point ol suspension, AO=- — t — -^ ^ — t ■ 

* * the tluent o\ yxx 

To apply these expressions to any particular curve, the value 

of y must be expressed in terms of x from the nature of the 

curve, and the fluent can be found. 

EIx. 11. Let the curve be the common parabola, and S the 
point of suspension. 

fluent of a^x^i x d + x\' 



The equation is y*=ax; .'. S0= , ^___ 

fluent of a' j'x x d + x 

2 ^ ^ * • 2 f 

Ruent of a' d'x'' x+2da^ x^i + a'' x'^x _ s"-^ +'^axx +yX 



fluent of a''dx'^x+aTx''x 



3^1*+ 3 



I 



If ^=0, or the point of suspension be .-/, .40= ~ 

I 

(81.) If ^betaken for the point of suspension, the value of ^O 



fluent of 



~ — :- ; and smce Al* 



is determined by the expreMion j^j^^-jp^^^ . 

can be found, GO may be detennined. Now SG varies aa 

YTT- ; hence, if be the center of oscillation, corresponding to 

the point of suspension S, we have AG : SG :: -j-rr^ '■ tt- . 

from which Ga= — ;.p — ; and therefore So may be found. 



CENTEK OF OSCILLATION. 

If SG=g, AG = a, AO = v, and GO = ii-(ii then Go= 
r — a' rt X u — o 



-, and So=g-^ - 



Ex. 12. To find the center of oscillation of the common 
parabola, when A is the point of suspension. 

, , 2j,* 

.T jr\ fluent of wz*i fluent of n'x'i' 7' 5x 

Here AO=.^ -r^ — r = ; = -rrr == ~W • 

fluent ot ifxx fluent of a' x' i ^x' * 

Now to determine So for some other point of suspension S ; 

~a (Art. 64, Ex. 2.); 



Iet5^=rf, AO= ~ =v, AG 

7 



G0= AO-AG=- 



AG X GO, or Go = 



AGxGO 



Then, since SGxGo = 
X Tx ~3x 
r- , we have 00 



= i+ii- 



result as in Ex. 11. 



which, reduced, gives the same 



Ex. 13. Let EAD represent any parabola, whose equation is 

([■■'^=x", and the point of suspension A. (Seethe Figure 

in the preceding page.) 

!■ A^ fluent of vx'i fluent of Ji'+'i n + 2 

Here AO=~ ^ „' ■■ . - = 5 rT Ji-t- T' - = — 7-^ ^ ^■ 

fluent of yxx fluent ot jr+'x ?i + 3 

If n = - , it becomes the common parabola ; and AO — ^ AL 

K before. 

If S be the point of suspension, SO may be found from the 

fluent of yi;x^+^' , . ^ fluentofx"ixfr+2rfa+r' 

expression == (Art. 80.) = ^p:—- 

fluent ofi/x X d+x fluent of x'x x d-i-x 



_ n + 2.n+3.d' + n+l .n-i-3.2dx+n+l .ji+S.x' 

n + 2 .'n+3 .d + 7i + l .n + 3.x 
the method given in Art. 8 1 . 



or by 
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Ex. 14. Let AED be an isosceles 
triangle, suspended at A. 

T2keJP=zx,MN=j/,AL=^a,ED^b; 

^1 ^^ the fluent of yx^x / . 

then AO^ -r — s ^ ^ — r- = (since 

the fluent or vxx v 



y 



yxx 
bx\ the fluent of x^x 3x 

T 



= *f^ 1 



a / the fluent of x'i 



%AL. 

4 




iroL ^L • 4. r c the fluent of flTfxl'xyi 
If o be the point of suspension, o o = ^ - 

the fluent of rf.+ar.yi 



6d' + 8(ijc + 3j:' 



6d+4x 



3*r 
; which, when (i=o, becomes •— as 

4 



before. 



(82.) 



Case 8. 



Let the proposed figure be an area EAD vibrating edgeways, 
so that the motion of the axis i» in the plane of the curve. 
(See the Figure in the opposite page.) 

The sum of the products of each particle of the line JfiV, 
and the square of its distance from S, SP^ x PN-\ — - = 

(Ex. 6.) d+xV xy+if; :. taking the area AMN, 50 = 



the fluent of d+x] xyx+ '^j/^x 



I 



whence, substituting for y 



the fluent of d+x.yx 
its value in any curve in terms of x, SO may be found. 



If d=6, or -4 be the 
the fluent of yx^x+ -y^x 
the fluent of yxx 



point of suspension, AOz=: 



Ex. 15. In the common parabola, suspended at ^, ^ sax; 
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the fluent of d:'x*X'\- -a^x^x 
the fluent of a^x^x 
- AL + 5 «* for the whole area. 



^x^ + f.ax^ 



Ex. l6. In any parabola^ whose equation is a'^'y=x% 



AO 



the fluent of — =77- + - -ttzt r + x -rr-t 



the fluent of —--7 



n+2 n+2 X 

XX+ -r^ r-r X 



m-i 



n+3 



9n + 3 a 



2*— X 



n+2 



Ex. 17. In an isosceles triangle, y i x \\ h : a\ .'. A0 = 

the fluent of - x^x+ - x -zx^x ,, 

— = -x+ 7 — r^ whenx=a, and 



a 



a' 



the fluent of - x'i 

a 



4 tf 



(83.) 



Case 9. 



Let EAD represent a curve line 
vibrating flatways. 

Since each particle of the line MN 
moves as with a radius SPy if the fluxion 



o{ AM=^z, S0= 



fluent of <^+x]*x z 
fluent of d+xx z 




Hence^ if z can be expressed in terms of Xy SO can be found. 

fluent of X* z 



If -4 be the point of suspension^ d= 0, and AO = 5 — j 



• • • 
xz 



Ex. 18. Let AED be an isosceles triangle ; s one side, and 



I the perpendicular, the point of suspension being /t. 
the fluent of x'i 



and AO= 
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the fluent of j?x 



UL. 



'I. ThenI 



Ex. 19. To find the center of oscillation of any given arc of 
I a circle MNQ, the point of suspension being in the center of 
f the circle. 

het G be the center of gravity of tlie arc, 



i 



SN: 



SN'x Arc MNQ 
AG X arc MNQ 

SX' ., „„ 5A-X MQ 

WNQ. 



MQ its chord. Then S0 = 



SN' 
^ SG' 



Art. 64, Ex. 12.) = 



SN X MNQ 



Mq ■ 

(84.) Case 10. 

Let EAD be a curve line vibrating edgeways, 
If 5 be the point of suspension, the radius of the circle in which 

,^=^-- fluent of 3 X rf +xl' + y'« 

» moves =vrf+ir+y; :. SO = ^^— 

If ^ be the point of suspension, AO 



fluent of (/+ jx z 
fluent of x^ %+y'z 
fluent of xi 

Ex.20. Let the figure be an isosceles triangle, whose altitude 



IU a, and 6 = J the base. Then i = — ; y' = . 
fluent of a;' X h - 



si I _,, *^ 



fluent of - 



■ = -*P =(ifx=o)ja + 



36; 
3a 



(85.) Case II. 

Let the figure AEF be a solid, generated by the rotation of 

the surface EAF about its axis AL, having its base HH parallel 

to the axis of motion BC. 
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Take the circle MN^ whose plane 
is parallel to HH. It appears, by 
Ex. 9, that the sum of the products 
of each particle of the circle MNy 
and the square of its distance from 

the axis, = *SP*+ \ PN' x the circle 
MN = cf+d ' + -y' xpt/* ; hence, 
ptf^x X d+xV + -y ' is the fluxion of 



the sum of these products ; and SO = 



B s c 




1+^' 



fluent of py*i x d+x 



the fluent of y* x d+xl*i+ jy*i 

the fluent of ^f x ii + a? 
If the point of suspension be at the vertex A, d=^o, and 
.^ the fluent of y*x*x+ ^tf^x 
the fluent of y*xi 

Ex. 21. Let the solid be a cone, and iS'thc point of 
suspension. 

TskeJL-a, LF=^b; then a : b 

J}X .^ h 

:: X I y% :. y= — ^mx, if - =m. 

Hence, the fluxion of the numerator, 
which =^*i X 5+3*+ jy*i, becomes 

m'x'i X d*+2£/j:+x'+ j m*x*i, and 



the fluent = 



w'rf* 



a:' 



nCdx'^ 



m*x^ 




20 



Also the fluent of the denominator y*xx£/+xs 



the fluent of tn^dx^x + m*«'i = — -; h 



m*x* 



; :. 50= 
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by multiplying the whole of the numerator and denominator 
by 6o, and dividing by m^x^ ; which for the whole cone = 
20d*+30da+l2a''+3b' 
20d+l5a 

Cor. 1. If d=o, or -^ be the point of suspension, AO = 

6a 

Cor. 2. If a cone be suspended by the vertex, and the center 

of oscillation be in the base, a = 6. For in this case, — = 

ba 

a; .*. 4a' + J' = 5a% and a = &, a property of the right cone. 

Ex. 22. Let AEFhe a paraboloid, suspended at S. 

fluent of axi xd* + 2dx+x* + I^Vi 
Since y*= or, SO in this case = 



fluent of axx xd+x 
iad'x^+ }ada^+ lax*+ l-aV 6d'+8dx+3x'+ax 



^adx^+ rax* 



6d+4x 



If d=o, J0= 



3x+a 



Ex. 23. Let the solid be a sphere, to find AO and 519. 

In this case it is most convenient to 
determine the value of AO, and to 
deduce SO from it by Art. 70. 

Since y' = 2rx - x*, AO=p x fluent of 

I 



2rx - x' X x'o: + 7 X 4r'x^ - 4rx^+x* x x 



sphere x AG 



3 



r*x''x+rx^x- -rxl^x 

4- 



s= p X fluent of r -jTr 

^ sphere x Air 
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5r*x*+ irx*- 



20 



0?^ 



px : - 



4pr^ 



X r 



2r 



28 , 
= (when x = 2r) = — 

3 



Hence^ GO = — - ; .•. if o be the center of oscillation^ 
corresponding to the point of suspension S, since SG x Go s 

AG X GO (Art. 72.) ; .-. d+r xGo=rx=^ = ~i :. Go= 



2r' 



5 X rf+r 



; .-. So-d+r + 



2r* 



5 X rf+r 



IP o^ o ^ . 2r' r llr 



Ex. 34. Let the solid be a cylinder, and ^the point of suspension. 



i'xxd* + 2ijf+a;*+ ih*x 



Here y is constant = J ; /. 50= ; =5=^= 

fluent of d'i+2dxx'\'3fi+\h'x (i*x+(ia?'+ 5X'+ ih'x 



Let rf=:0; -40 = 



fluent of dx+xx 



rfX+gl?* 



I 

-X 

2 



_ 2x i* 
"■T"'"2S* 



(86.) Case 12. 

Let EJF be the superficies of a solid generated by the 
revolution of EAF round its axis; to find the center of 
oscillation of the superficies. 

By Ex. 10. the force of the peri- 

phery of a circle MN=^ 2pr xa^+ -r* 



J s c 



=^2/>y X d+xY + -/; therefore the 
liuxion of the force of the su- 
perficies cs 2py% X d+j;r+-y'; 

/. so= ^ - . 

fluent of 2pyz x rf+j: ' ^ 

N 
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If rf=o, A0= 



the fluent of yx*s;+ ^y'a 
the fluent of xyz 



Ex. 25. Let EAFhe a cone. 
If AE=s, 4L=a, EL=b, AM=z, 

m 

i : i x: s I a; /. i = — = mi 

a 

if - rsm ; and x : y :: a : b; .\ jf = 
a 

— = nx. if - = n ; henoe S O = 
a a 

f. nxxmixd* + Qdx+x*+ ^fi'x' 




f. nxx mix d±x 
f. d'xi+2dx'i+x'i+ ^-tex'i 5^^+ ldx'+ \x'+ln'jt' 



f. dxi+x^i 



= for the whole cone^ 



^ix'+jx' 



Let 1^=0; then^O= 



lQd+8a 
6a»+36* 



8a 



Ex. 26. Let BAF be the superficies of a sphere. 
Here i : »f :: r : y ; .•. yi^ri. Hence, if ^ be the point 

fluent of rx*jr + j ry* x 



of suspoosion, AO = 



fluent of rxi 



; since y* = 2rx — of^ 



fluent of rjt^i+r'xi- 5 rx'x fluent of 5 rjfi+r^xx 



fluent of rxx 
irx^+^r^x* 



6 



fluent of rxx 



5r 



it^ 



rx 



(if X5S ar) iur the whole sphere — • 
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Case 13. 



Let the figure EAF be a solid, but its axis parallel to the 
axis of motion 9RS. 

Tske RP^a, JP = Xy PM:=y ; then, by 
Ex. 7, the foroe of the particles in the circle 

MN=a'+ lif'xpf; .'. SO for this solid 

the fluent of a* + 5 y* X /? y*i 
~ solid X a 

the fluent of py^xxa* + ^py^x 
the fluent oi py^x x a 

the fluent of ^y*i 



= a + 




c X the fluent of y*i * 



Ex. 27. Let EAF he the segment of a sphere, of radius r. 
Let y = 2rx-a?% and y* = 4r*x'-4rx'+ir«; /. SO =: a + 



fluent of 2r'x'i - 2rx^x + - x^x 
a X fluent of 2 rxx - x*x 



= a + 



2,1 1 



axr-- jar 



If ar=rr, then /So for the hemisphere = a+ — -• and the 
same expression is true for the sphere. 



Ex. 28. Let EAF be a paraboloid, whose equation is 
3f*=cx. 



fl+ 



SO =a + 
3a* 



• 1 • 
the fluent of - c*x*x 



1 



ax the fluent of cxi 



1 , 3a 

5 acx« 
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Ex. 29. Let EAF be any paraboloid, whose equation is 



c — y =. X' 



Here y* = 



X* 



c^> ««»«* y^ = ^ 



X" 



; :. SO = a + 






ar*-+' 



ax 



/ 






r=a+ 



8l»+2 C 



2n+l 



x^ 



X 



an + 1 ^ c^ 






3n+l 
8n+a.o 



xy. 



If n = 5, it is the common parabola; and SO=a+ — , 



as before. 



Ex. 30. If the figure be a cone. 
Let AL^c, LE^b; y i x :: b i c; 

...y=*f = mxif«.»^ ,'.SO=a+ 
c c 



J* o ^ JTX 



7 



a X r. mx X 



Tzrs^ =«+ 



lo"** 



1 

3 



=a+-x 



— for the whole cone. 
a 




Ex. 31. In the cylinder^ is constant, and <SO=a+ ^ • 

2a * 



(88.) 

Let£^F 

axis of motion 



Case. 14. 

t a superficies^ with its axb paralM to the 
(See the Figvee in p. 63.) 



By Ex. 8. die force of the circumferenoe of a ctrde vibrating 
in this manner, =9/»«> + d/»y ; .% the fluxion of the force of 

thbsuperfkies = d/»ii>+9fir'x4; .\ SO^ f ^y^+^P^t 

• ^ y • ajtjfx 
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= a + \. — ; whence, by substituting for z in terms of y, 
axf.yz 

SO may be found. 

Ex. 32. Let EAF be k spherical superficies. 



rx 



If i = the versed sine, and y the ordinate, i = — : .% SO = 

y 



X rx 



a+ T— !=«+ - 



ax J. rx 



2rx — x^xx 



1 . 

rx- jT* 



ax f. X 
2r' 



a 



If jpirr, or 2r, ASO = a+ — -. 

o a 
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Chap. XII. 



ON SECOND, THIRD, &c. FLUXIONS. 

(89-) Ihe fluxion of a variable quantity has been con- 
sidered a^ its rate of increase or decrease ; hence, if that increase 
or decrease be uniform, the fluxion continues the same. But 
if the rate of increase or decrease be variable, its measure will 
also be variable ; and will itself have a certain rate of increase 

I or decrease. The measure of this rate will be its fluxion ; that 
the fluxion of the fluxion, or the second fluxion of the 
variable quantity. If this second fluxion be also variable, the 
measure of its rate of variation will be the third fluxion of the 
original quantity; and soon, till some fluxion becomes conslantj 
then it will have no more. These different orders of fluxions,, 
it is plain, are similar in their nature to the Brst fluxions; for' 
they are such, in fact, to the quantities from which they are 
deduced ; and their fluents are the fluxions which immediately 
precede them. The first fluxion of .r being denoted by x, the 

LjKCond fluxion is denoted by x, the third by x, Sac. 



(90.) Examples. 

Ex. 1. Tlie fluxion of x' is 2xi; if x increase with aa 
uniform velocity, x is constant; but x being variable, 2x admits 
a fluxion 2x ; and the second fluxion is 2i'. But if x do not 
increase uniformly, i is not always the same ; hence, it admits 
a fluxion as i; so that the second fluxion of x' is 2xx+2x*. 
U X he variable, we have a third fluxion, 3ix-i-3xx+4xx = 
Sxx-^GtX. Should * be variable, it admits a fourth ; 2tx+ 
arx + 6x^+ 6xx; and thus we may proceed till some one 
fluxion is constant. 



I 
1 
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(91.) A simple quantity 1:*, where n is an affirmative whole 
number, has n fluxions, if i be constant. 

For the first fluxion is nx^^i ; and i being constant ; 

the second n.»-l. x*"*i* ; 

the third w . n - 1 . n - 2 . j:"~^i^ ; 

the n* ft . n— I n-n+1. x*i*, which 

is constant. 

Ex. 2. To find the third fluxion of axi* + b^. 

The first fluxion = 4ax'i+36y*y, where x, jt, y, and y, 
are all, by - hypothesis, variable; .*• the second fluxion =s 
I2aj^x* + 4aai^x + 6bt/p* +3bt/*y ; and for the same reason the 
third fluxion = 24axjp + 24ax*xx+l2ax*xx+4axr^x+6by^ 
+ 1 26yyjf + 6bj/0+3bfjl » 34axjt' + 36ajr*i£ + 4ax'X-\'6by*+ 

nhyyy+iby^jf. 

Ex. 3. To find the second fluxion of jfy^. 

The first fluxion = Sx^xy" + 2x^yy ; hence, the second fluxion 
^6x£^t^+6x*xyy+3jii^y*x+6x*xyy+2x^y* + 2xi*yy:=^6xi^y* 
+ 1 2x*xyy + 3 j?*y'x+ 2x'y* + 2x^yy. 

Ex. 4. To find the second fluxion of jp"y*. 
The first fluxion = mxT^^xt/' +ny^'^yxf^ ; and the second fluxion 
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Chap. XIII. 

ON THE POINT OF CONTRARY FLEXURE OF A CURVE. 

Def, If a curve be in one part concav#-and in another 
convex to its axis, the point where it changes finom concave 
to convex, or fiom convex to concave is the point of contrary^ 
flexure. 



(93.) The abscissa being supposed to flow unifbnnly, it 
appears by Cor. Art. 30, that whilst the fluxion of the ordinate 
decreases the curve is concave, when it increases convex to 
the axis; therefore in the limit between the two^ at the 
extremity of the concave part, the fluxion of the ordinate 
neither increases nor decreases, and here it is a minimum; 
therefore its fluxion or - jr = O. 

In the same manner if tlie curve changes from convex to 
concave, at tlie limiting pointy the fluxion of j/ is a maximum ; 
or +jf=0. 

We have here considered AB the abscissa, and PB the 
ordinate. From «•/« draw AM perpen- 
dicular to ABy and let AM be con- 
sidev^ as the abscissa, and MP the 
ordinate to AR as an axis ; then at P« 
the point of contrar}* flexure ic s o ; 
its sign bang positive^ when the curve 
b convex to the axis, and negative, 
when it is concave* 




(93.) Hence the Rvlk, To determine the point of contiaiy 
flexure, take the fluxi\m of the equation; siqipoae x or y 
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constant; take the 6uxion again; make J* or x = 0; and the 
value of I or _y may be found. 

And to determine, whether the part of the curve between two 
given points be convex or concave to the axis, observe whether 
the value of the expression for y be positive or negative; if 
positive, the curve is convex ; if negative, concave ; the whole 
curve being supposed to be on one side of the axis. 



(94.) Examples. 

Ex. 1. Let the equation to the curve he^ = ax + bx''—cr'. 

Here ^ = ax + 2bxi- 3cx^S; if i = 1 ; 
= a + 2bx -Sex*; 
.; y = 2bx - 6cxx ; make ^ = ; 

then, 6cx = 2b, and x = -p- = — = the value of .r 
' DC 3c 

at the point of contrary flexure. 

Ex. 2. Let the equation be y = a: 4- sGx" + 23^ -x*. 
^ = X + 22xi+ Gx'x - Ax'i, if i = 1 ; 
= 1 + 721 + Gx' -Ax" ; 
,\ y = 72:c + 12j:x- 123^x; make y=Oi 

.*. = 72 + 12:c-12j;'; 
hence, jf — x = 6; 



-x + ~-. 



25 



, and 1 = 3, the positive value. 



If j: be assumed less than 3 in the equation 72 + i 2.r— 123:' 
which is tlie value of y, 
the result is positive ; if 
greater than 3, the result 
is negative ; if therefore 
AB=i3, and BCbe drawn perpendicular to AB, from A to C 
the curve is convex to the axis, and afterwards concave. 

Ex. 3. Let y = ar'- 12.t' + 48a^'-64x, to find the point 
of contrary flexure. 
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Here if = Aj?-^Qx^ + 960: - 64, if i = 1 ; 
.•. j> = 12x'-72x + 96; 



Letj? = 0; then x'-6x + 8 = O, or X— 2.a;-4 = 0; 
.-. j? = 0, when X = 2, and 4. 

If X be less than 2^ y is positive, or the curve is convex to 
its axis ; if a? be greater than 2, and less than 4^ y is negative, 
and the curve is concave ; if x be greater than 4^ convex. 

Ex. 4. In general, let the equation be a*y = 3x* — 35ax*+ 
140a'jr'-240aV; a*y=15ar*- 140aj:' + 420aV - 480a»x, if 
i'= 1 ; .-. a*j;=^60x'-420ax' + 840a*x- 480a' ; 

Let jr = ; then this expression = O ; or, dividing by 60, 
O = x'-Tax* + 14fl'x-8a'; 

or, O = x-a X j:-2a x x — 4a; therefore the curve has 
three points of contrary flexure corresponding to the value of x, 
as it cs a, or 2a, or 4a. 

Let X be less than a ; j^ is negative, or the curve concave. 

If x be greater than a but less than 2a, y is positive, or 
Tne curve convex. 

If X be greater than 2a but less than 4a, the curve is 
concave. 

(95.) If the equation which expresses the value of jf have 
two equal roots, then y does not change its sign in passing 
through ; therefore the point determined by assuming jf=0, 
i$ not a point of contrary flexure. Tliis will happen when 
the equation has an even number of equal roots. (Art. 27.) 
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Chap. XIV. 



ON THE RADIUS OF CURVATURE. 



SECTION I. 

Proposition. 

(9^.) Xn the common parabola^ if the abscissa be perpen* 
dicular^ and the ordinate parallel to the axis, the part of the 
subsequent ordinate intercepted between tlie curve and the 
tangent, or the deflection from the tangent, is equal to half the 
second fluxion of the ordinate. . 

Let AK be the abscissa, and j4RO the axis of the parabola ; 

aky lo, mdy three equidistant 

ordinates; join ad, and at a 

and o, draw tangents ahy oe\ 

draw aSy ot, parallel to j4m; 

then asy oty may represent the 

fluxions of the abscissa, and shy 

te, those of the ordinate. Now 

by the nature of the parabola, 
Ih bisects ady and bo sz oh; 
also oe is parallel to hd ; therefore ho = dcy and consequently 
ho=zde; or the deflections from the tangent are uniform. But 
these deflections, bo and de, are produced by accelerations of 
velocity, which were nothing at a and o; therefore 260 and 
2de will represent the spaces that would be described by the 
uniform rate of increase, whilst bo or de is described, or they 

^present the fluxions of sb and te; that is, bo or rfc r: - the 

fluxion of y or = - y. 

Cor. If bOy and rfc, be considered as produced by accele- 
rating forces, which were nothing at a and 0, and act in the 
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directions of the onlinates, those accelerating forces must in I 
the parabola be uniform, 

(S7-) Proposition. 

In any algebraic curve, the deflexion from the tangent isl 
ultimately equal to half the second fluxion of the ordinate. 

In the parabola this accurately obtains, and will obtain in all 
curves, where the accelerating force, as in the last Corollary, 
can be considered as constant. By Art. 7't if the time be 
indefinitely diminished, the space described by a variable 
velocity which was nothing at first, vanishes in respect of the \ 
space described by an uniform velocity ; and in the same 
manner the deflection from the tangent caused by a variable 
force, which was nothing at a, vanishes in respect of bo 
described by the constant force, when the time is diminished 
in infinitum ; that is, in any algebraic curve, the deflection 
from the tangent ultimately equals half the second fluxion 
of the ordinate. 



(98.) Proposition. 

If two algebraic curves have the same fluxions of the abscissa ] 
and ordinate, they will have the same tangent ; and if the i 
second fluxion of the ordinate be the same in both cases, they 
will have the same curvature. 

The first part of this Proposition is evident from Art. 30,, and 
the second is immediately deducible from the last Proposition. 



(99.) Definition. 

Let AB be any curve ; BED 
a. circle, touching the curve in 
B ; draw the ordinate BF ; 
then JF flowing uniformly, if 
the second fluxion of the or- 
dinate BF be the same both 
in the circle arid the curve, 
BED is called the Circle of 
Curvature. 
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^m^ 



(100.) 



Proposition. 



'■_»> 



To find the radius of curvature in any algebraic curve, in 
terms of the fluxions of the arc, of the ordinate, and the abscissa ; 
the fluxion of tlie abscissa being constant. 

Let MAD be the circle of curvature, touching the curve 
at M: AP the abscissa; MP, AX, „ 

two ordinates ; C the center, and 
MCD the diameter of the circle : 
produce MP to E, and join DE. 
Let AP =x, MP = y, MN = z, 
SN=il, and ON='-y; join jWO, 
MF. Then, by similar triangles, 
NOM, NMF, NO : NM ;: MN : 
IVFm (Art. 9?.) -ij : i :: i : 




/Vf =- 



-ij 



ultimately = ME ; and, by similar triangl 
NM : MS :: DM : ME 



when O and M nearly coincide, NF 
NMS, DME, 

DM=~ : and CM the 



-5> 



radius of curvature = 



■ being constant. 



(101.) Nearly in tlie same manner, by taking AT as the 
abscissa perpendicular to y/i*, and TM as the ordinate, the 

redius of curvature = -rr. ; for jr is uniform by supposition. 



positive, on account of the 



and the second fluxion of x i 
convexity of the curve. 

(102.) In general, when i and p are both variable, the 
radius of curvature = -r-r. — — . 
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i' 



X = 1 . The radius of curvature in this case = 

-y 

Now, by similar triangles, MSN, BOT, DTXh z : i :: BO 

a]*" 

: OT :: DO : DT :: ^aj/ : y :: ^/a : s/^; .% «= d 

and i' = — . Again, by the same triangles, x : y :: OT 

y^ ^ 

: TB :: DT . TO :: y : ^ay^if :: / : ^a-y; .% y = 



V ^T^5 and j' = the fluxion of a-y|^xy-*= ^4. j^ 5~r| 



- 'a 

= 22>0. 

Cor. Let^=a; then RB, the radius of curvature at the 
vertex, = 2DB. 

Ex. 4. To find the chord of curvature in the cycloid at M. 

Produce MR to F-, take MF= aDO, and draw FP perpen- 
dicular to ML produced. MP is the chord required. And 

2 i* fl 2 v' 

by Art. 103. MP- — r. = 2 x - x -"^ = 4 w = AML. 

' -y y a ^ 






Z' 


t 


J^ 




u 


t 


\ 


D 






^>c 








\ 
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SECTION II. 



ON THE EVOLUTES OF CURVES. 



(103.) Def. a curve PCK is 
said to be the evolute of another curve 
AMT, when it is of such a nature 
that if a thread MCR wrapped round 
PCR were disengaged from it by 
some power at M, whilst the thread 
remained stretched, the point .)/ would 
trace out tlie given curve AMT. 



Cor. 1. CM is the radius of curvature at the point M, and 
C is the center of curvature. 

Cor. 2. If ^ be the vertex of the cur^-e, and AP the radius 
of curvature at the vertex, the evolute PCll will leave the axis 
APD at P; and since APC=CM, the curve line CP, which 
is the length of the evolute, = CM- AP. 

Cor. 3. The same construction remaining as in Art. 102, if 
PH be drawn perpendicular to FC, and CD to AD, PH or 
CD will represent the ordinate of the curve PCR, and PD or 
HC the abscissa ; hence, to determine the nature of tlie evolute, 
we must find PH and HC 

Cor. 4. Since PH= ME - ML, and I{C= AD - AP, the 
following lines are to be found by the nature of the curve ; viz. 
ME, AP, and AD, or its equal AL + LD, or AL + EC. 



(106.) Hence the Rule. 

Having obtained the value of CM from one of tlie expressions 
for the radius of curvature, make ;c ory = 0; this will determine 
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AP the radius of curvature at the vertex. From CM take 
AP ; the remainder is CP the length of the evolute. Then find 
EL and CE from the nature of the curve^ and the equation of 
the evolute will be determined. 

( 1 07.) Proposition. 

To deduce a fluxional expression for LE and CEj in terms 
of the fluxion of the abscissa, of the ordinate, and of the curve. 

By Art. 103, ME= -—rr. = -^, if i= I ; .-. LE, which = 

—ly —y 



z* 



ME-MLy = —,. -tf. 

Also, by similar triangles, MNS, CME, 
MN : NS :: CM . CE; or 



s : y :: 



»' 



r^ : C£= -^^ ; 



-ry - xy 

* ** 

or, if x=l, CB=^.. 

(108.) £x.\MPL£$. 

Elx. 1 . To find tlie evolute of the common parabola, and to 
determine its length. 

Let AMT represent a (larabola. Tlien (Art. 104. Ex. 1.) 

ay/ a 2 2y/a 2 

length of the evoluh\ 

AK> MK = —5 = — r^ ^ -r (-^^ *^^- Ex. 1.) = 



.r -HI j] — jijri = ~7=^' *^**^ oi\Uiwte of the evolute. 
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Again, JD=^AL + LD =x+EC:=x+ ^^ =x+'^^ 



2x^ 



- . X — r (Art. 104.) =xH ~— = 3x+ ia; /. HC=: 

AD— AP=3x^ the abscissa of the evolute. Hence the square 
of the ordinate oc the cube of the abscissa, and the evolute 
is the semi-cubical parabola. 

Ex. 2. To find the evolute of the common cycloid, and its 
length. 

By Art. 104. Ex. 3., the 
radius of curvature =^2 DO 
in that figure; .*. at the 

vertex A, it =0 ; and if R 
be the center of curvature 
at the vertex J3, /{J3 = 2 J3/> 
= arc AB; but RB =z 
RCA; .-. RCA^AB; and 
the evolute RCA is a cycloid similar and equal to AB. 
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Chap. XV. 



ON SPIRALS. 



(109.) Dt:i 

Xf a line of indefinite 
length •S'-'/ revolve about S, 
and a jjoint P move in it 
continually from S, the 
point P will trace out a 
spiral J S is called the cen- 
ter, and ^i* the -distance. 




(110.) Proposition. 

To draw a tangent to a spiral at the point P. 
In the revolution of SP round S, the point P has two motions ; 
one in a direction perpendicular to SP, and the other in the 
direction of SP. Let Pc, and cb represent two small spaces, 
conceived to be described in these two directions, with the 
velocities at P continued uniform ; join Pb. This case, there- 
fore, coincides witli that in Art. 44. ; Pc represents the fluxion 
of the abscissa, and cA of tlie ordinate; hence, Ph is the 
fluxion of the curve, and Pb produced is a tangent at the point 
P ; draw SZ perpendicular to SP, meeting bP produced in Z ; 
SZ is called the sub-tangent, and its value is to be determined 
in each case from the nature of the curve. 

Let SP^if, be =:^i then, by similar triangles, SPZ, Pbc, 
be : cP :: SP : SZ; 

or, y : cP :: y • SZ; .-. SZ=' — ^-JL. 



i 
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(111.) 



Proposition. 



The same construction re- 
maining, 

If a circle ARx be described 

with a given radius SA = a, and 

At AR = Xy and Rx = i, then SZ 



9 * 




ay 

Join Sc ; then, by similar triangles, Pbc, SPZ^ 
be : cP :: SP : SZ 
cP : Rx :: 5P : SR 



:. be : Rx :: SP' : SRxSZ; 
or, y : x :: y* : ax SZ. 

ay 



(112.) To find the areas of spirals. 

Let the spiral SfP be conceived to 
be described by the uniform angular 
motion of SP ; and suppose Sf and 
Sh to be two (distances near SP, 
which make equal angles with it. 
With iS as a center^ and SP as radius^ 
describe the circular arc DPc. Then 

SPc being equal to SPe, is greater 

than the preceding increment SPf of the area, and less than 
Ae succeeding; also, since SP revolves uniformly^ SPc is 
aniformly described; .•. SPc is the fluxion of the area SfP. 

Now if the arc DP=x, and SP=t/, the sector SPc^^i 
.-.the fluxion of 5/P=^. 
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(109.) Dhi 

J. F a line of indefinite 
length SA revolve about S, 
and a point P move in it 
continually from S, the 
point P will trace out a 
spiral ; S is called the cen- 
ter, and SP thc'distance. 



(110.) Proposition . 

To draw a tangent to a spiral at the point P. 
In the revolution of SP round S, the point P has two motions ; 
one in a direction perpendicular to SP, and the other in the 
direction of SP. Let Pc, and cb represent two small spaces, 
conceived to be described in these two directions, with the 
velocities at P continued uniform ; join Pb. This ease, there- 
fore, coincides with that in Art, 44. ; Pc represents the fluxion 
of the abscissa, and ci of the ordinate; hence, Pb is the 
fluxion of the curve, and Pb produced is a tangent at the point 
P; draw SZ perpendicular to SP, meeting bP produced in Z; 
SZ is called the sub-tangent, and its value is to be determined 
ID each case from the nature of the curve. 

het SP=j/, bc=p; then, by similar triangles, SPZ, Pbe^ 
be : cP :: SP : SZ; 




1 cP : 



; SZi .\SZ = 



■ Pxff 
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(III.) 



The same construction re- 
maining, 

If a circle ^Rx be described 
with a given ratUus SA = a, and 
(if JR = x, and Rx = x, then SZ 



Join Sc; then, by similar triangles, Pbc, SPZ, 
be : cP :: SP : SZ 
cP I Rx :: SP : SR 




.', be : Rx :: SP' : SHxSZ; 
or, ^ : X :: If' : a X SZ. 



(113.) To find the areas of spirals. 

Let the spiral SJ'P be conceived to 

be described by the uniform angular 

motion of SP ; and suppose SJ' and 

Sb to be two distances near SP, 

which make equal angles with it. 

With iS as a center, and SP as radius, 

describe the circular arc DPc. Then 

SPc being equal to SPe, is greater 

than the preceding increment SPJ' of the area, and less than 

the succeeding; also, since SP revolves uniformly, SPc is 

uniformly described i .'. SPc is the fluxion of the area SfP. 

Now if the arc DP = x, and SP = y, the sector 5/»c=-— ; 




.the fluxion of 5/7'=' 
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(109.) Dei 

J. F a line of indefinite 
length AV/ revolve about S, 
and a point P move in it 
continually from S, the 
point P will trace out a 
spiral ; S is called the cen- 
ter, and SP the -distance. 



(no.) Proposition. 

To draw a tangent to a spiral at the point P. i 

In the revolution of SP round S, the point P has two motions; 
one in a direction peqjendicular to SP, and the other in the 
direction of SP. Let Pc, and cb represent two small spaces, 
conceived to be described in these two directions, with the 
velocities at P continued uniform ; join Pb. This case, theie-^^ 
fore, coincides with that in Art, 44. ; Pc represents the fluxion 
of the abscissa, and cb of the ordinate; hence, Pb is the 
fluxion of the curve, and Pb produced is a tangent at the point 
P ; draw SZ perpendicular to SP, meeting bP produced in Z ; 
SZ is called the sub-tangent, and its value is to be determined 
in each case from the nature of the curve. 

iM SP=y,bc=p% then, by similar triangles, SPZ, Phc,: 



A 



cP :: SP : SZ; 



,,cj-j^ 
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(111.) Proposit 

TTie same construction re- 
maining, 

If a circle AHx be described 
with a given radius SA = a, and 
/if JR = x, and Rx = i, then SZ 
■ ^,vV 

"if ' 




JoinA'c; then, by similar triangles, Pbc, SPZ, 
be : cP :: ^7* : SZ 
cP : Rx :: SP : SR 



be : Rx : 



.-. SZ = 



SP' : SUxSZi 
y' : a X SZ. 



(112.) To find the arean of spirals. 

Let the spiral SJ'P be conceived to 

be described by the uniform angular 

motion of SP ; and suppose SJ' and 

Sh to be two distances near SP, 

which make equal angles with it. 

With 5 as a center, and SP as radius, 

describe the circular arc DPc. Then 

SPc being equal to SPe, is greater 

than the preceding increment SPJ' of the area, and less than 

the succeeding; also, since SP revolves uniformly, SPc is 

aniformly described; .•. SPc is the fluxion of the area SfP. 

Now if the arc DP = x, and SP = 




(113.) If bPy be a tangent at P, and PSb a very sraal 
angle, and Sy be drawn perpendicular to 
Py, the triangles Pch, SPy are ultimately 
similar, and cb=y ; .: Pc : cb :: Sy : Py; 
or, if Sy = p, and Py = t, 

i I y :: p : t; ,; i =^ . 

And — , or the fluxion of the area, =^MM. . 

(114.) Again, by similar triangles, Pcb, SPy, 
Pc : Pb :: Sy : SP ; 



and the fluxion of the area = ^ . 
2 

(115.) If with 5 as a «m1«, and SJ = a as radius, a cin 

be described cutting SP, SC, in R and ar ; and AR = 



the fluxion of the area = 



(See the first Figure in I 



preceding page.) 




For Pc : Ri 


: SP 


or, X : w 


■■ y 



SR; 



VW , l/X , „ - , . V Vf 

.: X = - — ; and ^-— , or the fluxion of the area = - — , 

Any of these expressions may be adopted to find the area. 

(Il6.) Proposition. 

To find the length of spirals. (See the Figure in Art. 1 13.) 

Let SP be a spiral curve described by the uniform revolution 

of the distance SP, whilst the point P moves continually from S. 

Draw Pc perpendicular to SP, and ch parallel to it ; and let 

Pc, cb represent the uniform velocities of SP and the point P; 

join Pb, then Pb is in the direction of a taugent at P, 

and is the fluxion of the curve. Draw Sy perpendicular 

to the tangent; then, by similar triangles, Pbc, SPy, 

Pb : be -.: SP : Py 

vv 

OT, z : y :: y : ty .-. a = ^ . 



AKBAS OF SPIRALS. 
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(117.) Proposition. 

To find the point of contrary flexure. 

Let C be the point of contrary flexure; 
suppose the curve convex from ^ to C, and 
concave afterward toward S. Draw Sif per- 
pendicular to the tangent v4y. Then, while 
A approaches C, Sy is increasing ; after that 
time it decreases to S. Hence, if the fluxion 
(^ the perpendicular he assumed = O, it will 
determine the point of contrary flexure. 

(118.) Proposition. 

To find an expression for the radius, and chord of curvaturev 

in spiral curves. 

Let PVMhfi the circle, and Pt^ 

the diameter of curvature ; S the center 

of the spiral, and C that of the circle. 

Draw Sy perpendicular to the tangent 

Py, SR perpendicular to PM, and 

join 5C. litt SP = x, Sy = RP=p, 

CP = ri then, by Euclid, 

SO = CP* + PS' ~ 2CP X PR 

= r' + x' —Srpi 

Now 56' may be considered as invariable for this circle ; 

.■. its fluxion =0 ; hence, 0=2xje- 2rp, and r = — :- = CP. 
f' p 

Next, to find the chord, produce PS to ^; and Join Mf^. 

Then, by similar triangles, SPy, MPF, 

SP : Sjf :: MP : PV; 

2xx n„ 2px 
or, X I p :: — :- : Pf^ = ~*~ = 
P P 

(119.) Examples. 

Ex. 1. To find the radius, and chord of curvature cS 
the parabola, considered as a spiral. 




= the chord of curvature. 




2»i 2x X a' + I* 

or -ir— = : . 

p W 

(120.) Proposition. 

To determine the evolutes of spiral curves. 

Let Sf^P represent any spiral curve; CP the radius j 



INVOLUTE OF A CIRCLE. 
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curvature at the point P ; S the pole of 
the spiral ; Sy perpendicular to a tangent 
at P, and SR perpendicular to CP. Join 
SC, and let CT be the evolute ; then, by 

Art 118, CP :=r -^i and CP corrected, 

P 
if necessary, gives the length of the 

evolute. Next, find CR ^CP-PR the 
tangent of the evolute; then, CS its ordinate, which = 
^ C/P + RS*. Prom these two, the nature of the curve will 
be known. 




ON THE INVOLUTE OF A CIRCLE. 



(121.) Definition. 

The involute AB of a circle is described by the extremity 
^ of a string unwinding itself from the circumference of 
a circle A EC. 

B B 





CoR. 1. A small arc at B may be considered as a circular 
arc, whose radius is CB ; and CB is therefore perpendicular 
to the curve or to the tangent JBy. 

Cor. 2. If SY be drawn perpendicular to By^ and SC be 
joined, BCSy is a parallelogram; and By=:SC, the radius 
of the circle. 



' INVOLUTE OF A CIRCLE. 

(122.) Problems. 

Prod. 1. To find the area of the involute. 
Let SB = 1/, By = SC= r, Sy=p; then, Sy = JY~^ 1 1 
.'. the fluxion of the area, or ^^ (Art. 1 13.) : 

and the fluent = - — : + cor. 

or 

Let y = SA = r ; tlien the area =0 ; therefore cor. =0 ;l 

,". the corrected fluent or the area SJB = •■—-. = .t^, . 

far oSC 



Cor. Since CB = CEA, 



CB X SC CEA X SC 



the area of tlie triangle SCB = the sector ASC; hence the 
area ASCB - tite triangle SCB = the area ASCB - tlie 
sector ASCi that is. the area ASB = the area AECBi j 

consequently the area AECB = ch7=> ■ 

Prob. 3. To find the length of the involute. 
Here i = ^ = ^ ; .: t = ~ + cor. ; but when y = r, ' 
z = 0: .-. cor. fluent =^' = f£. 



ON THE SPIRAL OF ARCHIMEDES. 

(133.) Def. If with 5 as a pole, 
a spiral SEP be described of such 
t nature, that the distance SP atn-ays 
bears a gi«n ratio to the arc AB of 
a given circle, whose center is .S, SEP 
is called the Spiral of Arehimedes. 




SPIRAL OF ARCHIMEDE«. 



(124.) Problems. 

pROB. 1. To draw a tangent to tliis spii-al. 

Let PZ represent the tangent at /*, 
SZ the sub-tangent; SI' a perpen- 
dicular on PZ. Then if AB = t, 

SP=y, SA = a, SZ=^ (Art. 111.) ; 

hut here x i y :: c : d, z. given ratio ; 



.ad , 



.SZ = ^.x 
ay 



ad 




^ , if — be assumed = h. 
b c 



Pros. 2. To find the length of the tangent PZ. 



PZ- = SP- + SZ- = y + -L -. 



< i'+y' 



; therefore PZ = 



Prob. 3. To And PV. 

We have ZP : PS :: PS : PY; 

»'. f " v/ST^ -.y.-.y.Py 



.J If 



Prob. 4. To find the perpendicular SV. 
By similar trianglesj SPY, SPZ. 

PZ : SZ :: SP : SY; 

« : Sr^ St 



Prob. 5. To find its area. 
One expression for the fluxion of the area is ^-—^ (Art. 115.) 
where w is the fluxion of a circular arc of radius a, or in tliis 
due the fluxion of AB ; .*. here the expression is ^ . 
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Now, X : y :: c : d; .•. i = -Jr ; 

••. the fluxion of the area = ^ x -r = -^ = ^ ; 

2a d 2ad 2b 

.\ the fluent = ^ ; cor. = ; and the area = ^ . 

bo oo 

Prob. 6. To find its length. 
By Art. 1 16. i = ^ ; in this case, t = ,. ^ ; .'. i 

-yy " ^>^^' + y' = jf^>fplr . ^hose fluent (/?. 58.) 

ij X ^irTSy + i A X hyp. log. y + V£±Z . 



Prob. 7- To find the radius of curvature, or the length of 
the evolute. 

XX 

By Art, 118, the radius of curvature = -r- , where x = SP ; 
that is, in this case it = ^ . Now p = .. j. ; .*. p = 
J rJf + y y ^^j^ 2Q £5^ 23.) ; hence, the radius of cur- 

yy V* + J*l » 1 • 

vature, or ^ = '^ ^ , ^,, -- + cor. Let v = 0, this ex- 

pression = - ; /. cor. = - - ; that is, the radius of curvature, 
or the length of the evolute reckoned from the vertex, =r 



LOGARITHMIC SPIRAL. 



ON THE LOGARITHMIC SPIRAL. 



(135.) Def. Let j4BD be a circle described with a given 
radius SA; then, as the are AB of that circle increases in 





arithmetic progression, if the distance SP increase in geo- 
metric, the point P will trace out the logarithmic spiral. 

Cor. I. Let SP, SQ, SR be assumed indefinitely near 
each other, and equidistant, so that the arc BC = CD, 
Draw PT, QF, perpendicular to SQ, SR. Then, since 
SP : SQ :: SQ : SR, dividendo SP : QJ :: SQ : Rf^, 
or Qroe SP. That is, if SP =y, since QF ultimately 
becomes y, y « y. 

Cor. 2. The distance SP being supposed to revolve 
uniformly round S, the angle PSQ is constant, or -^^ 
is a constant quantity ; hence, PT oc SP oc QT. 

(126.) Problems. 

Prob. 1. To draw a tangent to the Ic^rithmic spiral at 
any point P. 

PTx 

y 



The subtangent SZ = 



(Art. 110.) Now PT : Q.T 



. SZ= ?. Hence, draw SZ 
b 



LOOARITHMTC SPIRAL. 

{y) in a given ratio, :: a 

perpendicular to SP, and equal to ^ ; join ZP ; it is the 
tangent required. M 



Cor. 1. SP : SZ 



: a, a given ratio ; 



.'. the triangle SPZ is always similar to itself in the same spiral, 
. and SPZ is a constant angle. 

Cor. 2. If Si/ be drawn perpendicular to PZ, the ratios of 
SP : Sif, of SP : Py, and of Sy : Pt/, are given. 



Frob. 3. To find the area contained between two rays, 
SP and SM. 



The fluxion of a spiral area = ^-~ ; in this case, p : t i] 

a given ratio, :: a : b; .-. the fluxion of the area = -^^: and 

the fluent = ^ + cor. ; let SP = SM= d ; tlien tlie area = 

A X v^^^ ; or the area SPM== -f , y SP' - SM' 
4b ^ 46 



i 



Cor. 1. The area contained between SP and SM 
SP'-SM\ 



Cob. 2. If SM= 0, or the whole spiral area be found betwt 

SP'=-^ X SP'= (since 



SP and the pole S, it = 



Jh' 



SZ 



SZxSP 



= half 



area of the triangle SPZ. 

pBOB. 3. To find its length. 
The fluxion of the length = -r- . In this c 

Btant ratio, :: m : «j ■'•}=-> and » = 



/ in 8 



J 

inoe 

1 



LOGARITHMIC SPIRAL. Ill 

cor. Let SP=SM=d; then PM = ^x SP - SM= ^ 
n Fy 

xSP-SM. 

Cor. 1. The arc PM oc SP-SM. 

SP* 
Cor. 3. The whole are to the pole S= -^— = (since 

ZP : SP :: SP I Py) the tangent ZP. ' 

Prob. 4. To find the radius and chord of curvature. 
By Art. 118., the radius of curvature = -r-, where SP=x; 

that is, in this case, where SP =y, it == ^ . But t/ : p, in 

P 

a given ratio, :: w : r ; .•• ^ = — , and ^ = — ; or the 
o p r p r 

radius of curvature = . 

r 

Again, by Art. 118., the chord of curvature = -^ ; in this 
case = '-—'. But since y : p :: m : r-, •*'!/' p i: y : p, 

and ^ = ^ 5 hence, the chord of curvature =2»x 2=2^ = 
p p '^ p ^ 

aSP. 

Prob. 5. To determine the evolute CT, 
By the nature of the evolute, CP the 
radius of curvature = CT; and CP = 

^^^^ (by the last Prob.), or CP : 

SP :: m : r. But aSP : PR or % :: 
m : r; .-. CP : SP :: 5P : P/J; 
hence (Euclid, B. vi.) the triangles CPS, 

SPR are similar ; .-. PSC is a right angle, and the angle SCP 
= the angle SPy ; and SC : CP in the given ratio of Py to SP. 
Therefore the evolute CT is a logarithmic spiral similar to SvP. 

Cor. a line SC drawn from S perpendicular to SP passes 
through C, the center of curvature. 
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CONCHOID OF NICOMEDES, 



Chap. XVL 



ON THE CONCHOID OF MCOMEDES. 



(127.) Def. Let cm 
be a line of indefinite length, 
given in position ; if about 
some point B taken with- 
out it, an indefinite line 
BR revolve, cutting CM 
in r, and vR be always 
taken of the same length, 
the point R will trace out 
the conchoid. 




(128.) Problems. 

Prob. 1. To find the equation. 

Draw BCA and RN perpendicular to CM, and RS perpai- 
dicular to AB. Take J8C=a, CA^vR^b, CiV=x, NR^y; 

then, by similar triangles, B$R, vRN^ 

BS : SR :: RX : Nik ot a + v : x i: w : iVt>= -SL . 

and t/J* = t;iV+A7{% or J*=y+ ii^; .% J+^*x4«= 
^ «+3r 

a+yX X y* +«y , or a+yV X 6* - y* =«^y', the equation. 

Prob. 9. To draw a tangent to the oonchmd. 
Since by the equation xy = o +y x ^ 6* - y • ; /. xy + tfx= 



>/6*-.¥ 



7F^ 



-xp= (sii 



ifx^b--)/- 



y' + ab' 



, a negative 



hence the subtangent, or — - 



y y X V *' - y' 

quantity ; therefore the tangent and the vertex are on contrary 
aides of the ordinate, and the value of the subtangent, thus 



taken, is 



a^'+y 



Prob. 3. To find the area. 
By the preceding problem, yi 



-yy 



y y^ Vi'-y 



-y'y f^b*// _ 

y X N/*'-y' ys/i/'-y'- 
; and the area or f. yi = corr. — ;; * 



X a circular arc of radius b, and sine y + 



y X ^ b' -y' 



(Fluent 15.) -~x hyp. log. f '^J'] ^\ (Art. 43). Now 



b + ^b'-y^ 

the area = 0, when y = h\ therefore the area ARNC = 
(\b X a circular arc of radius 6, and sine b, or) ib x 



77r- 



wt: of a quad. — arc whose rad. is i and sine j/ - 

Prob. 4. To find the content of the solid generated by the 
revolution of the conchoid about its axis CM. 



Since yi = 



ab^if 



yx^b^-y- yx^h'-f 



.". py'i^, or the 



fluxion of the content = — ;) x : 



fli' 



_ ty 



^; and 
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CONCHOID OF NIC0MEDE8. 



the content itself = cor. + p x ^^ — + py* x V^'—y* 

(f. 17.) -pab X 2L circular arc of radius b and siney (Art. 44.) 
let y :^ i, the content = ; therefore the correct fluent is pab x 

the arc of a quadrant — arc of radius b and sine y + ^ x 

b* - y "I + py^ X ^yA^-y, the content of the solid generated 
by the revolution of ARNC about CN. Let y = ; then we 
get the content of the whole solid when its axis is infinite 

•= pab X the arc of a quadrant + ~- =spi' x 5 i'^ + 
Prob. 5. To find the point of contrary flexure. 



2b 
3 



Since yi = — 



y+fli* 



yx^jV-y 



rxy; A j^=^^ 



y'+ai' 



y^xs/b'-y 



5 xy« 



, .. 2b*a-b'y'-3b'ay* ^ 

Assume y constant or = 1 ; then, x = - — -^ — j- — - = ; 

.\ 2b*a - 3b*ay* - fcy = 0, or y^ + 3ay^ - 2ab* = 0, an 
equation from which the value of y, and therefore of x, may 
be determined. 



ON THE CISSOID OF DIOCLES. 



(129.) Let AB be thp diameter of 
a semi-circle ACB, D and M two 
points in it equally distant from B and 
A ; from D and ^/ draw DC, il/P, 
perpendicular to AB; and join ^C, 

cutting MP in P. The point P 
traces f ^'void* 




CI8S0II> OF DIOCLE8. 

Cor. BL drawn perpendicular to j4B is an asymptote 
to the curve .4P. 

(130.) Problems. 

Prob. I. To find the equation to the cissoid of Diodes. 

By the properties of tlie circle, AD x DB = DC* ; but 

AD X DB = AM X MB ; .-. AM x MB = DC. Also 

AM : MP :: (AD) MB : DC, .: DC ^^ ^ ^^^ 



.'. oe = 



MP' X MB' 



consequently 



AM 
MP' X MB* 



~AM* ' =^""""^ AM" 

AMx MB; .: MP' x MB = AM' -. that is, if AB = 
AM = j:, MP = y, y' X a ~ X = x^. 



Prob. 2, To draw a tangent to the cissoid. 



■K X fl-.r+j'j 



•Saa-'-a-r* + x' j 



, . „_.■ i -■- ^ the sub- 
Sax'- ax" y 



tangent : 



Prob, 3. To find the area. 

x^ x^x 

ji-— ■ ; .■. yx = . 
/a-x ^a - J 



Since y ■ 



-Ja 



I 



fluent {/. 23.) = ^ x a circular arc of radius =^ «, anJ versed 

sine x~ji_x_^ax - x^ - ~ x ^ax - x' ; which vanishes 

■when ^ = ; and when x = a, it = "— x the arc of a semi- 

cipcle; .-. for both sides of the axis it = — x the arc of 
* semi-circle = three generating circles. 
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Prob. 4. To find the content of the soUd generated by the 
rotation of the cissoid about its axis ^B. 

The f.pt/'x=:f.^^=. "Ipx" ^^pax'- pa*x + pa'x 



hyp. log. 



a 



a-x 



(Fluent 3.) 



ON THE LOGARITHMIC CURVE. 




(131.) Definition. 

If on the indefinite line AL^ the 
parts AB, BQ CD, DE, &c. be 
taken equal to each other, and 
ordinates AF, BG, CH\ &c. be 
drawn perpendicular to AL, and ^ 
in geometrical progression, the curve FHKy which passes 
through all their extremities, is called the Logarithmic Curve. 

Cor. The axis LA produced, is an asymptote to the curve ; 
for since the terms of a decreasing geometric series never 
become accurately equal to nothing, a distant ordinate, as OP^ 
never is accurately equal to nothing, though it decreases 
sine limite. 

(132.) Problems. 

Prob. 1 • To find the equation to this curve. 

By the nature of Ic^rithms, any abscissa AD is the logarithm 
of the ordinate DI, in a system which depends upon the 
magnitude of AF, and BG ; the part AB being given. Let 
AB=^l, the logarithm of BG; then if BG=^a, AD=zx, 

1 \ X V. log. of a : log. of y ; but 1 = log. of a ; A a:= log. 
of y ; that is, x x 1, or j? x log. of a, == log. of y ; /. y^^a' 
fhe equation. 



LOGARITHMIC CURVE. 
Prob. 3. To draw a tangent to the logarithmic curve. 
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Lety = a'; .*. log. y = xx log. a; and^ = ix log.a; .-.'^^ = 

1 

= , = a constant quantity. 

Cor. 1. If = =m, ^ =m; and yi=wiy, which may 

be taken as another equation to the curve. 

CoR. 3 . In any system^ where x is the logarithm of y to 
a modulus m^ i = mx- (Art. 41.); hence, in the logarithmic 
curve, the sub-tangent is the modulus of the system. 

(133.) Proposition. 

If two ordinates in one logarithmic curve be in the same 
ratio with two ordinates in another, the abscissas are as the 
sub-tangents. 

het AE, ae be the abscissas, ET and e< the sub-tangents, 





KE, ID in one curve, and /re, id in the other, ^ordinates 
indefinitely near to each other, and in a given ratio ; 

Thea KE : ID :: ke : id, by supposition ; 
.-. KE : KR :: ke i kr, or y x if :: ¥ : JP; 

.'.'- = ■=>: but x=m X - ; .'. x'\n one case : X in the other 
y Y* y 

:: m X - : M x. -^ :: m : M, and x i X i; m : M, or 
AE : ae :: TE : te. 



i 



LOGARITHMIC CURVE. 

Vrob. :i. To find the area included between any two give 
ordinates, as BG, EK. 

Since yi = my; .'.J'. i/.r = mi/ + corr. 
Let tlie area = o, when _y = BG = a ; 
then the area included between BG and 
EK = mj/-ma = m x EK~ BG. 



Cor. I. If BG go off ad hifimtum, and become evane! 
the whole area included between the asymptote ER and 1 
curve = mx EK = sub-tangent x KE = twice the triangl 
EKT. 




Cor. 3. In the same logarithmic curve, the area inelud* 
between any two ordinates : the area included between aoj 
other two :: the difference of the two first : the difference a 
the two last. 

Cor. 3. The whole area includetl from KE between t 
•symptote and the curve varies as KE. 

Prob. 4. To find the content of the solid generated by t 
revolution of the area BGKE about its axis BE. 

Since yi = my\ .:/. py'i^f. mpt/y = mp^ + corr. But 
the content = O, if tf = BG = ai .•. the content corrected = 



mp 



jf' — a'; and the content mcluded between BG and EK 



= ^ xKB-BO-. 



Cor. I. Suppose GB to go off nrf infinitum; then the 
content of the whole solid generated by the revolution of the 

infinitely extended area KPRE about its axis, = — ^ x KE^ 
z= — X the area of a circle, whose radius is KE= - the content 

of a cylinder whose altitude 

Uie base equal to the ordinate of the cuire. 



the sub-tangent, and radius i 
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Cor. 2. The solid generated by the revolution of BGKE = 
i the cylinder, whose altitude is the sub-tangent, and base the 
difierence of the circles, whose radii are EK and BG. 

Cor. 3. The content of the infinitely extended solid varies 
as KE'i where the sub-tangent is the same. 

Prod. 5. To find the length of the logarithmic curve 
included between any two ordinates GB, KE. 

Here z X if :•. KT : KE :: ^ nC ■\-y' : y; therefore x = 
2 — ^ -!^^ ; .-. by /. 6o, 2 or KG= V"' +3/ + — >< hyp. 



log. 



/ nC +y' ~ tn . — — — - m , , ^m' + a'- m 
7==-— - V'w+a-- -X hyp. log. ^. , 



corrected for the value of y = a. 

Pkob. 6. To find the surface of the solid generated by tlie 
revolution of any part KG of the logarithmic curve about 
its axis. 



By the last Example, i = . ^ '^ >/ '"^ +.'/' . 



2py z, the 

fluxion of the surface, = 2p xy x y//n' + i/', of which tlie 
fluent, (by Jl. 58.) when properly corrected, = p x ■<Jy*-\-m'y' 
y + ^7n-+y' 



~px »ya' + m'a'+pm* X hyp. log. * 



- the surface 



a + ^rii' + a' 
required; the values of a and m being the same as before. 



ON THE CATENARY. 



(134.) To tind the curve, into which a flexible chain of 
uniform density and thickness would form itself, if suffered to 
hang freely from two points, ,4 and B. 




ENARY CURVE 

Let ^tDB be the curve, D the a 
lowest point ; draw the axis DC 
perjiendicular to the horizon ; let 
Ht, Fo, be two ordinates, ts a tan- 
gent at t, and tr parallel to CD. 
Now the chain having assumed this 
form, it is immaterial whether the 

part Dt be considered as flexible or rigid. On the last sup- 
position, it is kepf at rest by three forces ; by B D in tha ■ 
direction D^otsF, by At in the direction ts, apd by ita 
gravity in the direction rt ; therefore, by Mechanics, these 
forces are as the sides of the triangle str. Let the tension of 
BD = a, Dt=z, DH = x> Ht=y, then a : z :: y : i; 




.-. ax= 


zy, and y' 


a'i 


; ■. iS 


or x'+y , =x +-^'" 


hence, 
+ cor. 


zz = ,^Jz'-^a' X x; 
Let x=o, 2 = 0; 


V 
•. cor. = 


si 


and xt=^z' + ^ 
x = ^z' + a'-a 


fz' + a'' 


.-. (i+j=V=' + a% 


and z 


•+3ox= 


z\ the 


equation to tlu 


curve. 












Cor. 

i 


Since y = 


ax _ 


fl.i 




= a X !i\-]»ert>. log 


V 2ax + x'' '' 



Problems. 

Pros. ! . To draw a tangent to the catenar>*. 



By the nature of the curve, ax = zy; 






yx^ yx^aaj-t-x* _ 



the sub-tangent. 



CATENARY CTTRVE. 191 

pROB. 2. To 6nd its area. (See the preceding Figure.) 
By the equation, zif = ax; 

.*. z*^*=.a^x* =a' X z*—^^~a*z' — d'if'; 

or a + x\* X p* = a*i*i ^^M 

\ .: a+x.p=az, ^1 

or aif -\-xi/ = az; 
.-. ;iy, the fluxion of the external area />7^ =az~ay; and 
i tJiearea0D7pa£-fly, andcor. =0; .-. DMT^xi/- az + ay 
= a + x X i/-a^2ax+x^. 

I Prob. 3, To find the content of the solid generated by the 

! revolution of the catenary about its axis. 

The fluent oi py''i=py'x- f. 2pxyy; and the fluent of 
2ptf X xy= the fluent of 2payz - the fluent of 2payy ; since, 
by the last Article, xy = az- ay; 

.: f. 1pxyy = f. Ipayk-paif ; 
and/ 2payz= Ipayz- f. Ipazy \ 

= 2payz- ipa'x, by writing for zy 
itt equal ax; .■. the content = py^i+pay' - 2payz + 2pa^x, 
which needs no correction. 

Prob. 4. To find the surface of the soUd generated by tlie 
revolution of the catenary. 

The fluent of Qpyz = 2pyz-J'. 2pzy. But zy=:ax; 
."■ the fluent = 2p^ - 2pax, which needs no correction. 

Prob. 5. To find the radius of curvature of the catenary, 
Bv Art. 100., the radius of curvature = — r, when .t is 



I 
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constant^ and = 1. Now 2 = v2ax+d:*; •% i = 



^2ax+x' 



Vaax+x* 2ax+x'f V2ax+x' 

= ; .ry = ax . ; /. the radius of curvature 



y/2ax+x' 2ax+a^t 

axa+x « 

Cor. At the vertex, where x = 0, the radius of curvature = a. 



Bl^-1 



Chap. XVII. 



ON THE ATTRACTIONS OF BODIES. 



(135.) 



Problems. 



pROB. 1. _lo determine the attraction of a corpuscle P 
towards a right line AB, in a direction perpendicular to that 
line ; the attracting force of each particle being supposed to vary 
inversely as the square of the distance. 

Let P/i perpendicular to ^fl = a; ^4 C, a variable part 
o{ AB, =Xi then PC=^a'+x*. Now, since 

1 '' 

the force of attraction varies as , . — , the force 

dist.] 
which draws P toward C may be represented 



by 



PC 



But the force of attraction toward 




C : that toward A by resolution of force :: PC 

: PA :: y/a' + j^ : a j therefore the force of attraction toward 



A for one particle C = - 



And if the number of 



attracting particles at the distance x = i; the attraction from 
these particles will be x times as great; hence the fluxion of 

the attraction to AC= — ; and its fluent, or — 



a' + x'V axvo'+^'' 

is the attraction to AC\ and the attraction of P to the whole 
AB 



\ ^'"'^^=PAVPB- 
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pROB. 2. To find the attraction of a line PA ta JB; PA] 
being perpendicular to AB, and the force of each pardde' 

1 

vamng as 

dist.l 

Let AB-a, AD a \'ariable part of AP 
Then, by the last Case, the attraction of 
a corpuscle D to AB^ ■ . There- 

fore the fluxion of this attraction = 



and the fluent, or the attraction itself, 
/a'+x' 



.ch pardde'^l 
join fiD.H 



log- 



- + corr. (Art. 43.) = J hyp. log. 




i hyp. log. — , when x=PA==\ hyp. log. g^ ~ ^^ 



J hyp, log. — sa > an infinite quantity. 



Prob. 3. Let C be the center of a circle ABE, and 
corpuscle P be situate in the line PC perpendicular to its plane ; 
it 19 required to detennine the attraction of P to the circle, the 

force of each particle vai^-ing as -yj; . 



1 



Let i>C=a, PD = X', then CD = 

erf attraction of P to D being 

represented by -pjp> Uiat in the 

PC 

directioii PC = -pjj, (Art. 135. 

Prob. 1.) Nowifp = 3. 14159 &c. 
the area of a circle whose radius 
is 1 , the area of tlie circle of ra- 
dius CD = p X x'-a'i and its 
fluxioD = ipxi ; hence the fiux- 



a', and the force 




ion of the attractioa of P tovnud the circle = ~ x 2pxx = 
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2pax~'i ; whose fluent = Spa > 
= 2p X 1 - 




Cor. The force of attraction of P to the whole circle 
PC 
'PA' 



vanes as 1 - : 



pROB. 4. To determine the same, when tlie force of 
attraction varies as D\ . 

Here, as before, 2prx is the fluxion of the variable circle, 
and - X j:" or ax'" represents the force of a particle D, in 
the direction PC; hence, the fluxion of the atti-action to the 
circle = 2pax''x; and the fluent = 2pa x + cor. = 



2pa X 



t + 1 
the whole circle as 



which varies as ■ 

PC X PA-^'- PC^ 

n-\-\ 



- , or varies for 



Cor. 1. If the diameter of the circle be increased in 
infinitum, and n be a negative number greater than I, the 
PC 



attraction varies as — „ .. 
PA" 

the first term vanishes. 



+ K^ 



'TC^ 



because 



Cor. 2. If the radius of the circle be infinite, and the 
force vary as -tt; , the attraction varies as „,„ ; or is constant, 
whatever be the length of PC. 

pROB. 5. Let P represent a corpuscle placed in the vertex 
of a cone PAB ; to determine the attraction to the cone by 

a force varying as j^^ . 



attbactionS'WP" 



The attraction to the circle DEF varies as 1 



quantity, the attraction to every section 
parallel to the base is the same ; hence, 
the whole attraction to the cone varies as 
~~PE 




7-^. PC 

Cor, For similar cones, the attraction is as the height, 

pROB. 6. The taw of the force remaining the same, to find 
the attraction of a cylinder ABCD upon a corpuscle P situated 
in its axis produced. 

Let PM = X, MF = a, and PF = ^/^^T?. 



The attraction to the circle EMF'vs as l 
or as 1 



PF ' 
the fluxion of the 



and 




, si- 

attraction is proportional to j - - . i 

the^. =x~ -v/a'+x' + cor. = PM- PF+car. i 
= PM~ PF- PH + PD, or for the whole 
cylinder = PL- PH-PC + PD = HL~ PC + PD. 

Coiu If the diameter be infinite, PC = PD ; and 
attncdoD is proportional to HL. 



Prob. 7- To find the attraction of a corpuscle P to a sphei 
each parti< 

through J 



the attractive force of each particle \-aryiiig as — 
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let CED be a. section of the 
sphere perpendicular to AB. 
Take AF = a, PF = b, 
PA^c^' b-a, PE=y, 
PC=c + x; then, AE = 
y-Cf and £B = 3a-y+c. 
Now AE ^EB = E C'= 
PC-PB* ; that is, y-c 




X 3a-y + c = c + xY - ^ % firotn which equation y = 

'r 2CJ 
26" 



2oc + 2c'+ 2cx + a:* . . . ." 2ic + 2cx + i;' 
^^ — — - ii — — - (since ft = a + c) = - 



2i X c -H a; 

(w as -u-j — ; and the fluxion of the attraction to the 

6xc + « 

. . _i: 1 i 2ax-i' . .L I • 4. Sox — x' 

suiere is proportional to ^ — - ■ x y, that is, to - — - 
^^ r r . bxc+x ^ bxc-\-x 

■ II . as?— -j;" 

X — V , or to Tj ; whose fluent = •— t, — ■ , 

wbidi needs no correction. Let x = 2a; then the attraction 

to the whole sphere is as rr; ] or varies as -j- . 

Cor. 1. If the corpuscle be a£ the surface of the sphere, 
or if & be anjr multiple of a, the attraction varies as a. 

Cor. 3. Since the contents of spheres vary as a>, the 
attnctioa varies as the content divided by the square of the 
^ distance from the center ; and is the same as if all the matter 
of the sphere were collected into the center, 

Peob. jB.'. To And the attraction of a particle P towards 
I plane hloO inflnitely extended, the force of each particle 
Taiying inversely as the dist.]*. 
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Case 1. 

Let MHM represent a section of the infinite plane perJ 
pendicular to PHK; the attraction 
to the plane MHM, considered as 

circular, is as 7; „._; , or \iPH=x, as 



'PH- 



;;;r:j; .'. the fluxion of the attraction is 
s —— ; and the fluent = cor. - 



1 



1 



n- A.3r= n - 3 . PG"- 
becomes infinite, it = ■ — 



n-3.PH-^ 

- ; or the whole attraction 



Case s. 
If P be placed within the plane, and PH be taken =s. 
PG, the particle P will be equally 
attracted each way towards tlie 
planes bounded by LGl, MHm, 
or they will destroy the effect of 
each other ; hence, P may be 
considered as attracted jnly by 
the infinite plane MHmoKO ; 
and the attraction to this plane by 

the last Case, is as 



\ 



CoR. 1. If n = 3, the fluent fails 

, . . i 

the attraction is as - . 



for the fluxion of 



Cor. 2. If the plane be finite, but PG extremely small, 
if compared with PH, the force of attraction is still pro- 
portional to ftni ' - i ' 
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Def. An oblong spheroid is generated by the revolution 
of an ellipse round its major axis. 

pROB. g. A particle of matter is placed in the pole // of 
an oblong spheroid, whose major axis : minor :: 1 : I - n, 
where k is very small ; it is required to compare the attraction 
of this particle to tlie center of the spheroid, with its attraction 
to the center of the s]jhere described round the axis major, 

the force of each particle varying as -jj: . 

Let AE = x; then, DE = i - ?( x ^2x~x' by the property 
oftheellipse; .*. Aiy^x'+l -tii* 

X ^x - .r' = x' + 1 - 2n+ n' X 
ai-x' = x^ + 1 — 2/1 X 2x — x^, 
n' being omitted as indefinitely 
small, = X* + 2x — x'' - 4nx •i' 
3na?" = 2x- 4hx + 2»j' ; .•. AD 

= ^2x—4nx ■+■ -inx'. Hence the attractive force to the 

circle, whose diameter is 2DE, = 1 ; 

^2x-4nx + 2hi' 

and the fluxion of the attraction of the spheroid is proportional 

to i ■ ' ; therefore the attraction itself is 

v'Sa. — 4H.t + 2tix' 

as the fluent of this quantity, or proportional to x — — 

-1 {Jl. 91.) which needs no correction. Let 

^ 5x2^ 

x= 2 ; then the attraction to the whole spheroid is proportional 

4 4n 4h , . , 2 Hn 4n 

to 2 — - - -— H , which vanes as 7 — — , or as 1 . 

o S o o 15 5 

If n = O, the spheroid becomes a sphere ; hence, the 

attraction of tliis spheroid on a particle at A ; the attraction 

of the sphere described round AM 01* the same particle 
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Det. An oblate or compressed spheroid is generated by 
the revolution of an ellipse round the minor axis. 

pROB. 10. A particle is placed in the pole B of an oblate 
spheroid, whose minor axis : major :: 1 : 1+n, where n i 
very small ; it is required to compare the attraction of this 
particle toward the center of the spheroid, with its attractiol 
towani the center of the sphere described round its minor axi^ 

the force of each particle varying as y^ . 

The ratio of the major to the 
minor axis is in reality the same 
in tliis case as in tlie last ; for 1 : 
1 -« :: 1 +n : 1 -it" or !, since 
n* is extremely small. 

Let BE = X; then, DE' = I + «1' x 3jc - x- by 
property of the ellipse ; .*. BD'= x' + 1 + «]* x 3j: - x* 
X' + I + 2m + H' X 2x-x* = i' + 1 + 2h X 2x- JT* = 
x' + aj + 4«x-2nj'-j:' = 2.r + 4nx—2nx'; Z. BD = 




•/2x + 4h*- a«x' J and tlie attraction to the circle DEF 
M as 1 - 



^2x-^Anx~^Hir 
to the spheroid varies as i- - 

Buent = {Jt. 92.) x ^- - 



'. the fiiudon of the attraictioa 
, and 



,y3j+ 4«x — 2nx' 



^ 



whi(^ needs no 



coirection. Let x = 2 ; theo the atbvctiou to the whole sphenud 

4 41* . 4h 2 . Sh ... 4tt 
Mtsa— ---^+ -Ttoras- +t; , which vanes as l •{ •. 

3 3 o 3 15 5 

If 11=0, the s{i)ieroid becomes a spliere round the axis minor; 
hencCi the attmctioti of the oblate sphetotd on a particle at .5 : 
attraction of tlic spltetv described round tlte axis minor on the ■ 



4N 



same particte ;: I + — 



\. 
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ioR, I. Since these spheroids, by supposition, approach 
nearly to spheres, they may, without sensible error, be assumed 
for spheres containing the same quantity of matter ; and their 
attractions, cceterls paribus, will be proportional to their quan- 
tities of matter. But (Art. Si, Ex. 4. Cor. 2.) the oblong 
spheroid : the oblate :: the oblate : the circumscril)ed sphere ; 
hence, the attraction of the oblong spheroid on a particle at 
A : the attraction of the oblate on the same particle :: the 
attraction of the oblate : the attraction of the circumscribed 
sphere upon it. Therefore, the attraction of the oblate spheroid 
on a particle at A : the attraction of the circumscribed sphere 
on the same particle ;: ^ the attraction of the oblong spheroid 

: s/ the attraction of the circumscribed sphere :: ^1 - — : 



Coa. 2. By help of the preceding Propositions, since the 
Earth is an oblate spheroid, we can determine the ratio of its 
polar and equatorial diameters. 



y/Cand BCthe equatorial 




Let JBL represent the earth ; 
and polar semi-diameters. Then 
by the preceding Cases, the attrac- 
tion of the compressed spheroid 
on a particle at B : tlie attraction 
of the inscribed sphere upon the 

4n 
same particle :: 1 -| — — : 1. 

The attraction of the inscribed sphere on a particle at B : 
the attraction of the circumscribed sphere on the same at tlie 
surface, or at //, :: I : 1+n. (Chap. xvii. Prob. 7. Cor. 1.) 

The attraction of the circumscribed sphere on a particle at A 

: the attraction of the compressed spheroid on an equal particle 

2n 
at A :: I : 1-— . 

Therefore the attraction of the compressed spheroid on 
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a particle at B : the attraction of the same spheroid on an equal I 

particle at .4 :: I + ~ : 1 + "-^ . 

Now these attractions must be proportional to the weight! 
of equal quantities of matter at those points ; and if the 
I particles are not equal, their weights are as the weights of 
equal particles, and their magnitudes jointly. Hence, if the 
axes are in the ratio of l—?i: I, and particles be taken 
proportional to the axes in each, we have, the weight of 
1 — M particles on the spheroid at B : the weight of a particle ^ 




at ^ :; I + 



-X 1 -H : 1 +- 



■■"-l-' + T- 

the powers of n being omitted. And dividendo, 

The weight of a particle at -^ — the weight of 1 - « particles a 
B : the weight of a particle at vl :: -— : 1 + — . 

Now if the figure of the Earth be caused by rotation roun 
its axis BL, since 1~« times a particle at B must be in 
equilibrio with a particle at A, the excess of weight of one 
above the other must be counterbalanced by the centrifugal 
force, arising from rotation, and is consequently equivaleol 
to it. Therefore, the difference of weight of 1— « particloll 
at B, and a particle at A : the weight of a particle at A jt-j 
the centrifugal force at the equator : the force of gravity there fM 
that is, according to Newton (Lib. III.) :: l ; 289. 

Hence, i^ : I + -^ :: 1 : 289, 



or 


y X 289 = - 


5 


~. From this 


equation, 


H = 


I 

330 


nearly. 


Consequently, 


the 


polar 


diamete 


l^i^ is 


to 


the 


equator 


al :: 1 - « : 1 


is 


as I 
or 


1 

230 

:: 229 : 


I, 
230. 
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Chap. XVIII. 



ON LOGARITHMS. 



(136.) All numbers in arithmetic may be expressed by 
the powers of 10. Thus, if /(= 10, ft'= 100, &c, ; the number 
5364 = 5R' + 3R' + GR + 4. A mixed number, 3345.678 = 
4R + ^R" + 6R- + -jR-^ + BR'\ Vulgar Jractions, when 
transformed into decimals, may be expressed in the same way. 
TIius, ? or its equal .SGQ &c. = 6«-' + 6ft-H6fl-'+&c. 

We may also express all numbers, as near as we please, 
by a single power of any positive number whatever, except 
unity. Let the numbers 2 and 10 be taken for examples; 
then 1, 2, 3, &c. may be expressed by the powers of these 
numbers. Thus, 1=2" 1 = 10° 

2 = 2' 2 = lo'""" 

3 _ 2' "*»^ &c. 3 = 10*"'* 

4 = 2' &C. 
&c. 10 = 10'. 

Hence, if r be assumed some determinate number, n an 
indefinite positive number, some other number A*" may always 
be found such that r'^ = n. In every case of this kind, A'^is 
called the Logarithm of ?(; the logarithms, which are derived 
by giving a determinate value to /■, constitute a system of 
logarithms, and r is tlie base of that system. 

Cor. If e represent a number, whose logarithm is 1, and 
a be tbe logarithm of some other number as b, e' = b. 

(137-) Jn every system of logarithms, the logarithm of 1 
must = o. For if r'''= n, and n be assumed = 1, A'^must 
= 0; for r"= 1. 
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In every system the logarithm of the base is unity. For let 
r=n; then iVmust be miity. 

The logarithms of any two given numbers have the same 
ratio in every system. For let ?-''=», and r* = i; \henr'" = n', 

and r^^^i"; ,'. n' = b'', and n = b''. Now r is not found in 

this equation; therefore the value of -^ depends only on the 

numbers n and b. 



In every system the base of which is greater than uni 
the logarithm of a whole or mixed number is positive. 



4 



If not, let n = 



, that is =■-;;; then since -^ is a proper 



firaction, n must be a fraction; which is impossible, for n is by 
hypothesis greater than miity; therefore n = r''. 

In every system where the base is greater than unity, the 
logarithm of a proper fraction is negative. 

If not, let H = r*'', where A' is positive; since r" is 
greater than 1, n is greater than l ; but it is by hypothesis 
a proper fraction, which is impossible ; therefore n 



^ 



Fiatii^B 

poftl^" 



(138.) Logaritlims are also considered as measures of i 
Thus the ratio of 81 to 3, may be considered as made up o 
ratios of 8 1 to 2;", of 27 to 9, and of 9 to 3 ; which three ratios 
are equal to each other, and the ratio of 81 to 3 is gaid to be 
triple the ratio of 9 to 3. In the same manner, the ratio of 
100 to 1 is twice tlie ratio of 10 to I ; of lOOO to 1, three times 
that ratio, &c. And if the numbers A, B, C, D, are continued 
proportional, the ratio oi A : B being equal to that of 
B : C, iic, then tlie ratio of ^ : D is considered as made 
up of three equal ratios. Hence, ratios may be compared in 
respect to magnitude ; thus, if two ratios can be resolved, one 
into b equiJ ratios, and the other into 8 of the same ratio, I ~ 
magnitude of one ntio : the magnitade of the 
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111 Bricgs' system, the measure of the ratio of 10 : 1, or 
the logarithm of 10 is unity. Napier, took the number 
2.7162S2; hence, in the two systems, the logarithms of the 
ratios are expressed by different numbers. In a given system, 
the measure of the same ratio is obviously the same; of double 
the ratio, the measure is double, &c, A ratio of equality has 
no magnitude; for it has no effect in addition or subtraction ; 
a ratio ynajons incBqualitatis compounded with another increases 
it; a ratio minoris ifKcquatitatis diminishes it. If then the 
measure of the ratio which a greater term bears to a less be 
positive, the measure of the ratio which a less term bears to 
a greater is negative ; and the measure of a ratio of 
equality = O. 

When this expression, the logarithm of l+x, is used, it 
it denotes the measure of the ratio of 1 +x : 1. TTie logarithm 

of ^ , is the excess of the logarithm of ^ : l above that of 

B : 1 , or is the measure of the ratio of ^^ : B. 

(139.) These being the principles wiiich apply to loga- 
rithms in general, the following Propositions are intended to 
shew the rules by which the logarithm corresponding to any 
number, or the number corresponding to any logarithm, may 
be deduced, the one from the other. The quantity m is 
called the modulus (Art. 41.); it is the measure of some given 

ratio ■■, and serves as a standard to which other measures 

may be referred. 

(140.) Problems. 

Prob. 1. A number being given, it is required to determine 
its logarithm. 

Let 1 4 xbe the number, y its logarithm, and m the modulus ; 



then (Art. 41.) y = - ^ = mx s- xx-\- x^x~3^x-\- &c. by 
Mtual division; .'. y = mxx~ -3:'+ jx*— ji'+ &c., which 



needs no correction i because, if x=:0, y = 0; for the numbi 
1 +j becomes 1, and the logarithm of 1 is o. 



(141.) Tliis proposition is the same with the first In 

Cotes' Harmonla Metisurarum. In the following illustration. 

AB is assumed = 1 , BC = x, and m tlie modulus ; BP 
a variable part of BC, and PQ = i. 



I 



To find the measure of any projxjsed ratio. 

Let it be required to determine the measure of the ratio betw( 
^Cand AB (of 1 +j,- : l). 

Letthe difference BC be con- a 2 ; 

ceived to be divided into iu- 

uumerable very small parts as PQ (i) ; then the ratio between 
AC and AB will be divided into as many very small ratios 
between AQ and AP; and if the magnitude of the ratio 
behveen AQ and AP be given, by division the ratio of PQ ; 
AP is also giip-en, and therefore the given magnitude of the 
ratio between AQ and AP, may be expressed by the given 

PQ e 

quantit)' -jp (that 's>y=TT;~» if iw=:l). If AP remain the 

same, and PQ be supposed to be increased or diminished in 
any proportion, the ratio of AQ to AP will be increased or 
diminished in the «anie proportion ; tlms, if PQ be doubled, 
tripled, &.C., or if its value be changed to one half, -or three 
halves of its former v-alue, the ratio will become the duplicate 
or triplicate, the sub-duplicate or sub-triphcate ; it may 

PQ 

therefore be still expressed by the quantity — -jj (i.e. if 1+x 

be invariable, and i- be doubled, tripled. &c., y will be doubted, 
tripled, &C.1 : or. if «x' take some constant quantity m, the 
measure of tlie ratio between AQ and ^P will be expressed 

by tlie fraction — ,#>— 0/= rT~)- "^'^ Pleasure will have 
diffcKiit mi^ntude$, and will be accommodated to different 
syateau, accoiUing to the vulue of the assmned qoantity m, 



which may hence be called the modulua of the system. Now, 
since the sum of all the ratios between -^Q and ^P is equal 
to the proposed ratio of JC : AB, so the sum of all the 
measures — -5-g — (to be found by tlie known methods) will he 

equal to the measure required ; or, if=f. — —— = mx.r- ^' + &c, 

Cor. 1. The measure of any given ratio as I +x : 1, where 
X is given, is as the modulus (m) of the system. 

Cob. 3. Since the logarithm of 3 in the common system) is 
,301^00; and its logarithm in the hy|>erbolic is ,6931472, 
we have ,6931472 : ,3010300 :: I (the modulus in the hyper- 
bolic system) : m, the modulus in the comnion system ; 
.*. Bi= ,43424948. 

Cor. 3. Since the hyperbolic logarithm : the common 

logarithm :: 1 : m (,43424 &c.), the h^-perholic logarithm 

the common logarithm , ., , -^i 

= = J and the common iogaritiim = 

mx the hyperbolic. 

Cor. 4. Since m may he assumed of any value, we may, 
to the same number, have as many different systems of loga- 
rithms as we please. 

Cor. b. Since 1/ the measure of the given ratio l+x : 1 

varies as the modulus m, ~ is constant. That ratio whose 
m 

measure is m, is called by Cotes the Modular Ratio. 



(142.) By Article 140, 1/ ^m x X- '-x^+'^x'~ ^x*+ kc. 
^ow the smaller x is assumed, the quicker will this series 
converge. If i = 1, y = m x 1 - 5 + 5 - 7^ + &t. = the 
'"^rithm of 3 in a system whose modulus is ni. If m^I, 
y = l— 2 + 5-5+ &c, = the hj-perbolic logarithm of 3, 
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(143.) PROB. 2. 

To determine the measure of the ratio between z+x and 
z-Xy where « is a constant and x a variable quantity; or to find 

the logarithm of . 

^ z-x 

Let y be the measure required, m the modulus ; then y =s 

z 

z 

4f« <|f*3 1*1,9 

.\ the measure y = 2m x : - + — ; + — j + &e. Cotes, 

Z 3Z^ 3 jS * 

SchoL 1. 

Cor. 1. If the sum of two quantities is z, and their 

X af Baf 

difference x. and we assume 2Mx - =-^, Ax — =5, — — - 

z z fi^ 

Cx* 
= C, — ^ =-D, &c., the measure of the ratio of the former 

z" 
quantity to the latter =^+-j jB+ 5 C+^D+ &c. 



Cor. 2. If « = 1, y = 2m X a? + ix^ + 5 J?' + &c. = the 

1 +x 

measure of the ratio of l+a: : 1 - ar, or the logarithm of 

1 — Jt 

to a modulus m. 



Cor. 3. If m also =1, y = 2xx+ 5^+ 5^+ &«• = th« 

hyperbolic logarithm of . Let ^ = 5 , then — — = 2 ; 

and 3^ the hyperbolic logarithm of2=2x '5+3X3J+5X 

^ + &c., of which the value deduced from the first 7 terms 

of the series = 0,6931472. This series converges inoch 
quicker than that contained in Art. 142. 



w 
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(144.) PROB. 3. 

Given a logarithm, to find its number. 

Let 1 + J? be the number, and y its logarithm ; then y = — — ; 

1 + J* 

/. y + xy = miy and y + xy ^ mx = O. Assume a series 

fly + 2y'-|-cr/' + 4y*+ &c. = a?; then i' = a;y + 2ii^ + 3cy'y + &c.; 

/. by substituting in the equation y -{-xy - mx = 0, these values 

of X and of x, we have y + ay if + by* if -{- &c.^ ^ 

— ma^ - 2mbyy — Smcy^y — &c. ) "" ' 

hence, 1 - ma = 0, or a = — ; a — 2mA = 0, or A = — = 

-—- r; i-3mc = 0, and c= --— — - &c. ; :. x=: ^ + -^^ + 
2m* 2.3.m' m 2m* 

- + &€., and 1 +x=z 1 + -y + J^ + ;r-J^, + &c. = 



2.3.m' ' m 2m' 2.3.m' 

tthe number whose logarithm is y. 

Cor. If m = 1, we obtain the number whose hyperbolic 

logarithm is y ; it = 1 +y+ ^ + J^ + &c. 

(145.) pROB. 4. 

To find the modular ratio. 

By the last Proposition, the number whose logarithm is y = 

1 + ^ + -^ H ^ — 7 + &c. ; or y is the measure of the ratio 

m 2m* 2.3-m' -^ 

of this number to 1. Now the modular ratio is that ratio of 
which the modulus is the measure ; if then m=y, m will be the 
measure of this ratio, and the ratio itself becomes the modular 

tatio ; that is, the modular ratio is the ratio of 1 + 1 + o + rr-r: 

' '•22.3. 

+ &c. : 1 ; and therefore is the same for every system of 
logarithms^ being independent both of m and y. 

(146.) By summing the series, it appears that this modular 
latio is that of 2,7182818 &c. : 1. In Napier's system, 
[ ^ivbere the modulus is 1^ the logarithm of 2,7182818 is I, 
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The measure of this same ratio will be the modulus in any other 
system ; the measure of that ratio in Briggs* system (where 
the logarithm of 10 = 1), is ,4342iSBi; the modulus of his 
system. 

(147.) In Art. 140. we assumed y the measure of the ratio 
of 1 +x : 1, or the logarithm of 1 +j?. If y be the logarithm 

^ • 

of , or — y the logarithm of 1 -x, then — y= 

and y=: =»ix : i+xiH-x*x+x'i+ &c. ; andy = mx : 

3C 3L Jl n 

(148.) In the same manner, if in Art. 144. we take y the 
logarithm of , y - xy - m x = ; and by assuming 

x^ay + by*+cy^ + &c. as before, we get l-xs=l- — + 

2m* 2.3w' 

Cor. 1. The modular ratio in this case = the ratio of 1 : 
1-7+5-^+ &c., orofi: ,3678794 &c. 

Cor. 3. Since 1+ -i + 1 + _- + &c. : 1 :: /f + — + 

— + ^j-^ + : /i, if y be assumed =r^, - = JB; j - C; 

C 

— =I>, &c. ad ii^nUwHy and S be put eqml to it+^+jB + 

r+ D+ &c. the modular ratio will be that oi S : R. 
Or, since I : i-i+i-^-^+ &c. .: S : S- j + 

_ - ^ + &c. drf ii^mimmy if j =A, ~ =jB, - =C;&t. 

and R be taken equal to S—A+B- C+ &c. otf mfimiiitm, 
the modular ratio i» that of S : R. By the preceding cases, 
this ratio equal that of 3,71838 IS &c. : 1, or ^ 1 : 
,3G78794» &c. 
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XIX. 



ON THE MAXIMA AND MINIMA OF CURVES. 



T149.) 



Proposition. 



Xo find the nature of curves in which some conditions 
being invariable, others become the greatest or the least 
possible. 

The method of solving problems of this kind, will appear 
best by an example. 



(150.) 



Examples. 



Ex. 1. Given the length of a curve, to find the area 
a maximum. 

!t is evident, that by merely putting the fluent of yx 
a maximum, no solution can be obtained ; for no limitation is 
expressed, and the fluent will admit of increase without limit. 
But as the length is given, the f. z, so far as concerns the 
/. tfz, is a given quantity; therefore the fluent of ifi ± 
/. z must also be a maxiaium ; or, to render the tertns 
bomt^neous, that tliey may admit of comparison, J\ yi zt 
/..di must be a maximum. 

Now, if for every individual value of y, this flowing 
qMBtSty be constantly a maximum, the whole fluent will be 
»; but for every such inthvidual value of //, the flowing 
quantity is yx d= ai. Hence, the nature of the curve will 
' be determined by asceilaining, what relatione of i and z will 
render yi ± a 2 a maximum, for any given value of y ; or the 
Suxioa ot yx -dz az must = 0, whilst y is constant ; and this 
must be the case for every successive value of y throughout ; 
w that ia each limiting portion of the area, for every value 



MAX 

of y the ratio of x and i must be such, as to make y.v ^ t 
a maximum. 

yi±az = o ; but a' = y' + i-" ; .". iz=xx, and z 

i ^^ : .*. wif = ^ , and vi = ^ a\. But from the nature 

2 ' ■" « ' ^ 

I of the problem, yk must be positive; and therefore the true 

result \i yz ^ ax. 

Now in the circle, a : y :: z : i; :. ax =yi- Henc 

, the circle is the curve required ; in which the length beii 

given, the area is a maximum. 

TTie same mode of reasoning may be adopted in tl 

following cases. Hence the Rule. 

(151.) If j4 and B denote any functions of ,r and y, am 
i = y/c'-±i y", where c is constant, the expression Ax ± B 
is a maximum or minimum, when Ay = ^^ Bi-, or tl 
functions of x and y are reciprocal. 

Ex. 3. To determine the nature of a curve line, whid 
generates a surface \ so that the surface being given, the S(4il 
may be a maximum. 

Here the f. of 2-py% or of ^z is given, and y. jfx 
a niaximuni; hence, the f. ayz :^J'. y'x is a maximum 
.-, ayx = y'i or «jr = yz, a property of the circle; an 
the solid is a sphere. 

Ex. 3. To determine the nature of the generating cup 
that the solid l)eing given, the surface may be a minimum. 

Here f. y*x is given, and f. ayz is _a miaimui 
.*. y'i = ayx, and yz = ax, a property of the circle. 

"Ex. 4. Given tlie length of the arc; to determine the nati 
of the curve, so that the solid may be a maximum. 

Here J\ y'i is a maximum, and J", i or of a'x is give 
,*. yi y'i :i:y. a'i is a maximum, uidy*x=a*x, tlie equi 
to the curve. 
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Since z = ^±* +y% y*i* + y*^* =» aM^, and i = 



yy 



^ y an equation in terms of x and y. 



Ex, 5 . To find the nature of the curve which generates the 
solid of least resistance, when moving in a fluid, in the direction 
of its axis ; its greatest ordinate AB^ and length D£, being 
given. 

lfDH:=x, HFzzif, and jPC=i, the resistance on CF 



yy" 



z 



1 9 



^^ X z, the fluent of which 



i' 



^ X z d= f. ax IS a mmimum ; 



is a minimum. Also, the/I ax is given ; 

yf 

z' 

hence, ^^ x x = az, the equation to 

z 

the curve. 




fl V 2^ 

Cor. The curve cannot meet the axis, for y = — r-r- s 

CF* 
a X 3^j^ — ^r- y where the numerator is greater than the 

denominator ; and therefore y is greater than a. 

Ex. 6. Given the area of the generating plane, and the 
greatest ordinate ; to find the curve which generates the 
solid of least resistance. 

Here J*, ayx is given, whilst f. ^^ x i is a minimum ; 

/. f. '^^ X zdzf. ayx is a minimum ; hence, ayz = '^ x i, 

•^ % z 

1/ X 

and a = ^ , the equation to the curve. 

• ^ • 
t/ X 

Cor. Since *^ is constant, the angle contained between 

z* ^ 

the tangent FC and Fm is invariable ; hence, the solid is 
either a cone, or the frustum of a cone. 
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Ex. J. To find the same, when the greatest oixiinate a 
content are given. 

Here j. --^ x i is a minimum, and J", y'x is given ; ( 

making the terms of the same dimensions, f. 'T, - x a ( 



' is a minimum ; hence, 



and a -- 



J. y*x IS a minimum ; lience, -~— x x = tfz ; 

the equation to the curve. The fluent is found in Ex. 
on Fluxiunal Equations. 

EJc. 8. To determine the nature of a curve ADK, do' 
which a body will descend from ^^ to ^ in the shortest time 
possible ; the points A and K. being given, and the velocity 
varying as the m* power of the ordinate. 

Since / oc - , where z is the fluxiot 



of the cur\'e, if u = /)£, t oc - . Now 

the points A and A' are given ; therefore 

/ ^ i» giren; and/ i ±/.^ » 

8 minimum. Hence, by the Rule, yTi = a"!, the equati 
to the curve. 

Cor. 1. If the velocity oc as the square root of the ordind 
« = ^, and 3^2 = <^^, which is a pro|ierty of tiie cj'cloid. ( 

For IH : IL :: CE : ED :: CA : AE a^ Z^^ 

:: yO : .J~AD 
or, « : i :: -./a : ^y ; 
A j^*i = a'x. 

If m = 1 , a j = jf s, which is the [iroperty (rf t 



Cor. i 
circle. 




Ex. 9- To detcnnine the nature of the curve, down which 
a body will descend from an horisonUl line AL to a vertical 
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line LKy in the least time possible; the area being given^ 
and the velocity varying as the m!^ power of the ordinate. 



Here the f. of yx is given ; and since / oc — oc ~ , 
/• y= » a minimum; or f.~ d=f. ^ is a minimum; 
.'. —^ ^ J7i * ^^ ^ ^ ^ a'^'i, the equation to the curve. 

Cor, 1. Let wi = T) ; then yi = af, which is an equation 
to the circle. Here the velocity is uniform. 

Cor. 2. Let w = - , or the body fell by gravity ; then. 



^^i =s a^x ; .'. y* X i* + y* = a'i* ; and by reduction 



a ^^ 



^ » j^ '^ ■ , the equation to the curve. 

Ex. 10. A bddy moving uniformly fix)m one given point 
^ to another B, is impelled by a force tending to C, which 

oc — - , where CD is any variable intermediate distance ; 

to determine the curve, so that its whole action upon the body, 
or F X /, may be a minimum. 

Let DCF be a small angle, Dn = i, CD = y, FD = i. 
Then, since the body moves uniformly, 

T, which oc-^oca; .. F x t oc ^^ 

/* X • 
. - is the measure ^ 
y 

of the angle ACB, and is therefore given ; 
. -- =b f. — is a minimum; or 

~ = •; , and yi = ai, a* property of the circle, whose 
iifiioieter is a. 
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For if CA be a diameter, CB aod 
CF two chords indefinitely near, and 
FD perpendicular to CB, the tri- 
angles FBD, BAC, are similar ; and b 
BF : FD :: CA : CB, or 
* ; i" '.'.a '• y, •'. y^ = (ti: 



Ex. 11. To determine the curve, in which a body will -I 
move from a given point A to another B in the least time 
possible ; the velocity being supposed to vary as CD". 

Here f. t, or f. - , or f, — is a niinimuoi ; and the 

J. -fTp. t or /. - , is given ; that is, multiplying the quantities b 
and a™ into the denominators of these expressions to make them 
homogeneous, f, j-~ ± f. — j- = a minimum ; hence, 
htf z= tft/x, or by"'~'i = o'j, liie equation to the curve^ 

Cor. 1. If ABC be the curve, CB and ^~^^ ^ 
CF be assumed indefinitely near, and Cy be 
drawn perpendicular on the tangent Btf; since 
fci/-' , Fd Cy Cu 

_il _ wf> nave ^r^ or — ~ nr — tl ^ 

s 



I Fd t, 
'"™ Fb"' UE' 



by- 



JUld Cl/ : 



Ry" 




Cor. s. If m = o, or the velocity be constant, Cy = b, 
the body describes a right line. 

Cor. 3. If m= 1, Cy = -^; or CB : Cy :; a : 6 

a given ratio, and the curve is the It^rithmic spiral. 

Cor. 4. If M = 2, tlie curve is a circle ; for here 
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X sz yi ; its diameter is T ^ and its circumference passes 
through C. 

Ex. 13. Given CA, CBj and the length of 
the curve ADF\ to find its nature^ so that 
the area may be a maximum. 

The fluxion of the area = = 

^^— ; and j. %, or of az, is given ; .•. j. yx 

dz Jl ai is 2L maximum. Hence, yz ^ax; and the curve 
is a circle^ whose diameter is a. 
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CENTRIPETAL FORCES. 



Chap. XX. 

ON THE APPLICATION OF FLUXIONS TO THE MOTIONS OF 
BODIES AFFECTED BY CENTRIPETAL FORCES. 



SECTION I. 

(162.) Proposition. 

Xo deduce a fluxional expression^ for the Tariation of 
the force in any given curve, considered as a spiral. 

If «9 be the center of force corresponding to any orbit AB^ 
Pv the chord of curvature at P, and Sy y 

a perpendicular upon the tangent Py, the 
force by which a body would revolve in the 

orbit AB varies as ^-; — ^ . (Newton, 

Sect. a. Prop. 6.) 

Let -S^ = X, 5y = p; then Pv = ^ 

.•. by substitution F oc — ; oc E^ . 

p 

(153.) Examples. 

Ex. 1. To find the law of the force, by whidi a body 
may be made to describe an ellipse round the center, y^ t J .7^.. - '-^^ 

Let AC the semi-^axis major = a, 
CB the semi-axis minor = b, CP 
ss X, CD the semi-conjugate = y, ^ 
and Cy the perpendicular on the 
tangent = PF = />. 





Then, by the nature of the curve, PF' x CD' = AC x BC, 

I y* i> ■ . . > , I . 

«■ —r = -^-r- : •'■—'-, vanes as yy. Also x -i-i/ = a +o ; 



P 

. xx= - 



-i/y; .'. — . varies as xx, and -i— varies as x, or the 
force varies as the distance from the center. 

Cor. If the ellipse be changed into a parabola by the in- 
definite production of the axis major, then at any finite distance 
from the vertex A, x is infinite; hence in this case the force is 
constant, and may be conceived to act in a direction parallel to 
the axis. 

Ex. 2. To find the law of the force, by which a body may 
be made to describe an hyperbola ; the center of force being in 
the center of tlie figure. 

Here P F'x CD'-CA^ xCB\ 

„ L-JL. . -P 



J 







and -J-r-r 

jrx J 

a' — fc'; /. x.i = yiii .'. -K-. varies 
■^^ p'x 

as - J ; or the force is repulsive, 

and proportional to the distance from 

the center. 

Ex. 3. To find the law of the force in a parabola round 

the focus S. , £/r ^'v *'/ 

Ijet SP~x, Sy=p, SA=a; then p' = flr, or varies as x. 

1 . I , p i . P 

• — IS as - , and ■*- as — ; .'. -Vr \ 

p* X p' X \ p'x 

— , or the force is inversely as SP'. 
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Ex. 4. To find the same in an ellipse round the fociu. , , 

Let AC=^a, CB=:b, -SP=x, Sy^p.lSP^v. .jlien, by 
Conic Sections. Sif=i ; /. -- 

vanes as - , and — f* is as — • 

X p* X ji 

But x + v=:2a, /. v=i'^x; and 



f 



*- vanes as — 



XX + vx ^ p 



X' 



9 • • « • 

p^x 




x+v 2a „ . -. . 1 

vanes as — r^ , or as — r . Hence the force is as srm • 
X* x^ SF* 



Ex. $. To find the same in an hyperbola round the 

Assuming as before, »• = — ; /. — varies as - , and — ^ 
° ^ i; p X pr 

Vx — xv ^ 
van^ as — -: — . Butt;-x = 



(B* 



2 a« and v zzx; .'. — f- is 

p^ 



as 



XX — vx 



X* 



, or as — X X 



V ^ X 



p v — 0? 



x^ ' 
2a 



• • 



p*x 



: vanes as 



— . or as — : 
x" ' x"' 



that is, the force varies inversely 
as SP\ 




Ex. 6. To find the same, if the^ center of force be situate 
in the pole of a logarithmic spiral, /' . / -X * ^ > 



Here SP : Si/ ;: a : ft, or j? varies as p; 

therefore — varies as -- , and -4"? as — ; or the 
p x^ p^x a;' 

force varies inversely as SP\ 
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Ex. 7* If the center of force be situated in a point Sj 
wluch !is dot: the center of the circle ; to find the law of the 



force. 



Suppose the body at P ; join PS, and produce it to v ; 
draw vA z diameter, Py a tangent, 
and Sj/ a perpendicular on the tan- 
gent; join AP. Let Avssa, SP=x, 

By similar triangles, AvP, SPy^ 
SP : Sy :: Av : Pv ; /• Sy varies 

as SP X Pv. or p varies as j: x -^ ; 

P 

.\ i- varies as x, and -^ as or x 
J? p^x 

— — gr-r ; or the force varies as -rpsri — ^-- . 
-r* X Pv^ SP^ X Pv' 

Cor. If the point iS coincide with v, or the center of force 

be in the circumference, F oc -=r— . ^ - ' * -* * - / ' 

Pv* 




Ex. 8. To find the law of the force, by which a body may 
describe the semi-circle APB, the force acting in parallel lines, 
and perpen4icular to ^£. y . / ' 6'^' ''-'. v.. 

Draw PM perpendicular to AB, and suppose it produced 
indefinitely to S; draw PV a 
tangent, and let SV be conceived 
perpendicular to PI'; join CP, 
Then, by similar triangles, CPM, 
SPY, SP* : Sr* :: CP' : 
PM^; :. SY* varies as PM\ 
since SP* is infinite; or, if 

Sr=.p, and PM=y, i oc L 

,*, *-, oc 2. . but y = the fluxion 
f "St 
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pi .1 

of SP=:i; .'. -^ varies as —, or the force varies as p «^ > 



p'x 



Ex. 9. Let APB be a cycloid^ and the force act in parallel 
lines perpendicular to the base AB. 

Let f^ be the vertex, and f^DC the generating circle. Then 




if PDF be drawn parallel to JB, and DF, DC, be joined, 
SP : Sr :: CF : CD :: ./UF : ^JCB^ .\ SV oc ^CE 

the force oc grnr* 

Ex. 10. To find the law of the force in a spiral, whose 

ax 
equation is jp= . 



Here — 

P 

Qa^xi 



a* + jf* 



> • • 



% 
> 



.\ the force, or -4-r, < 

p^x 



2x^x -2xxx tF+1? 



l^ 



Ex. 1 1 . Let the curve be the involute d a cirde, and the 
center of force in the center of the circle ; to find the law. 
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Take -SP = t, Sy=zp\ then, by the 
nature of the curve, Py = r, and /> = 



s/^ - ^* ; .•• -I = -: T f and -T^ 

^ p* X' - r' p^x 

X SP 



i^rp)^ ^ Sy^ • 




SECTION II. 

(154.) On the motion of bodies in non-resisting mediums, 
when urged by forces tending to a center y and varying 
according to some power of the distance. 



(155.) 



Proposition. 



R 
D 



If V represent a velocity generated by a constant force F 
through a space x, v^ = 4mFx. Let AB = the space ^ 
through which the body has descended ; let BD = jc, 
and F represent the force at B. Then however F may 
vary, yet through a small element of space BD, it may 
be considered as constant; therefore 2vv= +4mFxj and 
vv=: +2mFx. If CB = x, then BD=: -i; therefore 
in this case 2vv=s - 4mFx; .*. vv= - 2mFx, whence 
in general vv=±:2mFx. ^ 

Cor. V V varies as dtzFx. 

If F= 1 , and z represent the space through which a body 
must fall by this force to acquire the velocity v, v* = 4mz; 

.'. 2mzz=zt:2mFx, and i = drFi. 

Y 



I 



If X decrease as the velocity increases, s = — Fx. If x incre ases 
with the increase of velocity, z= +Fx; and v = */4mz = ^4m 



(156.) 



Proposition'. 



Let T = the time in which a body acquires the velocity v, 
when urged by the constant force F; then v = 2mFT; .*. for 

a small element of time as T, •v = '2mFT. But 5or j:= — - — ; 



Ti>+vT 2mFTT+2mFTT 



= 2mFTT=rx Ti 



. T= -j^ . If X increase with the increase of the time, T'= 



(157.) 



Ex.1. Suppose the force to vary as the distance^ *~ from theJ 
center; to find the variation of the velocity. 

Here vO oc —Fx oc — x"""* : .•. v' oc 1- corr. Let I 

n ■ 

v = 0, when x = a; then r' oc a" - x", and v oc ^a" — x". 

Ex. 2. To find the variation of the time. 
Here T oc .. - - , and the fluent gives the variation of Tjl 
but this fluent can only be found in particular cases. 



Ex. 3. Let the force vary - w.^, - , where D is the distance 
from the center ; to find the variation of the velocit)'. 

— r I 

Here t-i; oc -^ ; .-. r' « — + corr. L«tf = o,whenx = a; 

I 1 n* - J ■ , /«■-.(' 

H>en r-ocp-^oc—^; ..foc V-^. 
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Ex. 4. To find the variation of the time. 
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of which the fluent must be found in 



particular cases. 

Ex. 5. To find the actual velocity acquired by 
a body in falling through a space j4B, when urged by 
a constant force F, situated in the point C. 

Let ,-/C' = a, and x = any variable distance ; then 

vv = -2mFi, and— =— 2mFx+corr. Wheny=0, 

j = o; .•. iy = 4mF X a- X, and v = •■/iniF xa~x. 

Cor. The velocity acquired through AB oc ^ AB. 
Ex. 6. To find the time of felling. 
Here r = 






r=- 



f 4mF 

0. Hence, T 



^ imFx^a — x sj 4mF 

c a - xY + corr.; and when x = a, T=0; 



mF 



Cor. The time oc 



j^. i..^-*^- 



;Pt*}~ 



:, 8 



Ex. 7- Let a hotly fall from rest at A, when urged by 
a force situated in C, which varies direcdy as the distance; to 
find the velocity acquired through AB. 

Let the force at some point M= F; then, if CM= r, and x = 



any variable distance, r : x :■■ F : the force at B = 



Fx 



2mF , , QmF 
.', v'V= X J-x, and V = X - T 4- corr. 



. the velocity 



= x/I=Z. 



Cor. 1. If with Cas a center, and C^ radius, the quadrant 1 
of a circle be described, and BD be drawn per- 
pendicular to yfC, the velocity at B oc BD, 
oc the right sine of a circular arc, whose radius 
is the greatest distance firom which the body 
begins to fall, and versed sine is the space 
through which it has descended. 

Cor. 2. The velocity acquired at B : that acquired 
C :: BD : CE :: BD : CD. 



Cor. 3. Since the force in a cycloid varies as the distance 4 
of the pendulum from the lowest point, 
if a pendulum be conceived to revolve in 
a semi-cycloid, CL = the line CJ, and 
the magfiT?ude of the force at /. = that at 
^, its motion will correspond with that of 
a body descending through ^C; and if 
Cb = CB, the velocity of the pendulum at b must be as tb 
right sine of a circular arc, whose radius = CL, and versed sin 
= the space Lb. 




Ex. R. The same thin 
And the time. 



i remaining, let it be required tol 




3 771 Fa* 

X a circular arc, whose radiusj 



= a, and cosine x= \J — !L_ x the arc AD. (Art. 44~ 
3 m Fa' ^ 



Case b.) 



Cor. 1. The time oc 
AC :: AD : JE. 
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the arc AD ; and T, AB : 



. P" 



Cor. S. Since the arc of the quadrant AE = ~ , where 
p = 3.141d9i Sec, the actual time of descent from A to C 



2mF' 

Cor. 3. In this expression a is not found ; hence, when 
the force varies as the distance from the lowest point, the times 
of descent fi-om all altitudes to that point are the same, wliether 
the bodies descend in straight Unes, or in curves. 

Cor. 4. The time of descent from ^ to C = half the 
time in which a pendulum, whose length is r, would oscillate 
by the action of the constant force F. 

Ex. 9- Let the force vary inversely as the distance from 
C, and be repulsive ; to find the velocity acquired through 
a given space AB, and the time of describing it. 

Let the force at some point F = Fi then if CD = x. 



CF = r, the force at /> = - 



and t"V = + 



2mFrx 



.'. v' = 4mFr X hyp. log. x-i- corr. Let CA = a, 
the velocity being nothing at A ; then v = 



^ 



imFr X hyp. log. 
Also t = + ^ = 



V-""'^'- \/ hyp- log-! 



^jJmFr 
hyp. log. of I (Jf. 130.) 



where 



Ex. 10. Let the force vary as ■ . from C; to find the 

diitl 

^"docity and time. 



Here the force at a variable distance x = - 




{Jl. 23.); that is, if upon AC as a diameter a *" 
semi-circle be described, and the ordinate BE be 

drawn, the time through AB = sj — !! v ■ 

* AmFr' c 



BE^CDE+con. 



-V^.> 



; BE-CDE+ CD A 



BE + AE. 



at B oc V- 



^ 4 m El-* 

Cor. 1. The velocity 
parts of the same descent oc \/ ^^ 

Cor. 2. The velocity acquired in falling to the center iitj 
in6nite. 

Cor. 3. Tiie time down AB oc the arc + the sine. 

CoH. 4. If p = the circumference of a drcfi, whose 
diameter is 1, ^ = ADC, the semi-circumference to a 
diameter a; and tlie whole time of descent from A \o C = 

v'Zv «£; = £-. 



4m/V 



^mF 
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Cor. 5. If Q represent the length of a quadrant. R the 

radius of the circle, and the force oc y- , the time of descent 

through the first half of a straight line tovrard the center 
; the time through the remaining half :: Q + jR ; Q,~R, 

Bisect /iC in F, and draw FH perpendicular to j4C ; 
then, T down ^F : T, down JC :: AH + HF : ADC-, 
.-. r, AF : T, FC :: AH + HF : ADC-AH~HF 
:: a + n : Q~R. 

Ex. 1 1 . Let the force tending to C vary invereely as the 
cube of the distance ; to find the velocity and time. 

Fr' ' 
In this case, the force at a variable distance x = 

.'. vv = -2mFi^ X — ; .-. v'' = 2mFr' X -r + 
x' X 

^mFr'x 1- — =2mfr*x 



^ImFr' 



Cor. 1. With <? as a center, and Ca = CA 
describe a circle aDE. Take ab = 
AB-, draw bD per[}endicular to aC, 
and let a T be the tangent of a D. 
Then Ch : bD :: Ca : a7\ or x : 
»y a' — x' :; a '. aT; .■. 



- ; but f oc ^ 



velocity acquired tlirough AB oc as the 
tangent of a circular arc, whose radius 
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is CAy and versed sine the space through which the body has 
descended. 

Cor. 2. The velocity acquired at C is infinite. 

Cor. 3. The time through AB oc Db oc the right ^ine of 
of the arc^ whose versed sine is the space described. 

Ex. 12. If the force oc Z>^', required an expression for 
the whole time of descent to the center. 

A 



In this case^ the force at a distance x = 
- 2mF 4mF 



r 



•'• vv^ — -—-. — xa*""'i; and r* = --; x a*— jf ; 



'B 



. / 4mF ,-- 



Ic 



I 

Hence 3 = — = V ":; — & >^ ~P== = V Er:i x 

V ^ 4mF y/tf-^oT 4m Far 

p]-^ . / nr'^"^ 

- i X 1 ;! = (by the Binomial Theorem) v . y^ 

, «1; X a XX ^ . d • XX Q fmy 

aa 2. 4. a* 2. 4. 6. a* 

V rr^ X • — J^- === - ■■ — r - &c. 

+ corr. Now when T^O, x = a; and when the body reaches 
the center, all the terms which contain x must vanish; 

therefore the whole time = v ^r~ x J «+ — - + 

4mFcr 2.n^l.ar 

Sa^^ , , TTiF^ 1 1 



+ &c. = V rZHt- X : -^ + 



2 .4.211+1.0^ ^ 4ifiF ' ^ 



2.n+l .a « 

ZZZZZ T^i + &<^- 

2.4.211+1 .a ^ 
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Cor. The whole time 



2 



Examples. 
1. Let* the force be constant; n-lssO; •% n=si^ and 

D. Let F oc the distance : n - 1 s 1 ; .*. n s 3 ; 

1 . 

••• r oc — oc 1, or is constant from all altitudes. 

3. Let F oc -— ; n-1 = -2; .-. n =3 - 1 ; and T 
oca*. 



Ex. 13. If the attractive force in C vaiy as 7v^> &nd a body 

be projected from B in the direction BA, with a given velocity ; 
required to find the height to which it will rise. (See the 
FiGURiS in the preceding page.) 

Let CA the height required =: p, CB=r, CE a variable 
distance = j? ; let c = the velocity of projection, and v the 
velocity at £. Let the force at £ = F. Then the force at J? = 

— --— ; .\ vv = — p ; and v' = — —^ — + corr. 

When v=c, x=r; /. t;*-c^= — —-;; -— — . Let 

nx n 

1.1 •. ># J » 4mFr 4mFr'*+* 
r=:0, or the body amve at -4; a?=p, andc = — — ^ — ; 

.-. np'c^ = AmFrp" - 4 mFi^\ Hence, /?• x 4mFr'^nc*=z 



4mFr 
AntFr-*'-, .'.p^rx ^pfz^ 
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SECTION HI. 



(158.) Proposition. 

If a body describe any curve round a center of force, 
velocity at any point varies inversely as the )>erpendicular drawtf 
from that center upon the tangent. 

Let C be the center of force ; JB, BE, ED, small j 
of the cur\'e described in equal successive 
portions of time. On Et/, a tangent at E, 
draw the perpendicular Cy ; then CED 
may be considered as a small rectilinear 
triangle, and its area CED oc DE x Ci/ j 
:. DE oc ^^. But the arc DE 
described in a small given time is pro- 
portional to the velocity at E ; and (by Newton, Prop. I.)J 
«I1 the areas ACB, BCE, ECD, &c. described round C, datt 
tempore, are equal ; .■. r oc — . 

{159.) Proposition. 

Let C represent a center of force, and sujipose one body torn 
describe round that center a curve f^TK, whilst another descends 
in a right line by the action of the same force toward C; if their 
velocities are equal in one instance, when at equal distances 
from C, in the curve and the straight line, they will be equi 
at all other equal distances. 

Let IK represent a small part of the curve ; 
a center, and radii CI, C K, describe the cir- 
cular arcs ID, KE ; draw NT jierpendicular 
to JK; and suppose that the velocity of the 
body descending from j4 to C, wlieu at D, to 
equal the velocity in the curve at /. Let 
DE or IN represent the force at D or I 
toward the center; /Twill represent that part 
of it which impels the body in the curve. 
Now the times in which DE and IK are 





described, since the velocities are equal at D and /, will be 
proportional to DE and IK ; and the increment of the velocity 
is as the force and the increment of the time, or "U oc f x 7"; 

But F in the curve : F in the hne :: IT : DE. 
and r in the curve through IK : T througli DE :: IK : DE. 
Hence(Fx t or) or in the curve ; (/: xi) or -i. in the line :: ITx IK : DE'- 
But since INK is a right angle, ITx IK-DE'; .-. the 
incremento of velocity through IK and DE are equal. In 
the same manner, the corresponding increments, and therefore 
the whole velocities at equal distances, will continue to be 
equal. 

Cor. 1. If the body at D projected upward with the 
velocity at D would ascend to A before it loses all its velcxrity, 
tlie body at /, projected from / in the direction CI produced, 
would rise to a distance equal to CJ. 



Cor. 2. Hence, since vv oc ; 
expression obtains in the curve. 



; Fi in the line, the same 



(l6o.) 



Proposition. 



» If a body revolve uniformly in a circle round the center C, 
the velocity of the body is equal to that which it would 
acquire by falling through one-fourth of the diameter, when 
urged by the constant force in the circumference. 

Take jID a tangent at ,-/, very small. Draw DB parallel to 
^C, and BE jjerpendicular to it; and , ^ 

suppose .1.1- to be the space through which 
a body must fall to acquire the velocity 
at A. Now whilst the body describes 
j4B with an uniform velocity, another 
would fall through DB by the constant 
force at -i'/, and would afterwards describe 
2DB in the same time with the velocity 
•t B continued uniform. Hence, the 
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vel. of the body at A : vel. acquired thro' DB :: AB : SDB'I 
and vel. thro' DB : vel. acquired thro' Ax :: J'HB •■ ,/Axt\ 



.•. vel. at A : vel. acquired through Ax :: AS : 2 ^ DB x At; 

.■. by the hypothesis AB = 2 x ^ DB x Ax, 

, , AB' AB' AF 
and Ax= j^^ = j-^ = _ : gr a body must 

through a space = — — when urged by the constant force at AA 
to acquire the velocity in the cirele. 



Coa. 1. If jn = l6— , and r = radius, the velocity 

A = v - ■ — = ^ 3m r = the space unifbmily describi 
in l", the force at A being assumed = 1 . 

CoE. 3. If c= tbe circumference of a circle to theradiu: 
and p = 3. 14159 ^^- = ^'i^ circumference of a circle to l 
diameter 1, c=2pr; hence, to find the whole time 
revolution, we have */ 2mr : Spr :: 1" : 7*'; 



, the time = - 



In the following Problems, the velocities are determine) 
from the equation z = it Fx. It might have been applied i 
the cases preceding, but it was thought expedient to giw 
Examples of both methods. 

Examples. 

Ex. I. To find how fer a body must fall externally to 
acquire the velocity in a circle, the force varying directly as the 
distance from the center. 
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▼ariabie distance; suppose the force at 
-rf = l, and CA = a, CP^p, CB = x. 



X 



The force at -B= - ; ,•. if z represent the 



a 



space through which the body must fall 
by the constant force at A to acquire the 

proper velocity, z = , and z = 

+ corr, Let;K = 0, f^=0; /. a:=rcP=/>; 

hence, «= ^-- — ; and when x = c-^, or 

2a 

the body comes to A, 

«=^-?. But«=- (by Art. l6o.) i 
aa 2 2 ^ ^ ' 

hence, p* = 2a% and p or cP = a x ^/iT 




• • 



2a 



a 
2 



a 



Ex. 2. To find how &r a body must fall internally to 
acquire the velocity in a circle, the force varying directly as 
the distance from the center. 

Suppose P the point to which it must descend, and let CB=ix 

a variable distance. The force at i3 = - ; 

a 

/, z = , and z = -- — + corr. 

a 2a 

Let x=sai then t;=sO, and therefore «=sO. 

2a ^2 
and when x =:p, or the body comes down 

toP, « = ?- 1^. 

' 2 2a 



Hence, C = 



^ a ^ X' 
"■ 2 2a' 




« ^ o a a p* J »' 
Buti^^s;;; .'.-=-- f-, andf- =0, 
2 2 2 2a 2a 

that is, |»s:0 ; .*. the body must £dl to the center. 

Ex. 3. To find how far a body must fall externally to 
acquire the velocity in a circle, the force varying -p— from the 
center. 
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The force at 5= - ; ••. «= ■ ^ and «= — ax hyp. log. 

X + corr. = o X h)rp. log. - , when the body comes to a = 

a X hyp. log.^; .-. 5 =a x hyp. log. ^j .-. hyp. log.^ = 5. 
Let ess 2 . 71828 &c. = the number^ whose hyperbolic loga- 
rithm is 1 ; then (Art. 136. G)r.) e =: - ; ••. p=fl x e*^ =cP. 

Ex. 4. To find the same internally. 

The force at B within the circle = - ; .•. « = . and 

s X ^ 

xa -ax hyp. 1<^. x+ corr. =ax hyp. log. - (when the body 

X 

comes to P) a X hyp. log. - ; that is, - =s a x hyp. log. - . 

Hence, assuming e as before^ p :^ — =cP. 

e* 

Ex. 5. To find how far a body must fall externally to 
acquire the vdocity in a circle, if the ^ 

force vary as jr; fit>m the center. 

__ _ »» a* a*jc 
The force at ^ =» — ; .*. « = -r-, 

and X =: — * . Wb«i the body comes 

X p ^ 

to^,it =a ; that is, - = «-—; 

p 2 p 

.% — =3 - ; A p or ciP = 2a. 

Ex. 6. To find the $ame inteniallv. 

Tlie force at B a - ; .\ » = ^ * and 

x^ x* 

t s . Let the body come to P, 

and -a a ; .\ - a - » aiKt » = 

^ p |i a ^ 

2^ 
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Ex. 7. To find the same externally, if the force oc ^ . 

The force at 5 = ^ ; /. i = - ?^, and a=^, - —-,; or, 

when the body comes to P, - = - - -—; ; .'. P' = rr > or the 

^ 3 2 2p O 

body nuist fall from infinity to acquire the velocity 

at A. 

• » 

Ex. 8. To find the same internally. 
The force at 5 = -r ; :. i — -- -zr j and z = — -- - - . Let 

the body come to P, then - = — , - - ; A - = j»* x fl, and 
a 



Ex. 9. To find how far a body must fall externally to 
acquire the velocity in a circle, the force varying as yj-r, 
from the center. 



The force at J = 






:;•••«=- -pTFT , and z = 



nar" 



— - ; or, when the body comes to -^, - = ; .-. — - 

y and p ^ a X y : 



2n '^ '^ 2-n 

Ex. If 11=1, Foe ^, and/i=:2{i, as before. 

If n = 2. Foe jj^ , and/isax V n^^" infinite quantity. 

Ex. 10. How far must a body fall internally, to acquire the 

1 
velocity in a circle, the force varying rw;7 . 
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2 + « 
El. If n=-s, *•« di«t. »nd;>=ax ?] 
If n=l, p=~, and Foe 



If ■ 



.=-vA, 



andF 




If the force vary aa D'-\ general expressions may 1 
deduced in the same manner. 

The distance />, if the body fall externally to acquire the 

1±^ . If it fall internally. 



velocity in a circle, =a ) 



In all these cases, we have considered the force situated i 
C as attractive. If the force be repulsive, the same reasoning 
may be adopted to find the velocities and times of I 
ascending; only in this case, 21"^= +4m/j, and s= +.f» 
for the velocity increases with the increase of j, 

(161.) Lemma. 

Tlie space tlirougti whidi a body must fell to acquire th^ 
velocity in any curve at any point P, is ^ 

equal to '. th the chord of curvature at that 
ptwnt ; the force of acceleration being equal 
to the fierce at P. 

Let Pf' be the ehoni of curv-ature passing 
throi^ -S the center of force: PQ a small 
an:, PA a tangent at P, QR paralkl to P/'. 
and Q£ panlld to PR. llien, if Px be 
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the space through which the body falls by the constant force 
at i* to acquire the velocity at P, by the same process as in 
Art. 160. we have the 
tcI. with which PQ is deBcribed : vel. acquired ihro' RQ :: PQ -. 2fiQ, 
and vel. acquired through RQ : vel. through Px :: s/liU : \/Ti; 



: vel. with which PQ is described : vel. thro' Px :: PQ : 21/ UQxPx; 
.: since the first velocity = the second by hypothesis, PQ = 



isjRQxPx; or Px = 



PQ' 



PF 



iQR~ 4 ' 

Cor. If the accelerating force be the same in two cases, the velo- 
city oc the ^ chord of curvature ; if the force be not the same, 
the velocity oc as the j^ F x chord of curvature. 

Ex. 11. How far must a body fall externally to acquire the 
Telocity at any point P in the parabola, 

F varying -g-, . 

Let c= the chord of curvature =4SP, 
SM==p, SB=x, SP=a. 
The force aX B = --, if the force at 



= 1; 



E = - — r , and z = 




.-. when the body comes to P, - or a = « - 

■' 4 p 

or p is infinite. 

Ex. 12.' How far must a body fall internally, the force 
■varying -yj; , to acquire the veloci^ in a parabola. 

„ . a'i a' a" J , 

Here a = — — ; .', a = — + corr. = ~ —a, and when 

X" X X 

c a' '' 

the body comes to M, - or a = — —a; 

4 p 

> <* 

■". 2p=:a, and p= - . 
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Ex. 13. How far nuist a body fall externally to acqum 
the velocity in an elli]jse ; the force tending to the focus, am 

Let M be the point from which the bo<ly must fall ; assuni 
AX==3a, SM=p, SB=x, SP=d, 
and PH=v. Then, if the force 

at i*=l, the force at B=-; 
x' 

rf'x , rf* rf' 
.*. « "- — -.- , and s = ; 

sr X j> 

and when the body cornea to P, 

— = rf - — . Now if CD be the semi-conjugate diameter 1 

the distance CP, the chord of curvature passing through Sm 
aCD* 2SPxHP ,^ ^ . V SPxHP dx 

AC 
dx 




aa 



= d 






(by Conies) ; .", 
rf" _ SflJ- dv 



4 sAC 2a ] 

; or 3axd=px ia-^ 



=pxd; .:p = 2a,oT S^f=2JC=SP + HPi ..MP=i 

Cor. 1 . Since in whatever part of the orbit P is assumed, 
the line 5.tf always =3a; if with .S as a center, and a radius = 
AX, a circle be described, a body descending from any point 
in the circumfeience of lliat circle, in a line MPS directi' 
toward H, acquires a velocity at P equal to the velocity 
a body revolving in the eUi|»e. 



Cor. 2. A body projected fnun P in Uie direction SPi 
with the vdocity in tlte ellipse at P, will just rise to the 
cumfereuce of that circle below it loses all its vdod^. 

Cor. 3. If BC be the semi-minor axis, and a cirde be 
described with the centa- >\ aiwl rtdius SB, the velocity of 



i 



CENTRIPETAL FORCES. 171 

I body revolving in that circle is equal to the velocity in the 

ellipse at B. For a body must 

fall through MB= HB== SB to 

acquire the velocity in the ellipse 

At B; and (Art. l6o. Ex 5.) it falls 

through the same space to acquire 

the velocity in the circle^ whose 

radius is SB. 




Ex. 14. How far must a body fall internally to acquire the 
velocity in the ellipse at P, under the same circumstances ? 



Suppose it must fall to M. 



X' 



9 • • 



x = — — -, and 

X 



Let SM=Pj the force at B 

p 



X = d. When the 

X 

body comes to ilf, - = 

d* , dxv d* J 

— — a. or — — = a; 

p ^ 2a p 

, aa+v d* . 

p^ J^ =SM; .'. PM^SP^SM^d^ 
^ 2a+v 

SPxHP 
^ JN+HP' 




2ad 



dx V 



2a+v 2a+v 



^ o- ¥1 »^ SP X HP 
CoR. Smce PM=^ AN+HP ' 



• 4 



PM : HP :: SP 



: AN+ HP. Hence, if PH be produced to L, and HL = 
ANy and HM be drawn parallel to SLy PM is that part of 
SP through which a body must fall to acquire the velocity 
at P. For PM : HP :: SP : PL. 
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Kx. 15. How far must a body fall externally to acquire 

the velocity in an hyperbola ; the force tending to the fociu^_ 

and varying -jj^ i Jj 

The same suppositions being made as before, the force 

, „ d- '^ d- d- . 

at 5 t= — ; .'. z = ; and 



when the body comes to P, 

J ^' *i i, ■ '''^^' J 

a — — ; that 18, =: a — 

p 2a 



JipV c ^Y 



p 

rfx -d 



-2a. That 



if 



PS be produced to M, and SM be taken =2 a, the 1 
ascending from M to an infinite distance, the force being c 
sidered repulsive, and then descending by the attractive fw 
to P, will acquire the velocity at P in the curve. 

Ex. l6. How far must a body fall internally to acquire t 

velocity in the hyperbola at P, the force varying -^, ? 

The'force at B= — ; .■. x= d; and when the 1 




3a+v 
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Cor. Jf in PII produced, HL be taken = AN, SL be 
joined, and HM Anv/ii parallel to it, it cuts off from PS a part 
PM through which a body must fell to acquire the velocity in 
the byperbola at P. 

Proposition. 

Corollary to t/ie Three last Cases. 

A body is projected at a given angle, with a given velocity, 
and at the distance SP from the center of force ; to determine 

the curve in which it will move, the force in S varying -s-p- . 




I. Let the velocity be equal to that acquired in falling 
through a finite distance MP. Let 
Pi/ be tlie direction of projection ; 
produce yP to z ; join SP. Make 
the angle zPH equal to yPS; take 
PH=PM; and with S, H as foci, 
and^P + PWaa major axis, describe 
an ellipse. That ellipse is the curve 
required. 

3. Let the velocity equal that acquired in falling from an 
infinite distance to P, and Py the di- 
rection of projection. Join SP; make 
the angle MPy equal the angle SPy. 
Take PM=SP, and draw ML perpen- 
dicular to Pyi; then with S as focus, 
and ML directrix, describe a parabola. 
That parabola is the curve required. 

3. Let the velocity equal that acquired bj' ascending from 
some point C to infinity by a repulsive force, and then descending 
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by the attractive force to P. Let 
Py be the direction of projection ; 
make the angle yPH = the angle 
JfPC; draw CifH perpendicular to 
Pif ; then with A' and // as foci, 
and an axis major AB = SC, describe 
the hjfperbola PA, concave toward 
the center of force. This liyperbola 
is the curve required. 



Ex. 17. How far must a bwly fall externally to acqui 
the velocity in an ellipse, the center of force being in the cent 
of the ellipse? 

Here the force varies directly as the distance from tl 
center; .*. the force at B= -,, 



"=""• =|3"S- I^ the body ^j 



come to P, then - = ^ - 
rf 



P 
' fid' 




3rf 



J3 



,-. cD' =p' - d; and p' = cV + c/" 



CoE. I. If with C as a ceuter, and a radius = ^cD' + cP 
or ^ Ac^ + Bc\i circlelje describ«l, a body descending from 
any point in the circumference of that circle in a hne MPc, 
will acquire at P the velocity in tlie ellipse at that point. 



bo<^ 



Cor. 3. Since with the ^ine variation of the force a 
blU externally through a space =cPx •J~^, to acquii>2 the 
Telocity in a circle of radius cP (Art. Itio. Ex. 1.)^ the vdocity 
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in this circle and in the ellipse at P will be equals when 
^cIF+cF^^cP X m/T, or when cD=zcP. 



Ex. 18. How far must a body (all internally, under the same 
circumstances, to acquire the velocity in the ellipse at P ? 



X 



The force at B =z -^y .•. z = 

a 



--XX 



"X 




-I— • and z= H - ; .*. when 

a 2d 2 

the body comes to M, 2 ^^ — "T = "" 

- ^; hence ;i* = cP*-c/>*; /. p=y/cP*"cD\ 

Cor. 1. 1{ cD = cP, p = 0. In this case, the body falls to 
the center ; but it must fall to the center to acquire the velocity 
in a circle of radius cP (Art. 160. Ex. 2.) ; whence it appears 
also, as in the last Case, that if cD=^cP, the velocity in an 
ellipse at P is equal to that in a circle at the same distance. 

Cor. 2. If cP is less than cD, p becomes impossible; that 
is, the body by falling to c cannot acquire the velocity in the 
ellipse at P. 

Ex. 19. If a body be projected obliquely with the velocity 
acquired through a finite space rf, by a force which varies as the 

distance from the center, it will describe an ellipse. 

For rvoc -^Fioc - xx (Art. 159. 
CoR. 2.) ; •*. r* oc rf* — X*, and vex: 
^ rf" - x\ But (Art. 158.) voc 

— ; .-. cyoc_— =^, which is 

a property of the ellipse, where 
d^=zAC'+BC\ 
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Ex. 30. A body revolves in the h3rperbola AP by a re- 
pulsive force varying as the 
distance^ of which the cen- 
ter is in the center of the 
hyperbola. To find how 
for it must rise from P, 
in the direction CPM^ 
to acquire the velocity in 
the hyperbola at P. 




XX 

1 



Here x=+Fi= ~; .•. «= ~:j- ^; that is, when the 



2d 



ad 



cD* p' — rf* 
body comes to M^ —j = ^4 ; .-.p^^cD^+d", and />= 

^cD'+cP' ^cM. 

Ex. SI. The same supposition being made; to find from 
what point ilf a body must rise to P, to acquire the vdod^ in 
the hyperbola at P. 



•» XX J XT f) 

Here »= -t-> ^"d «=r-; - ^. 
d 2d 2d 



Let the body come to P, then z s 
^^p* cD' d'^p* _ 

'^^JT' ^ 2d ="i[a^* ••^- 




Cor. If cP = cD, or the hyperbola be rectangularj 
cAf=0. 



Ex« aa« To determine the orbit described by a body, if 
projected from A in a direction perpendicular to AC, with 
such a vdocity as wouki be destroyed by descending to the 
center C; the fbroe being repulsive, and varying directly as the 
distance from C 
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Suppose a body to ascend from A in the line CAG with the 
velocity in the curve at the point A ; then, 
by Art. I59., the velocities in the curve 
and the line are equal at all other equal 
distances from the center of force. Now 
in the line, vvocjPiocjri; .*. v*ocx% and 
vocx, for the fluent needs no correction. 
Hence, if CP^Xj the velocity in the 
curve at P oc as CP. But if Cy be a perpendicular on the 

tangent Py, the velocity at P oc as jt' (Art. 158.) ; .*. CP 
•c as YT 9 which is a property of the rectangular hyperbola. 

^y 

Ex. 23. Universally, the force varying as fyTi ; to find how 

far a body must fall externally, to acquire the velocity in any 
curve at a given point P. 

Let M be the point required ; take SM:::p, SB a variable 
<fi8tance s x, SP z: d, and c =s the chord of 
curvature at P. Then the force at P being 

assumed =1, g=» „,x. ; /. « = 



X 



n+i 



nxf 



or 



np' 

d rf"+ 
, when the body comes to P, - = - - 
' '' 4 n 



•• 



np' 



d- ':nc 



n 



dx d 



, and j»= « 



\/d-i 



np" 
=SM. 



nc 




Examples. 
1. Suppose the curve a circle, and P oc distance ; c=^2dy 

andn=-2; :. SM ^d x d'^ x ./d+d = ~ '^^ 
^dx "~ 




^ 



2. 



2. Let F oc — , the curve being a circle ; here «+ 1 =2 ; 



;, nsl, and SM^ , =2if. 



d ^ 

^-2 



BB 




CENTRIPET 



rfxrf* 



TT^ 



3. Let Foe — , n + l=3 ; /. n = 2, and 5iW= 

an infinite quai^tity. 

4. If the curve be a logarithmic spiral, c = S(f; and the /'oc 
5Af = 



I = an infinite quantity. 



>. In a parabola, c = 4d; and F oc 
SM = -J — -j = an infinite quantity. 



/>' 



or n = I ; 



6. If tlie curve be a circle, and the center of force i 
1 



circumference, or f oc - 

hence, SM = — - ■ — = an infinite quantity. 



= 4, and 



1 



£x. 24. Tlie force varying as -yj^TT-, ; to find Iiow far a body 

must fall internally, to acquire the velocity in any curve i 
a given point B. 

-d'+'i . d-*- 



Here i = 



comes toil/, - 



d'*' d _. rf'+' 

: — - ; and — 

np' n np' 



- - ; or, when the 1 
n 

d+-nc 



Examples. 
Ex. 1 . Suppose the curve a circle, and that the force varies 1 



= 2rf, and n-[-l = - 1 ; 



= - 2 i and ; 



dxd X -J d~d =0, or tlie body falls to the center. 
2. Let Foc-j^, 71+1=2; .-. n=I, and p = ■ 
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3. Let Foe -—3, n = 2; .*. J9= — — ^— = 



IT' 



JI+1 >/2* 



4. In the logarithmic spiral, c=3(f; and Foe -j^; 
.*. 11=3, and /»= -7^:5 = -7= . 



5. In the parabola, F varies as -j^ ; .'. nsl, and c = 4(/; 

_ d* _d 
^~ J+d~ 3" 



• • 



6. In a circle^ which has the oenter of force in the circoiHr- 
ference^ n+1 =5 ; /. wss4, and c=rfj hence, P =^ ~ 



51^ 



4/3+3 



SECTION IV. 

(162.) Proposition. 

To compare the velocity in a curve at any point with the 
velocity in a circle at the same distance from the center of 
force. 

The velocity in the curve at P, is equal to that which a body 
would acquire in falling through one-fourth 
of the chord of curvature at that point, if 
urged by the constant force at P ; and the 
velocity in the circle at P is equal to that 
acquired through one-fourth of its diameter 
by the same force; hence, F^ varies as 

• 

the chords of curvature; or F"* in the curve 

at P : V* in the dide SP :: ^ : Sx 

P 

f . t 

X p 




(Art. 118.) 
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Examples. 

Ex. 1 . To compare the velocity in a logarithmic spiral with 
the velocity in a circle at the same distance SP. 

Here x : p :: a : b; .\ x : p :: x : p, and - =^; 

hence the velocity in the spiral is equal to that in a circle at 
the same distance. 

Ex. 2. To compare the same in a parabola. 

©* X 

In this case, p*z=ax; .*. 2pp^ax; also x^—i ••. - =s 

^* ax 

— ^ = -^ ; .*. /^* in the parabola : F* in the circle :: -£ 
ap* p P 

: ^ :: 2 : 1 ; and /^ in the parabola : f^ in the circle at the 
p 

same distance :: ^^/s" : 1. 

Ex. 3. To compare the same in an ellipse round the focus. 

SIP h*T 

Here 5y- = 5 C* X ~, or, if AC=a, BC=b, p'^ zr^-; 

2ab*x b*x 

2ai _ P' ^ ^^"^ 




jf X 2a-ar x x 2a-x 

X p 2a -X 

- =^ X ; 

X p a 

• 

.•. F* in theellipse at P : /^* in the circle SP :: ^ x : - ; 

P ^ P 

and Fin theellipse at P : Fin thecirclciSP :: s/^P • n/^- 

Cor. The velocity at B in the ellipse is equal to the vdoci^ 
in a circle whose radius is SB. 

In this and some other cases, it is more convenient to deter- 
mine the ratio of the velocities by comparing the chords of 
curvature. For F* varies as the chord of curvature, when the 
accelerating force is the same. (Art. l6l. G>r.) 
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In the two following Propositions^ the velocities are compared 
by determining their actual values, 

Ex. 4. To compare the velocity acquired by > b 

a body in falling from a given point M through 
a finite distance MP, with the velocity of a body 
in a circle at the distance S P, the force 

1 

Let SP=d, and the force at P= 1 ; SM^^p, SB a variable 
distance =jr. Then the force at jB= --i--; .•. i= - - f 

»x np np X * 

C.V^^tP, wherex=rf, =z4mdx :- — ■=- . 

np' 

Abo ^' in a circle at the distance S P = 4 m x - • 

.-. vel. of body faUing at P : vel. in cir. SP ;:V ^^^^/^-Z£ . \/l^ 

:: ^j»* - d" : 

Cor. 1 . When the velocity of the falling body is equal to the 
velocity in a circle at that distance^ pT^-d" ^ -^ , and p may 

be found ; thus, if the force oc — , since n= 1, p=:2d. 

Cor. 2. If F oc ^ , 

vel. of body falling in P : vel. in circle SP :: ^p-di \/ -2. 

..is/liP:.JiMS. 
(Newton, Sect. 7. Prop. 33.) 
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Ex. 5. The force varying according to the Mine Uw; to 
compare the velocity of a body falling from an infinite distance 
to a given point P, with the velocity in a circle at the I 
distance SP. 






h 



By proceeding as in the last case, 

ection =0; ,*, v^hen the body comes dovm to i*, 2 = 

. /\md . /* 
ncir.SP:: V -^: V- 

1:^2 : ^. 
Examples. 



heace, vel. of the faUiog body at P : vel. i 



Ex. 1. LetFoc . 



n= 1 ; therefore the 



vel. from infinity : vel. in 
as in the parabola. 



, circle SP : 



therefore the velocity i 



infinity is equal to the velocity in a circle SP, as in the 1(^- 
rithmic spiral. 

Cor. 1. If the ratio of the velocity acquired from infini^ 
at P to that in a circle be ^ven v. c : 1, the law of (he fijrt» 
^ be found. For c j 1 :: JT: ^- • ^-.-i - ^^' 



may t 



n+l : 



Cor. 2. If a body be projected from P in the direction PiM^l 
with a velocity which is to the velocity in a circle at P : 
^2 : ,/n, it will go off ad itifiiiitum; and this is the least 
velocity with which it can be projected, bo that it may never 1 
return. 



Cor. 3. Since f ' oc as the chord of curvature when the 
force is the same, we can compare the chord of curvature of the 



I 
I 
I 
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curve described by a body projected perpendicularly at P; 
its velocity being that acquired from infinity, with the given 
distance SP. 



For 2 : 
therefore the chord of curvature 



the chord of cur^^ture required 
4SP 



iSPi 



Thos, if n+l=2, «=!, and the chord = 4SP; or the 
curve is a parabola. 

Cor. 4. If the force vary inversely as the cube of the 
distance, m = 2 ; and a body projected at P, in a direction 
perpendicular to SP with the velocity acquired from infinity, 
will in this case describe a circle. If the force vary in a higher 

inverse ratio than yj^ , 2 is less than n ; hence, the velocity 

of the body is less than that in a circle at the same distance; 
but /^' oe Pf'', where the force is given. Hence, the chord 
of curvature of the curve described is less than that of a circle, 
whose radius is SP ; and the body will describe an orbit interior 
to the circle, and at last fell into the center. If the force vary 

in a less inverse ratio than -jr^ , 2 is greater than n, or the 

velocity of the body is greater than that in a circle of radius 
SP ; therefore, since /'' oc P/-^, the chonl of curvature of the 
curve described is greater than the diameter of the circle ; hence, 
the body will describe an orbit exterior to the circle, and at 
length go otF to infinity. The two following Problems are 
connected with this subject. 



(163.) 



PROB. 1. 



If the force vary as yp from the center, where n is greater 

than .3, and a body be projected from ^ in a direction perpen- 
dicular to the line Sf^, with the velocity acquired in falling 
from an infinite distance, it is required to find after how many 
revolutions it will fall into the center. 



adiua is SV; JsPr 
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the. curve described; I'Rr a circle, whoi 
radius is SV;^^^sPr two lines 
drawn from S indefinitely near to 
each other. Draw the tangent 
Py, Sy perpendicular to it, and 
px perpendicular to SP. Take 
SP = X, Sy= r. Then in the curve 

(Art. ISg.) r-yoc ~ Fxoc ^^ . 
.•. f^' oc — ; , and the cor- 

X 

But, by Art. 158. F oc inversely 



rection vanishes, 
perpendicular. 
Hence, f^' at f 







r- at P :: 
Py' 



:-' : r— :: Sg- : SV 
-i^ , .. ^ J = A'P'- %• = »■- ^ = 

NoWj by similar triangles, Ppx, SPy, 
Px ■- px :: Py : Sy 
and px : R 

; SPxPy : SyxSRi or, if fR = 

/x'r'^-xr*' : ^r^x' 




ar 



^A^=^ 



whose fluent 




-tt; X a circular arc of radius =r * , and cosine" 
which needs no correction. 



Let x = 0, and r =1; 
2 circum ference 

n-3 ^ i - 



circumference 



that is, the body describes ■ 



before it falls into the center. 

Cor. If n — 4, the body falls into the center after lul 
a revolution. 
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(164.) Prob. 2. 

If the force oc -«p from the center, where n is greater than 1 

and less than 3, and a body be projected as in the last case ; to 
find after how many revolutions it will go off ad infinitum. 

In this case, i is positive ; and by reasoning in the same 
manner as before, Rr or i ^' 

is found = - 

and the fluent (f. 48.) = 

X 2r . , 

X a circular 



rx ^ X 



n-3. r 



arc of radius = r * ^ and 



«-« 




cpsine x * , which needs no 

correctioUr When r is unity, and x is infinite (or when the 

n 3 

cosine =0, since n is less than 3, and therefore -— — negative). 



it = X a quadrant = ^i — -— 

3-n ^ 6-2» 



revolutions. 



Cor. If n = 1, tj = j , or the body goes off ad inf. 

after - of a revolution. This must be considered as the limit, 

or the least angle at which the body can go off ad infinitum ; 
for n cannot be assumed accurately =1, since in this case 

. —J- cannot be taken by the common method. 



SECTION V. 

( 1 65 .) Proposition. 

If a body describe a curve, when urged by a force acting in 

the direction of the ordinates, that force is proportional to the 

second fluxion of the ordinate. 

c c 
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Let P^ be a tangent to the curve atP; and MP, iVQjR 

two ordinates indefinitely near to each other, 

in the direction of tlie force. The body at P 

would describe PR, if the force did not act in 

the same time that it now describes PQ; 

therefore RQ represents the small space through 

which it is impelled by the force in the time of describing PQ 

Now, ultimately, when the time is very small, S oc Fx 3™", 

therefore, if T be assumed a small given time, RQ oc F; but 

ultimately flQ=±ij;, \{ M P =i y (Art.97.); .■- Fa^ ^y, 

according as the force is repulsive or attractive. 




Examples. 

Ex. 1. A body describes a curve, whose equation is a:* a 
fl'y, by a force acting in the direction of the ordinates. Require 
the law. 

Here y oc jT ; .". yocj'i, oca:'', since the motion 
a direction parallel to the axis must in these cases be unifon 
Therefore y oc x'^ ; that is, the force oc x^, or oc y'^, i 
repulsive ; or the curve is convex to its axis. 

Ex. 2. Let the equation to the curve be t/''*'=a''3r, ad 
act in the direction of the ordinates. To find the law. 

Here y oc x""*" ; .'• if "^ x"*", and y <x —x "+■ , 

~uzp, •*^ Si+i* *"** '* attractive; or the cur\-e is conci 

to the axis. 



Kx. 3. A botly desciibes a semi-circle by the action of a fbr< 
in the direction of the ordinates. Required the law. 
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,\ yssa-xxSsx 2ax—:f\~ 




and j^'= — ix 3ax— x^P - ■ — xi= - - 3— 

— fl* 1 

ss -~- ; therefore the force oc — ---. , The same condusion 

* • 

18 deduced from the expression -^. Art. 153. Ex. 8. 

Ex. 4. Let the curve be a parabola, and the force act 
as before. 

Ill 1 ^^% 

In the parabola, y^a^x^, oc a?"^; :. if oc a»""^; /, -j/ocx 

oc -- ; or the force oc -. . 

Ex. 5. Let the curve be an ellipse. 

Here y= - x s/^ax-x* oc ,^2aa?— x*; hence, the reasoning 

and the conclusion is the same as. in the circle, and the force 
1 

oc — . 

It 

Ex. 6. Let the curve be an hyperbola. 

Here y = - x y/2ax+x' oc ,^/aax+l? ; and y oc a + x x 

.^± .. 2ax+x*-a+xr J - 1 

2ax+a^\ ; .^.yoc — . - -; and -yoc 

2ax+Z| 3aap+x^p 

1 

y* 

Ex. 7. Let the curve be a common cycloid VDC^ and the 
force act in the direction of the ordinates, parallel to the axis. 
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Let DE, and PL, he two ordinates indefinitely near to 
other ; draw DM parallel to C.-/, meeting 
the axis in M, and the generating circle 
in R; join I'R, AR, and let CE = x, 
ED^y, Dii=i, Pn=i/; and AF^Ia. 
Then, by similar triangles, PDn, Rl'M, 
X : i :: RM : MV :: AM : MR : 

•J "".v-.v' . 



r^ 


.\ 


/)■ 




\ 





>/ 3 ni/- 



y = I > 



'.y-.v.i"<.v- 



3ay-y' 



h 




■J'^ay- 



or the force oc - 



(166.) 



SECTION VI. 

Proposition. 




To find the forces, by which bodies may be made to 
perform isochronous oscillations in curve lines, when the force 
tends to a center. 

Let ^T represent a pendulum, Cthe center of force, and! 
the lowest point in the curve. By 
Art. 157. Ex. 8. Cor. 3., if tlie 
force acting upon 7" in a tangential 
direction be proportional to TR, 
the oscillations will be isochronous. 
Join CT; 'draw Ty a tangent, to 
the curve; take Ty = TR, and 
fi-om Y let ^z be drawn perpen- 
dicular to T y. Then, if Tz 
represent the force tending to C, 
the oscillations will be isochronous. 
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Take CP very near CTy and draw Px perpendicular to CT. 
Ijet RTirzz, CT=:Xy Tz:=:F, TP^i, Tx^i. Then, by 

similar triangles^ F : the tangential force Tj/ :: i : i; 

^ _ the tangential force x i zi 



Examples. 

Ex* 1. Let the force vary as the distance; then xi varies as 
XX ; /. «• varies as x', and « varies as «, or tKe curve is the 

logarithmic spiral. 

Ex. 2. Required the law of the force 

tending to S, which will make the involute 
of a circle the isochronous curve. 

Here z : x :: ST : Tj/ :: x : r; 

i X J zz zx r* rt 

/. -: = - , and -r = — =/^; .'. Fx r 
XT X r 

=zxx; or, JF* required : the arc :: the 

distance ST : the radius of the circle. 

(167.) Proposition. 

To find an expression for the force necessary to make any 
curve isochronous, when it acts in parallel lines. 

Let it act in lines parallel to AR. Draw Py a tangent 
equal to PR^ yZ perpendicular to Py^ and 
let it meet PZ drawn in the direction of 
the force in Z. Then, making the same 
assumption as before, 
F : the tangential force :: PZ : Py 

v.PT: Px.i z\x\ 
— t he tangential force x z zz 

X X 
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Examples. 



z% 



Ex. 1 . Let the force be constant. Then — r- varies as 1 , 



s 



and X varies as z*, a property of the common cycloid* 

Ex. 2. Let TR be a circular arc; to find the law. The force 
required : the tangential force :: i i x :: r : sine ; or^ if the 
tangential force be represented by the arc, and gravity by the 
radius of the circle, F : gravity :: arc : sine. 

« 

Ex. 3. Let the curve be the catenary, and the foipe jMt ifi 
a direction parallel to the axis. 

In this curve, z*:=s2ax+j^; .\ zz:=ax+xx. Hence i'^ or 

■ 

-T-sa+x; therefore this force : gravity :: a+x : a: 
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Chap. XXI. 



ON THE MOTION OF BODIES IN RESISTING MEDIUMS. 




(l68.) Iv estimating the effects of fluids upon the motion 
of bodies, the retardation may be conceived to vaiy according 
to any law of the velocity. Thus, in the second Book of tlie 
Princlpia, Sect. 1., it is supposed to be proportional to the 
velocity itself; and any other power might be assumed at 
pleasure. But it appears by experiment, that the resistance 
opposed to a given |jlane surface varies nearly as /^' ; so that 
every other law of variation is to be considered rather as a 
mathematical hyjiothesis, than as founded upon fact. We are 
not sufficiently acquainted with the natrire of fluids, to ascertain 
precisely in what manner they act. Hence, in demonstrating 
the theory, Sir I. Newton has introduced the following 
conditions. (Lib. II. Prop. 40., &c.) 

1 . That the particles of the fluid, in which the body moves, 
are perfectly non-elastic, and 

3. That the fluid is infinitely compressed. 

The first property belongs to mercury and water, and, pro- 
vided the bodies move slowly, even to air ; for the particles 
may then be considered as sliding away after impact, without 
adhesion to the body. If the particles were elastic, an additional 
resistance would be produced by the rebound. 

The second supposition is not strictly true of any fluid. If 
a body move in a medium with considerable velocity, the parts 
left by it, as it advances, will not immediately be filled ; and an 
additional resistance will arise from this cause. Thus, if its 
velocity in air be greater than that with which air rushes into 
an exhausted receiver, a vacuum will be left behind. Where 

; velocity is considerably greater, the air is condensed before 



J 
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the body, and, in proportion to the compression, exerts a force 
of elasticity against it. But in experiments where the velocity it 
slow, the second condition may be admitted without sensibi 
error. 

It is therefore assumed, that no resistance is opposed to the 
moving body, except that which arises from the inertia of the 
particles displaced; the effects of elasticity, tenacity, andfHctioi 
if any friction exist, in philosophical experiments on air, * 
ind mercury, being scarcely perceptible. 

(169.) It is found by experiment, that the resistance 
opposed to a plane surface moving in a fluid, in a direction 
perpendicular to the plane, is equal to the weight of a column 
of the fluid, whose base is the area of the plane, and height the 
space through which a body must fall by gravity to acquire 
its velocity. Therefore, if ^ = the area of the plane sur- 
fiice, and z = the height from which a body must fall 
to acquire its velocity, the resistance =^x x; the density of 
the medium being assumed = I. The same reasoning is true 
for a cylinder moving in a fluid, in the direction of its axis; 
the curved surface, which is in the direction of its motion, 
being supposed to have no tendency to accelerate or retard the 
particles of the fluid. Hence, if (1= the diameter of its t 

the resistance op|xised to it = ~ — . 

(170.) Now in fluids indefinitely compressed, the resistance 
on this cylinder : that on a globe of the same diameter ;: 2 : I ; 
therefore the resitance on a globe moving with the same veIo< 

zpd' 



3baMH 

stance 
2:1; 

elocil^H 



(171.) The same distinction is to be noticed between 
resisting and retarding forces, which exists between moving and 
accelerating forces. The resistance opposed to a body moving 
in a fluid is proportional to the quantity of motion destroyed 
in a given time; whereas, the retarding force is measured I 
the velocity destroyed in that time, or it is proportional to t 
resistance divided by the quantity of matter. 
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For the sake of perspicuity, this distinction is observed in the 
two following Sections. 

(172.) Hence, if ?( = the density of a globe, whose diameter 
is d, or ■ ^ ■ its quantity of matter, and the specific gravity 

of the fluid be 1, the retarding force = , -?-— p - = -^-^; 
or, in terms of the velocity, since J''^=4mz, the retarding force 



\Gmnd' 

It was thought expedient to give examples of both methods 
of calculation in the following Propositions. 



SECTION I. 

(173.) Proposition. 

The force of resistance, uliich is opposed to a sphere, moving 
in a fluid with any given velocity, is to the force which would 
desti-oy the sphere's whole motion, in the same time, in which 
it describes uniformly - parts of its diameter, as the density of 
the fluid to the density of the sphere. (Newton, Lib. II. 
Prop. 38.) 

Let M represent the resisting or moving force, which \vould 
destroy the sphere's motion in the specified time. Let Q denote 
the quantity of matter in the sphere, f' its velocity, and d the 
diameter ; and suppose the specific gravity of the sphere is to 
that of the fluid as n to 1. Then, since a body will describe 

— by an uniform velocity V, in the same time that it describes 

— when retarded bv a constant force -77 , which destroys that 

velocity, we have ^• = 4?kx -^ x -— . But A'' = 4 m z, 
according to the notation of tlie preceding Chapter ; therefore 



.,1.1 ■ 



\ 




ON RESISTING MEDIUMS. 




M 4d , -- 3Q.Z -, „ 

4171 X -yt *< -T- = 4ms;, and J/ = — p. Now Q = 
U o 4a 

therefore M= -»-- — . But the resisting force opposed to the 

, zpd* , . . . , . . zvd'n 

sphere = -—— (Art. 170.) ; and this is to -*~ — :: 1 

or as tiie specific gravity of the fluid to that of the sphere. 

(174.) Proposition. 

Let a sphere of given diameter be projected in a resistii 
medium, whose specific gravity is to that of the sphere as 1 : n. 
Having given the velocity of projection at the point ^, to 6nd 
the velocity of the sphere at any given point C. 

Let AC=x, CD = xi then, since the retarding force = — ^ 

(Art. ira.), i= - ^i ••■;=- ^i and <he hyp. 



J 



4nd' 

loff.z+corr. = i+eorr. When x = 0, let z=:ai 

Ana 

then the hyp. log. - = ;. Hence, if e =2.71828 

^*^ ^ a And * 

&c., the number, whose hyperbolic logarithm is 1, we 

have - =e"^; .-. x = axe"'': and ihe velocity at C = 
a ' ■' 

/- — ^ 4ma 



I 



Cor. If the spaces be taken in arithmetic progression, thj 
velocities are in inverse geometric. 

(175.) Proposition, 

To find the time of describing AC. 
X X e' 



Here T, which = ■ 



f Ama 



, and T- 



3x ^4tr. 



Let r=o, thenj^ = 0; .•. e'"' = c'= 1. Hence, r= 



Snd 
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(1 76.) Proposition. 

If the retarding force, opposed to a sphere projected with 
a velocity c in a resisting medium, vary as the velocity, the 
diminution of velocity is proportional to the space described. 
(Newton, Lib. II. Prop. I.) 

Let ^ (= -fi ^> Art. 172.) represent the retarding force 

corresponding to the velocity c, and v be any variable velocity ; 
then, since c : v :: r : — ; .*. — is the retarding force cor- 
responding to the velocity v. Hence, vv= — 2mFx= 

xvx; .; X = — , and x + corr. oc corr. - v ; but if 

2mr 

x = 0, v = c. Hence, locc-v, or the space described varies 

as the velocity lost. 



(177) 



Proposition. 



If the retarding force vary as in the last case, and times be 
taken in arithmetic progression, the velocities at the beginning 
of those times are in geometric progression. (Newton, Lib. II. 
Prop. 2.) 

The same assumption bein? made, x= ; and T= 77 

'^ o ' 2mr y 

; .'. T= - ■^;:;^ X hyp. log. V + corr. Let T= ; 
< hyp. log. -■ : or r oc hyp. 



3mr V ' 2mr 

thenr=c. Hence, T= -_ — 



If, therefore, the times be taken in arithmetic progression, 
the logarithms of tlie velocities are in arithmetic progression, 
and - , or w itself, in geometric progression. 
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Cor. The spaces AB, BC, CD, &c. described in eqi 
successive times, are in geometric progression. For, if c, 
d, e, y, &c. be the velocities at the beginnings of those 
times, they are by the Projwsition in geometric pro- 
gression. Hence also their differences, c-d, d~e, e -J", 
&c. are in geometric. But by the last Proposition, the 
spaces /IB, BC\ CD, &c. are proportional to these 
differences ; therefore these spaces are in geometric pro- 
gression. 

The Corollaiy may be illustrated by the following proci 
Since x=z — ~ — ; , x = x c-v; that is, the first x or 



2mr 
= AB; 



KC-d. 



then v = d; .*, 
the same manner, CD = 



- AB, or BC= -^ X J^( 

2mr 

— X e—J'% that is, the spaces AB, 



BC, CD, &c. are proportional to c~d, d—e, e—f, &c., or 
they are in geometric progression. ^J 

(1/8.^ Proposition, ■ 

If the retarding force vary as the vel .1 ', and times be taken 
in geometric progression increasing, the velocities at the 
beginning of those several times are in the same geometric 
progression inveree ; and the spaces described in these times 
in arithmetic progression. (Newton, Lib. II. Prop. 5.) 



Here c* : v' 
to the velocity w. Hence, vv = 



ai^ 



— ;- = the retarding force corresponding 



, and j: = x hyp. 



<. hyp. log. ■ 
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Also t = - = - -^ X ^ , and r=: „— X * + corr. = 

— X . That is, if for v we write rf, e, f, &c., the 



2mr V c 

time through the first space AB (Fig. Art. 177-) = n ^ 



d c ' 2mr e d 2mr f e 
therefore, since the times are in geometric progression, •% 

and - ~ -^i, &c. are also ; /. - 3 •:> 3 -j &c. are in geometric 
e a c a e ^ 

progression : that is, the velocities at the beginning of the 

several times are inversely in the same geometric progression 

as the times. 

c* c 

Also X = - — X hyp. log. - ; /. the spaces in these times 

are in arithmetic progression. 
TTiis Proposition coincides in part with Art. 1/4. 



(179.) Proposition. 

Let a sphere be projected, as in the former cases, in 
a resisting medium, whose retarding force varies as the vel.l" ; 
to find the velocity acquired through a given space, and the 
time of describing it. 



rv^ 



Here (f* : if :: r : — , the retarding force corresponding 
to the velocity v. Hence, vv=- — — — - x t^i ; let ^r = , 



then t;a;= — -77- ; .*. x= - hv"^v ; and x— + corr. 

Let x^0\ then v = c, and x^ x c*~*-f;*^; .•. v = 

^ 2-n 



Jc*"* — 3 — n . X 



1 

2-« 
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Also T=- = ~'^±—^ 

V V 

and the correct time = 

1 

Cor. 1 . To find the space described before the velocity ij 
wholly destroyed, assume w=0 ; then x = x c*~". 

Cor. 3. The time, which elapses before the velocity ■ 
wholly destroyed = x c'~". 

Cor. 3. If n = 2, it coincides with Art. 178. 

(180.) Proposition. 

If the retarding forces vary as vel.l', and times be takeii 
proportional to the first velocities directly, and the first re- 
tarding forces inversely, the velocities lost will be proportional 
to the wliole, and the spaces described will be proportional to 
the times and the first velocities jointly. (Newton, Lib. II. 
Prop, r.) 

The retarding force corresponding to the velocity v = 



and T = 



+ corr. = = - 



But by 



Prt^iosition, T oc - ; .*, 1; oc c - 1, and c - r oc c, or 1 

velocity lost is proportional to the whole ; and it is evi 
also that c oc v. 

Again, T = - % .\ x = v x t tx c k T; .: x oc 



w 
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SECTION II. 

(181.) In the last Section, the bodies were supposed to be 
influenced by no forces except those of projection and resistance ; 
in which case the velocity is continually retarded. In this Sec- 
tion they are suppoaefl to be acted upon by gravity, or by some 
force tending to a center. This combined with the resistance 
may produce either an accelerated, or a retarded, or even 
a uniform velocity. The forces are supposed to act in the 
direction of the body's first motion, and the motion is 
consequently rectilinear. 

(182.) Proposition. 

Let a spherical body descend in a fluid from rest by the 
action of gravity, and let the specific gravity of the sphere be 
to that of the fluid as « : 1 j to find the greatest velocity 
which the sphere can acquire. 

The same assumption being made, as in Art. 172., the 
diflerence of the weights of the sphere and an equal bulk of 

the fluid, or the absolute force of the body's descent = ^-77 

^^ J this is the same, whatever be the velocity of the globe, 
the fluid being infinitely compressed. Now, let z be the space 
due to the velocity at any point of the descent ; the i-esistance 
opposed on this account = ^^i-~ (Art. 1*0.) ; .'. the whole 

pd^n pd' zpd° r»- -J .!_■ 1 pd'n , 
resistance = '—^ t_ i-- . Divide this by i—^ the 

mass moved, and the accelerating force ; 

when the velocity is a maximum, the accelerating force = 

I 3a ,, 4rf X n - I 

■: 1 5 = 0. Hence, s = ; 

n 4>ia 



\/ l6md X « — 1 



r 



1 
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(183.) Proposition. 

The greatest velocity which can be acquired by a spherical 

body descending in a fluid, is equal to that which the body 

would acquire in vacuo by its comparative gravity in fallini 

4d 
through a space, which is to -^ :: the density of the sphere' 



the density of the fluid. 

4d 
For take x : -^ :: n 



6 ' 



(Newton, Lib. 11. Prop. 38. Cor. 2, 
4nd ,, pd'n 



i 



then, X = —— . 



divided by - 



, or 1 



n- 1 



= the force of the 



sphere's acceleration in the fluid, or the force of its coi 
paiutive gravity. And the velocity acquired through - 



the action of this force in vacuo 



= ^/ 



id mild 



s/ 



\iimd > 



(184.) 



Proposition. 



I 



Let a spherical body descend in a fluid fi-om rest, and let 
the specific gravity of the body be to that of the fluid 
n to 1 ; to find the velocity at any iwint of the descent. 

By Art. 182, the accelerating force - ' 

if X = the space described, z = i- ~ 

% z 

! i — :r = 1-= — , and 

4nrf-4fl-3« 4(/x n-l-3z 




4d.n- 1 - 3« + corr. Now let x = 
X hyp. log. 4d.n— I j consequently — ^ = ~ - x hyp. 1« 
Let e = the number whose hyp. log. is iJ 



4d.n- l-3a 



4d.n-\ 



then 



^ _ *d.n- I-3S _ 
~ Ad.n- I ~ 



Ad 



Ad.n - 1 * 
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''; and the velocity, or JX^ = y^l 6mrf.H-J. 



\/\-e^. 



Cor. If j: be increased sine limife, e""' will be a quantity 
indefinitely small ; and the ultimate velocity of tlie sphere will 



^/]6^ 



as in Art. 182. 



(185.) Proposition. 

If a spherical body of given diameter be immersed in a fluid, 
and its siiecific gravity be indefinitely less than that of the 
fluid, the velocity of ascent will be uniform, and equal to that 
which a heavy body would acquire in falling from rest tlirough 
- of the diameter by the action of gravity. 

Suppose the splrere to have ascended from rest through 
a space =x, and let z be the space due to the velocity at that 
point; then, if n = the sjieciHc gravity of the spliere, its 
weight = ^-77— ) and the resistance to its motion arising from 

the velocity = -^ — ; ,'. the whole resistance opposed to the 



sphere's ascent = 



pd'n zpd' 



But its force of ascent is 



the weight of a quantity of fluid equal in magnitude to the 
iphere, and this weight ='—rr-, the epecific gravity being 1. 

Hence the force of the sphere's ascent = ^ ^—r. ^ — ; 

■^ 6 6 8 

divide this by the sphere's weight, and we get the accelerating 

1 .32 1 3s . ... 

force = - — 1 — —J = - - - — 5 , lor 1 vanishes m respect of 

n 4na n And '^ 



the other terms. Hi 



ence, z~ - 



And' 



and - 



" 4(i-3s' 

.-. i = - - X hyp. \ii%. of Ad-3z + corr. Let x = 0. 

4nd ^ ■" ° ' 

then 2 = 0; .*. corr. = - hyp. log. 4d; .-. —~j = - - x hyp. 

4d~3z 
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Hence, assuming e as before, the number whose hyperbolic 
loganthm is I, we have -j — = e"^=o, for 



4d 



4nd 



4d 



indefinitely great ; .'. z= — 
fl6md 



and the velocity at this point 
which is the same with that acquired 



by gravity through — 



As tills reasoning is equally true for all points of the ascent, 
the velocity of the body is uniform. 

Cor. Spherical boflies without weight, of different diameters, 
ascend in fluids with uniform velocities, which vary as the 
square root of the diameters. 

(18h'.) Proposition. 

I^t a body descend or be projected in a resisting medium 
directly toward a center of -force, and be attracted by a constant 
force toH-ard tlie center ; to find the greatest velocity which it 
can acquire, the retarding force of the medium being suppoeed 
to vary as the velocity. 

Let F represent the constant force ; r= the retarding force 
corresponding to the velocity c, and v any variable veloci^. 

Then the retarding force corresponding to u = — ; .■, 

whole force of acceleration toward tlie center =F . 

c 

when the velocity is a maximum, the force of acceleration =u 
„ rv , cF 

.'. r =0, and v= — . 

c r 

Cor. TTie greatest velocity v : the velocity c :: F : 
resistance r corresjranding to c. (Newton, Lib. IL Prop, i 
Cor. 1.) 

(18/.) Proposition. 

Let a body descend or be projected in a resisting medium 
under the same circumstances as in the last case, toward the_ 
center of force. To find the space and time corresponding! 
any velocity. (Newton, Lib. IL Prop. .3.) 
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The accelerating force upon the descending body, by the last 

Proposition, =F —F-av, where a= -. Hence, if xbe 

•^ c c 

the space described, vv = 2mxxF—av, .\x=- 
= '^i^^. Uti'=4; the„x=- 



2mx F-av 



2max 



: v+. 



2max b~v ^"'■'^ 
v , and x = 



-, - V , and X = . x : 

o — I' 2 ma 

H X hyp. log. h — V ~ v-\- corr. Let x = ; then, if the 



hyp. log. 



hvp. \os. ~, X V. But if it be projected, let the 

J*^ " b— V 2ma 

...... , b , , b- 

velocity of projection =c; then x= - — - ■ — 

-J X c - I?. 

2 ma 

Also. r=-= ^^^=; .-. 7^=- 

" 2maxb~~v 

t - V + corr. ; therefore, if the body descend from rest, the 
correct time = ~ x hyp. log. -r . If it be projected 

with the velocity c, T = x hyp. log. ■; . 

■' 2ma -"^ ° b-v 

(188.) Proposition. 

The same supposition remaining, let the body be projected 
directly from the center of force. To find the space and 
time corresponding to any velocity. 

In this case, the force of retardation =F -\ , and v'i3 = 



- 2mxx r -i = — 2mxx r+av, and x— - — x ^^ 

c 2m F + av 

= X -, ; and, as in the last Proposition, x= 

2ma b+v '^ 2ma 

X hyp. log. 1-^ H X «SS* ^ - :r 

•"^ ° b+c 2ma 



tJiritssttlr 



V . 2ma b+v' " 2ma 

^+^+ T^ ^ *>yp- H- ^+^ = tt;^ X 'lyp- log' 



X hyp. lo| 

b+c 
b + v' 



(I8g.) Proposition. 

Let a body descend or be projected toward a center 
before, the retarding force of the medium varying as the squai 
of the velocity. To 6nd the greatest velocity which the I: 
can acquire. 

The retarding force con-esponding to the velocity r is hj 

this case — — ; ,■. the whote force of acceleration =F — 
c 

But when the velocity is a inaxiraum, this force =0 ; /. w=6 
* r 

Cor. 1. r : c :: ^ : ^. (Newton, Lib. IL Prop. I 
Cor. 3.) 

Cor, 2. Since r= —r, -. (Art. 172.), if F represent t 

lomHC * ' ' r 

comparative gravity of the body, or := , v 

\A-' l 6i»«rf ^ Vl6wiZr^^; and this FropositiGi 

n 3c* 3 

coincides with Art. 182. 



(igo.) Proposition. 

Let a body be projected in a resisting medium directly towards 
a center of force under the same supposition as in the last case. 
To find the space and time corresponding to any velocity. 

The accelerating force in this case corresponding to 
velocity u = F — -j = jF - au' , if o = - ; .'. vv = 2mi x 



ise. 

J 
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F — av' ; and i = ■ 



X = 0, let 1 



w 



, where 



Also r = t 

V 



X hyp. log. 
= ~ X IW- log- 
.-. T = 



v" + corr. When 
6' - & 



I 



2ma X 6' - 
+ corr. When 7* = o, let « = t 



X hyp. log. 



.'. T-. 



Amab 



hyp- 'og- i^rr, - ^yV' i^g- fe^r-c • 

If the body descend from rest, in correcting the fluents, 
V must be assumed = O. 

(igi-) The first part of this Proposition will coincide with 
Art. 184, by taking the fluent without correction, and sub- 
stituting the proper values for a and h, and ^and r. 

Thus, X = . X -. ; .•. X = X hyp. log. 

i' — v' + corr. Let j: = 0, and v = 0, or the body descend by 
the force F, its comparative gravity ; then, x = — x 

hyp, log. — J- — . Hence, if e be the number whose hyperbolic 

logarithm is 1, we have e'*"" = — j^ . 



3c' 



1 



Now for a write - , or -Ti , x - (Art. 172.), or -tj 

F 

, and for i" the fraction - ; tlien v" will : 



for F write 

l6m(ix^x l-e^;andv= \/'^""^: 

3 q 



n~ 1 



(192.) Phoposition. 

The same supposition remaining, let the body be projected 
directly from the center of force. To find the space and time 
corresponding to any velocity. 
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The retarding force in this case =F-i — -, and vv 

F+ ~ = - 2m j X F+'a, 
c 

; and x= 



3ma i' + w'' 



2 VI F+aV 
hyp. log. f+v' + corr. : 



6' + c' 



X hyp. log. p ; , where c is the velocity of projectioi 



Also, T = 



:. T= - 



I 



2ma i' + u" " 2mab^ 

culararc, whose radius is h, and tangent 11+ corr. Let this arc 
= N, Now if T= 0, v = c. Let the arc, whose radius is b, and 



tangent c = M; then T corrected = - 



<M-N. 



CoH. 1. To find the greatest height to which the body 
rise, take 11 = 0; thena: = 



X hyp. log. '^-n^ = by sul 



Ama 
Etituting the values of a and b', as in the Proposition, 

X hyp. log. — ^ . 

Cor. 2. To find the time, in which the body will loses 
its velocity, assume r = o ; then the arc iV = j :. T A 

amao' 

Cor. 3. Since the time in which the body loses its whole 
velocity varies as M, it varies as i x M; or as the sector of 
a circle, whose radius is b, and tangent c. (Newton, Lib. " 
Prop. 9-) 

Cor. 4. And the time in which the velocity is diminishet 
by the quantity c-v varies as M- N, or as 6 x M- N; that 
is, it is proportional to the difference of two sectors, who! 
tangents are c and v, to the same given radius b. 

(193.) Proposition. 

The same sup|Kisition being made, if spaces be taken 
arithmetic prc^ression, the whole force which accelerates or 



ir 01 

J 

that 
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retards, according as the body descends or ascends, will be in 
geometric progression. (Nevvton, Lib. II. Prop. 8.) 

I. By Art. 190, if the body be projected downward 

with a velocity c, x= x hyp. log. -r. ;; if it descend 

•' Ama ^'^ " i'-v' 

from rest, x= x hyp. log. -r. r . In either case, if x 

be in arithmetic progression, the fractional part of tlie expression 

is in geometric. Hence, since the numerator is constant, 

6*-f', or— -w', or F-av', or its equal F- -— : the whole 

a ^ c* 

force of acceleration is also in geometric progression. 

3. Let the body be projected firom the center, or ascend. 

Here (by Art. 192.) ;r= x hyp. log. of , ^ ; therefore, 

F rv' 

if d^ be m arithmetic progression, i' + y*, or — l-f', or F-\- -—, 

the whole of the retarding force is in geometric progression. 
1 

(194.) Phoposition. 

In general, let a body be projected with a given velocity in 
a resisting medium directly to, or directly from, a center of force; 
and let it be attracted by a constant foi-ce to that center. To 
find the space and time corresponding to any velocity, the 

! retarding force being supposed to vary as the vel.l'. 

,• I. If the body descend, the whole force of acceleration 



'F-~: 



vv=2mx > 



2m>,F-~ 



Also, 7' = 



2. If the body ascend, the whole force of retardation : 



2mxF+' 
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Also, 7- = *= ^^=.. 

The fluents must be found for the particular cases. 

(195.) These expressions may be applied to the descent of 
bodies in resisting mediums at the surface of the earth, by substi- 
tuting for F the fraction , which represents the force of its 

comparative gravity. An instance of this is given in Art. 18 



1 



SECTION III. 

Proposition. 



(196.) 
To determine the resistance of a medium, by which a 
when impelled by a given force F, acting in parallel lines, ; 
describe a given curve. 

Let jiBE be the given curve; BS the direction of 1 
force at B. Draw BP perpendicular to 
BS, meeting the axis ylS, or some given 
line parallel to BS, in P. Take BQ = 
s =1 the chord of curvature at B. Let 
JP = x, BD^x, AB = z,BC=i; and 
draw DR perpendicular to BC. 

Now a body must fall through |th of the chord of curvature 
by the constant force F, to acquire the velocity in the curve, 
whether it moves in vacuo, or in a resisting medium. For the 
resistance has no eflect in causing the body to deviate from the 
tangent; it only retards its motion in such a manner, that it 
may always bear a just proportion to the given force F. ~ 



nFs 
~ j2mFs 



= the wholi 



in the direction BC, in the time of 



mcrease 
describing 



of veIo< 
BC, 
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209 



a time = •• . Also, the increase in the direction BS by the 

force F in that time = 2mFi = — - . ■^; ; and this increase 
s/2mFs 

: the increase of velocity in the direction BC from that cause 

:: BD : BR :: BC : BD :: z : i; ,*. the increase in the 



direction B C= 



2mFi 



^2mFs z ■s/2mFs 



hence, the effect 



Fi- 2 Fi 

of the resistance = m x — y. — -^, the difference of these 

^ '2mFs 

increments ; or the decrement of velocity arising fix)m the 

reinstance = — m x — ■ Therefore, since ^oc the incre- 

^2mFs 
ment or decrement of velocity generated in a given time, 

r. Fi-'iFx 2mFz 

the resistance : the lorce r :: —mx — .- - : — 

^2mFs ^2mFs 

:: — - — : ] , by omitting the 

negative sign, which denotes a retarding force. 

(197.) To obtain an expression in terms of the abscissa 

and the curve. Let y = PB; then s' = i'+y', and *=-^ 



(Art. 101.) = 
■ _ 2xx' — i'+y' 



- ; therefore, if y be assumed constant, 

'-i'Jt , s-2x sx 
TT^ ; hence, — :— = ^ , 



Therefore, the resistance : the force F :: -^ : 1, the negative 
sign being omitted as before. 

(198.) Proposition. 

To determine the resistance by which a body may describe 
any given curve about a center of force. 

In this case, f is considered as variable. Hence, by making 
the same supposition as before, since v = v 2 mFs, v = m x 



^810 

Fs+sP 
>j2mFs 
direction, during the time 
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the whole increase of velocity in a tangentisl 
Also, the increase in 



^2mFs 



3mFx 



the same direction by the force F in the same time = — :- - j, 

as before; or if SB = w, since i=— w, this increase =- 

SmFv) . . 

- . ■ ■■- ; therefore the decrement of velocity, arising from the 



force F V, my. 



ImFs 
Fs-i-sF+^Fw 



Fs+sF+nFw 



s/2mFs ' ^2mFs " 2 

: 1, the negative sign being again omitted. 

Cor If the force act in parallel lines, or 5 be at a^ 
infinite distance, F is constant, and F=-0 ; therefore, in thii 
Fs + 2F'W S + 2W 



i 



case, the resistance : F 
S- 2x 



nFz 



I, the same proportion which was found in Art. 1] 

(199.) Examples. 

Ex. 1. Let the curve be the common parabola, and 
force act in Unes parallel to AS. 



i 



Here ax = y' i .'. aj; = 2yy; and ax = 2y^ = 2, if y be 
assumed constant, and = 1 . Hence, ii = O; also, z = 

/ 4x + a _ zx_ _ ^ a ^ 
a ' " 2x' ~ 2xr ' 



V-*y+a- 



(Art. 53.) = ^ 



or the resistance is nothing. J 

Ex. 2. Let the curve be any parabola, whose equation a 
a"~'x—y*, the force acting in parallel lines as before. 
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"^'■y"y' - and i = 



Here x = -^ — ^ ; therefore, x = 

a' ' 

•"^■"T^--^"-^'. Also, 



w'.V'^ + a'' 




therefore if y = 1, the resistance, or — ^rr, 

2x"' 2n.n-l 



F being assumed =1 



Cor. I. If n=2, the resistance =0. 

Cor. 2. If n be greater than 1, but less than 3, the 
expression becomes negative ; or the medium propels the body, 
instead of retarding it. 

Cor. 3. If n = 1, the expression becomes negative, and 
infinite; that is, the propetHng force of the medium is infinite, 
and the body moves in a right line. 

Ex. 3. Let the curve be a cycloid, and the force act in 
tines parallel to the axis AM. 



Let AM= a. The per- 
pendicular BQ = Is; there- 
fore X = - 5 J, and i = - 



Also, z : i :: AN : AP :: AM : AN :: y/ZTM : JaP 
a^x _ L .u : „ j-3i 



s 


y 


<^ 




r 


\ 






r 


h 


1/ 



;: o*^ : x*; 






hence the resistance, or 

13^ 



-= -2) 



./~AV_ iAN _ 
^ AM- HW" 



2AN 



- , the negative sign being omitted, and the force of 
gravity being assumed = 1 . The velocity « ^ BQ,. 




z :: BE : BC; .% 
- n^ , or changing the sign, the resistance 

3BE . , . 

= „T,f, ) gravity being assumed = 1. 



Cor. 1 . At A, BE vanishes ; therefore the resistance 
AtC, BE = BC; and the resistance : gi-avity :: 3 : 2. 
3BE=2BC, the resistance = 1, = gravity. 






Cor. 3. The velocity at B ex ^ BQ; also the resistance 

varies as BE. Hence, if the resistance be supposed to vary as 

V X the density of the medium, BE oc BQx the density; 

, , . , . „ BE BE AT , 

therefore, the density at if oc -j^^ oc j^ oc ^^ oc the tan] 

of the arc AB. (Newton, Lib. II. Prop, lo.) 

Ex. 5. Let the force tend to the center of a logarithi 
spiral, and vary as the dist. I*. 

Here F <x. w'; .: F oc nw'^'w; and the expressii 

Fs+sF+sFw c ^u -^ ■ V 

^ — rrr for the resistance, since 4 = u», becoi 

nFz 
tD'w + nWw+^w'-w _ n+3 
Sw'z ~ 2 

ratio, :: a 

n+3 



ts 



X -T . But w : z in a constant 
; /. — = 7 ; and the expression for the resistance 

. J 

the force tending to S being assumed = i . H 



Cor. 1. If n= — 3, or the force varies inversely as the cube 
of the distance, the resistance sO. 



ON RESISTING MEDIUMS. S15 

Cor. 2. If n be a greater negative number than 3, the 
medium propels the body. 

Cor. 3. If for J^we substitute w", then the resistance : the 

force w' :: T x 7 : 1 ; therefore the resistance = ■■ 

2 b 2 



a 



I 



m 



X T X w. 



ff^-l 



CoR. 4. Since the velocity oc ^Fsy or as 11? * , and the 
density of the medium varies as the resistance divided by the 

square of the velocity ; the density in this case oc — ^^ oc — .; 

Aerefore, conversely^ if the density of the medium oc ^ , the 

body may describe the logarithmic spiral^ whatever be the 
value of n. (Newton, Lib. II. Prop. 16.) 

Cor. 6. If n= — 2, then the force varies as — ; or J^ varies 
as the square of tiie density. (Newton^ Lib. IL Prop. IS.) 
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Chap. XXII. 



FLUENTS. 



SECTION 1. 

I 

(1200.) JlMLethods have been already proposed for finding, 
in certain caaes^ the fluent fix>m the fluxion. The following 
Chapter is intended to furnish a variety of Examples^ wi A Rules 
to fedlitate the openMlon. 

Rule. The fluents of such fluxions as are of the form 
I , ■ , where m is a whole positive number; and 

Aoee ci the form . , where r is a whole positive number, 

may be found by dividing the numerator by the dt 
in an inverted order. 

(301.) Flusmt 1. 

1. To find the fluent of • 

a+x 

x+a^ XX (x 
xx+ax 

— ox 



I ;-« ni 1 1 



x + a. 
Hence, the fluent is x-ax hyp. log. a+x. 

a 

XX 

3. In the same manner, the fluent ci 



a-x 



= -x-ax 



hyp. log. a — X, 



3. The fluent of =x+ax hyp. log. x-o. /7' 



P 1. Th 



r Th 



The fluent of - 



2. The fluent of 

3. The fluent of 



a+x 
x'x 
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Fluent 2. 

ax+a' X hyp. log. a+x. 



(203.) 



The fluent of 



psfi 



px^ pax' 



!- — -ax-a'x hyp.log.a-x. 

= — -\rax-+a''x hyp. log. x-a. 

Fluent 3. 
the fluent oi px : -x'x- axx — a*x 
pa'x + pa'x hyp. ic^. ; the 



last term being corrected by making x = ^o This fluent occurs 
in the problem for finding the content of the solid, generated 
by the revolution of the cissoid of Diocles aboi^t its axis. 

(204.) 
1. To find the fluent of 
positive number. 



Fluent 4. 

afx 

x~a ' 



where ?» la a whole 



' fjintiTiu 



x-a^x^i^iT 'i + ax"~'i+ &c. 



ax"~'x, &c. 



Continue the division, till the index of x in the remainder = o ; 
there are then m terms in the quotient, the last of which is 

o"~'x, and the remainder = . Hence, the whole fluent 

x~a 

= — H 1- &c. + a" X hyp. log. x-a. 

m m— I 

3. The series is the same for the fluent of — ~ , but 

x + a 
the signs of the terms are alternately + and - . 

3. The fluent of is found by dividing the numerator 

a — X ° 

by - x-\-a; and the signs of the terms are all negative. 
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(205.) Fluest 6.' 

1. To find the fluent of -; — - . 



- a*i 



tf + x' 

** . ■ . — - 

Hence^ the fluent = x — ||f circular arc of radius a, and 

tangent X. 

rw A ^ X*X H • 1 fl+JT 

2. Ine fluent of -^ ; = - x+ - x hyp. loe. — =— . 

3. The fluent of -r ; =0? + - x hyp. log. — ; — . 

4. In the %me manner, the fluent of , , , . &c. can 

ax X 

be found. 

(206.) Fluent 6. 

1. To find the fluent of -r- — r, where m is an even posits 

a*+X* ^ 

number. 

The numerator divided by the denominator, in an inverted 

order, = sf^^x—a^af^^i + a^sf^^x - &c. ± a**^i =F-r -, 

Ass 

the number of terms in the quotient being — , and die 

. - a**x , . a ixT"^ a*sr^ 

remamder =p -; ;; hence, the fluent = 



a^ + x* m-1 w — 3 

+ &c. d= oT^x =F rf*"* X a circular arc of radius a, and tan- 
gent X. 

a^x 
2. In the same manner, the fluent of -z , where m is 

an even positive number, = &c. + x 

wi— 1 m ~3 3 

, 1 o,+x 



i 
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3. The fluent of -; r, determined in the same manner. 

has all the terms positive ; the remainder is — - x h5rp, log. 



x-a 
x+a' 

(207.) Fluent 7. 

1 . To find the fluent of -^^ — 1 . 

a +x 

The numerator divided by the^ denominator in an inverted 

O^XX X* CL^ 

order, gives xx ^ 5 ; and the fluent = — — -- x hyp, 

log. a^+x\ 

2. The fluent of -^ 5 = —■ x hyp. log. a* - j?% 

nj^ 2C X* CL* — ^— — 

3. The fluent of - , ^ = -— + -- x hyp. log. x^ — a'. 

X ~~ a 2t ^ 

4. In the same manner, the fluents of ■ 1 ■, , , , > &c. 
can be found. 

(208.) Fluent 8. 

jf^x 
1. To find the fluent of -r-: — -, where m is an odd number. 

Tlie numerator divided by the denominator x' + a' gives 
^c'^^x -- d'af^x + a* x^'^x - &c. d=a"*^xi, the number of terms 

being — T — , and the remainder =?= , . \ ; so that the fluent 



IS r- + &c., ± — - — • =p the remamder 

m-1 w-3 2 2 

X hyp. log. a^+x\ 

2. The fluent of -r is obtained in the same manner; 

a -x' * 



but the signs are all negative, and the remainder is 



m— I 



X hyp. log. a* - x\ 

G G 
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' - a" 

hyp. log. a?' - a". 



t209.) 



Flue»t 9. 



1 . To find the fluent of — , where r is a whole positivftj 

number. 

Divide the numerator by the denominator ; the quotient in 

a;''"'""~'i' + o°'J''""'~^™"'.r + a*"'x'^"~''°~'i4- &c. Let the divisio 
be continued for some number of terms as p ; then the last ' 



and the remainder is ■ 



could be found, and it is evident that the division may 
continued till it is. Assume, therefore, rm- pm~ I =m-l; 
then p = r- I, or the number of terms in the quotient is r - 
Hence, the last term is a"""^j7"'~'i', and the remainder 



J 



therefore the required fluent = 



rtn— 2nt rm ~ 3m 
X hyp. log. x^ - a' 



+ &c., + . 



1-m — m 
+ the remaindl 



2. The fluent of - „, -— ■ is found in the same manner, 
this case, the terms are alternately positive and negative; ^ 
otlier respects the fluents are the same. 



3. The fluent of —- 
4. Tlie fluent of 



— has all its terms negative. 

of J X 



t^hx"" 
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same with the preceding, •? being substituted in the result 
for cTy and the whole series multiplied by the fraction 7 • 

(210.) Fluent 10. 

1. To find the fluent of . '^, x yir. 

c+by* ^^ 

This quantity = ,j^ , . Divide, in an inverted order, 

, . rcyy 



bc+rc yy 
—J— ^ bf+c' 

Hence the required fluent —f. ^ ^^ +f. — r — x ± \\_ 

2. If the fluxion be — ^ — xyy, c = ar% and & = «-r; 

ar'*+a-r.y^ 

therefore, the fluent is — ^ + ^ x hyp. log. y* + 



3. The fluent of "^±!Z' ^ ff-^+ M^ x hyp. 
log. y+ 



a+r 
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SECTION II. 

Rule. Many fluents may be found by dividing the given 
fluxion into two parts, and considering it as a rectangle. For, 
since the fluxion of xy^xy+yi^ the fluent oi xy^xy—f.yx. 
In these cases, the variable quantity without the vinculum, is 
divisible by the fluxion of that under the vinculum. 

(211.) Fluent 11. 

To find the fluent of - x'x x .^oT^^^. 
Let ^a^ — x^x -a:i=y, and x' = sj ; then the given fluxion 

= xy; and its fluent = ^y — f^Jf^^ -r x a*-x*]T — - x f. xx 

> .4. 

x.T^T= i- X flF-l?]^+ ~ X a'-'X^V^z ±J1— !« + 

3 15 / o 



2a'-2cr' ^i 3x' + 2a* — ^.4^ 

(212.) Fluent 12. 

XX 

Required the fluent of 



^a+x 

This =:xjrx a+xT^. Let a+3 ^xx=^y; then xy=: the 
proposed fluxion; and the fluent := xy-f. yx = a + xY 
X ^x- J\ a-i'xV X 2x= a+^r x 2x- 5 x a+^r = a+xV 



4a + 4x a+x\^ X 2x-4a 
X 2x f = — ' — 



(213.) Fluent 13. 

1. Required tlie fluent of , 

Assume o+jy ] x Jf "'i =.v, aud bj^-z. Then the fluent 
of sy = xjy - /. ye = bx' x ^ x «+/.r-r - ^- ^ / a+Z^'f 



By the same Rule, 



3. The fluent of - 



and a' = a. 
— .T* x X* + 4 a* J* - B 



Here assume a*- ,t']~^x -xd^if, aiKi.r' = a. 

4. The fluent of a + cz")" x tlz"^' z = '^^"+'^~°^ 



• — ; — — ~ • — =^ . Assume a + cz") x z"~' i = y, and 
m + 3 m+l.m + 2 ' 



SECTION III. 

ON COMPARISON OF FLUENTS. 

This is the method of deducing one fluent from another. 
It is not easy to lay down rules which will answer in every 
case where this method may be applied ; but the general prin- 
ciple may be explained in the following manner. 

Rule. Assume some quantity in the form of a rectangle =;); 
and of such a nature, that one part of its fluxion may be the 
fluxion of some known fluent, (as j1); and the other part the 
fluxion (iV), whose fluent is required. Put this equal to p; 
then since N = ±p±A, N itself = ±j}±A. 

The most general method of making this assumption, and 
fthich obtains in many of the following fluents, is this. Divide 
the quantity without the vinculum, by the fluxion of the 
quantity under tlie vinculum; omit the constant quantities, and 
put this quotient = p, having first increased the index of the 
whole quantity under the vinculum by I ; and proceed in the 
manner stated above. In other cases the method will best 
appear by the Examples. 
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(214.) Fluent I4, 

Given the fluent of 



fa'^+x' 



Assume X x ^i^ + x'=p 



(Fiuent^43.) ; required 



IX X X 



or, multiplying the numerator and denominator of the first part 
a'x-^x\T-{-x\v . x't p 



hy s/a^-^-x*, we have ■: -■ ■ - -■ — = p; 

T^:^= : and the fluent =i ~ f- — 

ax^a' + x' 2^2, 

- 5«'Jlf hyp. log. x + ^/a^ + x'. 

(215.) Fluent 15. 



1. Given the fluent of - 



fluent of - 



y-' 



; (Fhient44.); requii%d I 



Assume x x y/a'-x' = p ; tlien, by taking the fluxion of tfa 
rectangle and reducing it, .■ — = — - ' - _ t . ,j|j ^ 
required fluent = 



a' - x' 3^0* - 1" 

X a circular arc of radius a} and i 



/ This 



jcx ^a'—s* 



I Buent is used in Biiding Uie area of the conchoid 
Nicomedes. 

2. By a nimilar process, the fluent of , ^ -I 

^x*— a* , 

3 + ; "■ X hyp. log. X + V •'■-«'■ 



(ai6.) 
. Given the Buent of 



Fluekt i6. 



/ .. . (i); to find the/: , . 
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Assume ofi x s/^FT^ =^p ; then, by taking the fluxion and 
reducing the expression, we have . = £ ^ — ; 

^. the required fluent = x* x '^ — j- x^. 

4 4 






2. In the same manner, if the fluent of ' . (B) be 

given, the fluent of . ■ ■ = — x B ~ . 

nja^-df 4 4 



x^x 



3. If^e fluent of - . (C) be given, the fluent of 

^^ x'y.sJlF^ 3a' ^ 



V^F-^* 4-4 X 

3b X ofx 

A. And it is evident, that the fluents of ■ , , , , " 



af^x 
— p===, where n is an even number, may be determined by 

knowing the fluent of the fluxion, which immediately precedes 
it in that series ; and substituting p as before. Thus, if the fluent 

of ■ . =iJ be given, the /. — ^ 

n — 1 .a* „ 

— X B. 

ft 

(217.) Fluent 17. 

1. Given the fluent of xx x ^/a*+? (D) ; to find the fluent 

x^x 
of . /» , where the index of x is an odd number. 

————— x^x 

Assume a?*x^/a*+a?*=jp; then 2ari x v^+^ + —7==^ 

Sip. In this instance it is not necessary to reduce the first 
nart, as in the former cases ; for we have at once / =ji 

— 2-6; /. the required fluent =|>-2jD=x*x V^* + ^* *" 



2D, where 2>=—~'- . 
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2. In the same manner, the fluent of — p= = 32J— 



«* X /^a*-x*, where Z) =y. xi x ^/a*-jp* = — ' . 

This fluent is used in finding the content of the solid 
generated by the isolation of the conchoid about its axis. 

3. And the fluent of . =:x' x v a?*- a*^2Dy i^rtiere 



i>=/. xix -y?^=r» = ?3\ 



(218.) Fluent 18. 

I 

1. Given the fluent of ■ . ^ (JE) ; to find /. — ===. 

Assume x*x vaM^=/?; then, by taking the fluxion and 
reducing it, , ^ - = ^— -f-£l; and the required fluent sr 

x^Xy/aT+x^ 4a* ' 
^ -^r- ^ ''^^ 

5 5 

X^X x^x 

2. Thus also, the fluent of . ^ > and of ■ .' , 

may be found. 

x^i afix 

3. In the same manner, the fluent of . . , . . > 

xf^x 
&c. . . may be determined, where w is an odd number, 

by knowing the fluent of the fluxion, which immediately jpire- 

ar-^x 

cedes it in that series. Thus, if the fluent of • ", r= E 

be civen, the fluent ot y = r-^^ ^ , 

x £. ^ 



■t» 
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(319.) Fluent 19. 

1. Given the fluent of r—— it') ; to find the fluent of 



^a+x 



Let « X vo+x = jt> ; then — — =- = P ; ^^^ 



2 



^a+x h/^+x 



= -:^ - — ==; and the fluent = -^ :r >< ^ 

^ s/ a + X 6 6 

3 3 

3. In the same manner we can find the fluent of 



and the fluent of 



is/a — x 

XX 



(230.) Fluent 30. 

OCX .JLh. 

1 Given the fluent of - (Or); required the fluent of 

a^x 



s^q+x 

Assume ^x ^/a+x =p; then, taking the fluxion and 



«S/A 



x'x 2« 4axx 

reducmg it, ■ >= = -r- j ' » *"^d the fluent = 

y/a+x 5 bxts/a+x * 

3. In the same manner, if the fluent of ■ ,. (^ ^ 

y/a+x 

a!^x 3 

given, the fluent of = x a^ X s/a^fx - 

y/a + x 2n+i 

3n+l 

-.^ ^^ 

3. Thus also^ the fluent of «-^==i may be found in terms 

y/a'^x 

cf )», and the fluent^ which pre(^es it, in the series. 

H H 
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4. The fluent of ,^^ by this method, = ^"^^J^ ° 
+ 3 

If .^JB be a quadrant^ and C the center of the circle, whose 
radius is a^ and versed sine x^ the right sine a 

DE = Ay2ax-x^. Hence, the fluxion of the 
area AED=i x j^2ax-x*; and the area AED 
= the fluent of i x ^2ax-x*. 

(221.) Fluent 21. 

Given the fluent of i x sj 2ax-x^ (/T) ; required the fluent 
of XX X ^2ax-x\ 

Assume 2aa:-a?*| =/?; then - x 2ax—2xx x ^/2aa:— i^ 
= p; or, 3 ai X ^/2ax^^- 3 xi X Ay2ax^^^=jp; .\ xx x 

Mj2ax-x'^ax M— ^; and the required fluent = ax iJ- 

2ax-j?*| 

3 • 

(222.) Fluent 22. 

1. Given the fluent of xi x fsj2ax''X' (/) ; required the 
fluent of a:*i x a/Sax-x'. 

Assume a? x 2ax--^^=/? ; then, by taking the fluxion and 
reducing it as before, 5 a /- 4 op'i x ^2ax-x^ =p ; therefore 

the fluent of x'a: XV 2ajp—«^=~- xi ^. 

4 4 

2. In the same manner the series may be continued ; and 
if the fluent of af'x x sj2ax'-'X^ (/) be given, the fluent 

r ^ • / o^^ ^ 2n+lxa/-x*^'x2ax-ar'| 

n + 2 
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(333.) Fluent 23. 

1. Given the fluent of ■ {K Art. 43,); required 

s/2ax+x* 

the fluent of ^^ 



^2ax+x^ 

. r 1 ai+xi . xx 

Assume A/2ax+a:*=;>; then ; =f ? .\ 



^2ax+x* ^2ax+j^ 

==p - a jK"; and the required fluent = ,y2ax+x'- a x K. 

•■ • 

3. Thus also, if the fluent of — ' be £nven, the fluent 

1 * 

of . = may be founds by assuming x x ^3ax+x* =/>, 

and so on to any fluxion of this form. If the fluent of 

oT'^x x^2ax+x* (A) be given, by assuming a;^" x ^2ax + x* 

1 1 ^ ^ ^x jf "■ X f^2ax+x^ 
=», we have the fluent of ^ = ^^^^ ^ — 

^J2ax+x* ^ 



X A. 

n 
3. In the same way the fluent of ■ , = (Art. 43.) being 

XX 

given, the fluent of — may be found ; and the series 

^x'-2ax 

may be continued to 



s,Jf3i^—2ax 

4. If the fluent of — (K) be given, by assuming 

^x*''2ax 

«•"* X »sj 0^ - 2ax = /I, the fluent of 



fj 3^ -^ 2ax 

:ii 1. : — X K. 



n n 

5. The fluent of - being ^ven (Art. 44.), that 

|k iZ^X X^X Q X^X m t M ' « 

of . =, ■ . = , &c., '' sr may be obtained 

i^2ax'-s?' sj2ax'-di?' /^3aj?— X* 

by the same method of continuation. 
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XX 



The fluent of ^_i_. found by this method s a circular 
arc of radius | a, and versed sine x, — ^Jax^lF. 

6. Jf the fluent of . i (iiC) be given^ and «•"* )< 



ai^i 3n-l 



Jiax^T^ = p, the fluent of . : = x«A^-^ 

^ sf^ax^a^ n 

n 

7. The fluent of - by this method = -— x a dr- 

cular arc of radius } a, and versed sii\e a:— — 

-J- X >/ax-x*. This fluent is used in finding the area of 
the cissoid. 

8, Thus also the fluent of iX\/ x-g being ^ven, the 
fluent of XXX V«-«, x*xx^/x-a, &c., x^xx ^x— a c&n 
be found. 

If the fluent of x^'xx^x-a (A) be given^ by assuming 
x* X X— a] = />, the fluent of x*ix x »Jx^a is found =: 

9, And, given the fluxion of xxx-al", the fluent rf" 

XXX x-flfl" the fluent of x'xx x-ar, &c, x^x x aT^ol* may- 
be found. 

10. If the fluent of x— xxx-o]" (if) be given^ by- 
assuming x^xx-a'**^*=/>, the flurat of x^xxjT^* vrill be 

^ , x'xx-al**'+«aif 
found = — — . 
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11. By the same mode of continuation, the fluent of x*i>c 
sja ^x, and of x •i x a t x) may be found. V 

Lemma. 

If GP^x, and GE^r, EF=z2x 

s/r^ — x^l and the fluxion of the area 
ABFE = EF X the fluxion of G P 

Cor. - The fluent of 2x x ^^r'-x* = 
the area ABFE. 

(224.) Fluent 24. 

Given the fluent of i x ^r'-x* {A^ to 6nd the fluent of 
:fx X ^r* — a?\ 

Assume ar X r* - af] =jp; theni xr*-a?'| -3x^x x s^r^-x^ 

^pl that, is r'i - 4«*i x ^r* - a?*= p; •*. a:*ix^r*-x' =3 -7- 

o T*A^^p 

x\/r*-x*-t- ; and the fluent = — --^ . When x = 0, 

4 4 

|i=0; •*. no coirection is wanted. Also, when x=sr, p=^Oi 

.*• the whole fluent between the values of x s and x = r^ if 

r^A r* r* 

-J— = -J X I the semi-circle BCA 3 -^ x the area of the whole 

r* 
circles -gx;>r*, where /?=3. 14159, &c. 

Cor. 1 . Hence, between similar values of x, the fluent of 
4x*x x i^r*— x^ = —xpr*. 

4 

Cor. 2. Between the same values of x, the fluent of 4a*x x 
j^r^^a^+4x'x X .^/P^^^^= 2a' x the area of die semi-circle 

ACB, + J X pr^^a^ "*" "4 ^ ^'"** 
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This fluent occurs in Ex. 9. Chap. xi. where it is required 
to find the center of oscillation of a circle. 

(225.) Fluent 25. 

Given the fluent of Jp*i x *yr'— a:* (B); to find the fluent 

Assume x^ x r*—^^ = p ; then 3a^x x r*-«* x i^r^—s^ - 
3x* ix Vr*-*^ =p, or 3r»5 - 6 C = p, /. C= g ^ = 

3r^B-^x^^^*. 
g 

In the same manner if the fluent of xT^x x s^r*-3f^ (JO) be 
given^ where n is even, the fluent of j:*x x ^r*-a:* can 

be found by assuming x*~* x r* — x^^ = />; the fluent = 

n + 2 
Cor. Hence the fluent of i x r*— jc^f, or the fluent of r*x 

x ^/^^^3?-/; x*i x Vr*-x^ = r^ x area ^GPJS - - x 

AGPE^ ? = — X vredLAGPE-i 

4 4 4 

This fluent is used in Cofces* Problems, to compare die mo- 
meitum of a sphere and circumscrilMng cylinder revolving 
round a oommon axis. 

(226.) Plukkt 26. 

1. Given the fluent of xx x v^oM^ {L), to find the 

flu»t of 4f*X X >/fl?+F. 

Assume x* x7+x^ = />; .*. 2xx x a*+x^ x^/^T? 
+ 3x»xx >/a*+x* =jii .% 2a* iL +2x»xx V«* + «^ + 

5x'ix.J7F^=p; .\j'xx.y7n^^ ^^^ I and the 

required fluent =s L ^ 

9 



area 
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3, In the same manner the fluent of x* i x ^/7F±l?, x'xx 
^a* =fc x% &c. may be found by means of the fluent which 
precedes it in that series. 

(227.) Fluent 27. 

1. In general, given the fluent ofx^j^i x j^a*+a^, {M) ; 

to find the fluent of aj^i x s/cF+s?, where n is an odd 
number. 



Assume a?""" x cF^l^ = p, then n - 1 .a?*-*i x a' + ^» x 
^a'+x* +3ari X ^d'+x* = p, orn- l .a*J!/+ n + 2X j;^i 

^d*+X!^ =p, & the fluent required = lHUl, 

2. The fluent of jf i x a/^ i o^ ni^iy be found from similar 
data. 

(228.) Fluent 28. 

Given the fluent of a+cx"| x rf«***i; (L) ; to find the fluent 
of a+czT X d^"z (]ii). 

Assume a+c«*j'""*" x dzn^p; thenm+l x nczr^' z x a+csri"" 

X dz" + ndz'^' z x a+czr\^'^' = p, or m+ 1 .ncdz*^^ z x 

^a+c?r + nda^'^z x a+cz"]'^ + ndcz^^' zx a+cz']'^ =p; 

that is, by collecting the quantities m+2 x nc M+naL =zp; 

p-naL , o+ci^'^'xrfa;* 

/. ilf = =T=r= — y or the required fluent = — == 

m+a.nc m+2.nc 

a ^ a + c2"]"*+* X d 



m+2.c m-hl.nc 

(229.) Fluent ag. 

Given the fluent of a+cz'^f X dz^^^ z (M) ; required the 
fluent of o+c^"* X £?« *^' i (iV^). 

Assume a + ciKi*""*"^ x dz^ ^ p; then by taking the fluxion 
and reducing it, as in the last case, we get m + 3 x ^c x Nz=p 
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- 2anM; .•. N, of the fluent required, =r ^ ■ 

911 + 3 .-WC 



kM-M 



a+cz""] >cdz^ 2a 

== - == — X M. 

m+3.nc m + 3.c 

In the same manner the series of fluents may be continued 
to Il^csF] X rf«"*-* i, where r is a whole number. 

For another method of finding this fluent, see Ex. 7^uiider 
Transformations. 

(230.) Fluent 30. 



Given the fluent of o+c^ x ^'^'i (P); to find the fluent 
of. a + c«^r X z'^+^-'i (Q). 



Assume a + €«*•] x «"• =r p ; /. m + 1 . nc«*-*5 x 
a + C2"|~ x «"• + nr X a"TcF x a + ca**]"* x »"^i = f ; 



that is, m + 1 • nc • Q + narP + nrcCi =pm + rH-l.iic 

m + r + 1 • nc 

(331.) Fluent 31. 

Given the fluent of P as before ; to find the flaeot of 



>•»•!> 1 



Assume a + ca") x 2"*^ = /> ; ••• m + l . ftcx**'i X 



that is, m + I • ncP + rn-it.ax jR + rn — n . cjP =:p; 

. ■ ^ ^ •- P— ift+r.ncP 

or, m+r.itcxP+r- I .iia/C = »; .*. Jc =: ^ - — 

r-l.nfl 



kflt-M 



o + can X a*^"" — m+ r . wcP 

r— I ,firt 
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(233.) Flujent 32. 

Given the fluent of a + a^r x x™*""'* (^ ; to find the 



X z'^^p; t 



Assume a + cz^\ x z'^^p; then m + l.wc2**~*i; x 



a+cz^ X z"' + nrz'^'''zx a + c^ =p; or, m+1 .ncx 






(233.) Fluent 33. 



Givto the fluent of a+c^\ x «"^-*i (F) ; to find the 
fluent of a + c;s-l"^' x ;2"-^2 (^). 



Assume a+7i^ x «"*"*•=;?; .*. mcnz'^'zx a + csT] x 
x"*^ + r«-n.z'^''"'^*i xo+c^ =^; or, mcnff^+rn-^n 

F> • • f XT ^ - rn-n . V a+ci^ x 2"*^ - rn^^^. f^ 
X f^= ji ; /. W^ = — • 



men men 



(234.) # Fluent 34. 

Given the fluent of a + cz""^^ xz^^'z {X)\ to find the 
fluent of TV^^'x sT^^'z (F). 

Assume a + cz^'X x z^ ^ p\ /. wt + 2 . nc«^*i >c 
a + cx**) X 5;"* + rw2"^*2 X a + ciz" X a + c^'*] = jp ; 
or, m + 2 . ncK+ rnaX -{- rncV = p; :. m +r -{^ 2 .ncx 



m+« 



p — rnaX a + c^"! x ^ — rnaX 

r^P^rnaX, :. r= ^ ^ = =T=T=S • 

^ wi+?'-t-2.nc m+r+ 2 .nc 

(235.) Fluent 35. 

Giren the fluent of a + cz^f"*' x «^^'« (£f) ; to find the 



fluent of a -»- czi x ^s'^-^-^i (^). 

Assume a + cz""] " x s;"*"^ = p; .% mncz'^i x a + cz''] 



' »i-i 



234 FLUENTS. 



X z"^-^ + rn -^ n x x*"*""^** x a + c«* x a + c«"l 
= p ; or, mncir + rn ^ n . a A + rn - n.cZ si p; .\ A ss 
p-m+r-^ 1 .ncZ _ g + cg^Tx g^'^->»+r- 1 .ncZ 
rn-n.a r— l.«a 

(336.) Fluent 36. 

Given the fluent of a + c^] x z^'i (B) ; to find the fluent 
of a + cs^f X «'+•« (C). 

Assume a + c^ x z^^ s j^ ; then taking tlie floxions, 
m + l .nc. C+r + l .aB+r+1 .cCtsp; .\ mn + n+r+l 

. _ ;>-r + 1 .aB 

X cC = p - r + 1 .aB; /. C= 



mn + n + r + 1 .e 
mn+n+r+l .c 



(337.) Fluent 37. 



Given the fluent of a+c«"| x g'^%(C) ; to find die floent 



of o+cj?) X «'«(!>). 

Assume a + cs^] x z*^"**' = /i; then m + 1 . ncC + 

"TT ri -;i . n « + Wl x g'+'-m+l .«cC* 
r+l.I/=p; .•. 1/=: — — . 

(338.) Fluent 38. 

Given the fluent of a + cx") x z^'z (A) ; to find the fluent 
of a+cxT X «^-i (B), and of a+csrf^' x g^^i (C). 

Assume a + cs^r'*' x s^^+V = /> ; then m+l . nc»'''»*i x 
a+c«*r+ r + I . z^i x o+cpl = p ; or, m+l , nc^ + 

'^ m+l.nc 
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Abo, C=3fix a+ca"|***ssax'xx a+cxT + c*^^ x 

c m+l.nc 
; .\ p-r+l.C^m+l.nC-m+l .naAi /. C = 



p+m+l.naJ _,„ -^ C^aA p-^-m + l.naA 

. . . : — . Whence B = ■ =« ^ 

r+l+mn+n c r+l+mn+iixc 

aA 



Cor. By increasing m each time by 1^ and r by n^ the 
fluent may be continued as &r as we please. 



SECTION IV. 



ON THE TRANSFORMATION OF FLUXIONS. 

Rule I. Many fluxions which are not of the common 
finrm^ in Art. 39., may be reduced to that form by a transposi- 
tion of the variable qiantitjr^ and the fluents found by that 
Rule. 

(239.) Fluent 39. 

X 



To find the fluent of 



Since a*-a?*=:x*xa*a:"*- 1 ; .*. ^/a^-a^zzxx y/a^x"*^ I ; 



bence 



X x'^x ^^± 



' = — = x'^^x X a*a:"*— ll ; and 



the fluent ^ . — . 

— 3a^ a^x 

X 

In the same manner the fluent of ^ : -■ 
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(240.) Fluent 40. 

To find the fluent of ~^ 



ax 



Since a» + a* := a^ y. a»a?-» + 1 ; .-. ■ ♦ = aar^i x 



^V=Mll-S knd the fluent = ^^±1] =. ■■ \^ 

This fluent is used in Prop. 1., Art. 135., on the Attraction 
of Bodies. 

The fluent of \ = 



a* - x^\ ax /^a* — X* 
And by the same process^ if a=l, we have the fluents of 



y and of 



(241.) Fluent 41. 



1 
To find the fluent of «'^*"'^ 



Since a + cz* ^ z* x az'^'+c; .\ A^a + cz'' = z^x /^/aPN^» 



and the given fluxion = «"*~*i x az'^'+c]"^ ; and the fluent 

2 ^a+c^ 

na ^5 

The fluent of ^^L = - -^ x JIEH.. 

Ja-CT!' na : 

(242.) Fluent 42. 

To find the fluent pf ^x >/«'+«' ^ 

Since a» + «» = x» x cFlF^TT; :. ^^ V^'^^* =ar»iX 



^a*3r*+ 1 ; and the fluent = - -— xa'+ar*!* • 
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Rule II. If the index of the variable quantity without the 
vinculum increased by 1 be some aliquot part of the cor- 
responding index under the vinculum, substitute for that 
power of the variable quantity, which is obtained by dividing 
the index under the vinculum by the number which expresses 
the aliquot part. 

(243.) Fluent 43. 

XX 



1. To find the fluent of 



Vfl*-^ 



Let y = x% and a* =6*; then the given fluxion = ^^ ■ , 
and the fluent = ^ x circular arc of radius h, and sine y. 

XX 

2. In the same manner the fluent of . = } hyp. log. 

ss/a^+x^ 

XX J 

3. And the fluent of , ^ ^ = J hyp. log. y+Vy'-**' 

^ar—ar 

(244.) Fluent 44. 

To find the fluent of ** * 



^ c'±z' 



1, Assume c*=a; and «*=«; then »* %= ■— , and the 



2 . 



fluxion ^ is transformed into -■ ; of which 

the fluent is - x hyp. log. ar+\/^'+*'- 
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(240.) Fluent 40. 



To find the fluent of 



ax 



^^T 



ax 



Since a» + a?" = x» x a»ar' + 1 ; /. , ♦ =s aar^i x 

a* + x*\ 

I 

a*a?-*+ll"*; knd the fluent = ^'^"'"^^^ ^=: ^ 

This fluent is used in Prop. 1., Art. 135., on the Attraction 
of Bodies. 



The fluent of 



a* - x^] ax /^a* — X* 
And by the same process, if a=l, we have the fluents of 

» = —7=, and 01 * = , 

(241.) Fluent 41. 

1 
To find the fluent of ^"^"'^ 



A/a + cjK* 
Since a + ca" = ;s" x ««"""+ c; /. „Ja + cz'' = z^x aJIl^F^, 



and the given fluxion = «-"~*x x o^^+c]"'^ ; and the fluent 
^ 2 >yfl+cg" 



na 



1 



The fluent of X^L = - — x iZfLlfl". 

II 



Ja-c^ na 



(242.) Fluent 42. 

To find the fluent of ^xV«'+^ , 

Since o» + a» = x» x a»a?-»+l; /. ^^ nA»*+^* =ar»iX 
s/a'ar^+l ; and the fluent = - — — ^ xa"+^l*. 
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Rule II. If the index of the variable quantity without the 
vinculum increased by 1 be some aliquot part of the cor- 
responding index under the vinculum, substitute for that 
power of the variable quantity, which is obtained by dividing 
the index under the vinculum by the number which expresses 
the aliquot part. 

(243.) Fluent 43. 

xi 



1. To find the fluent of 



y/a'-a^' 



Let y = x% and a* =6*; then the given fluxion = —~==l^ 
and the fluent = ^ x circular arc of radius h, and sine y. 

2. In the same manner the fluent of . = } hyp. log. 

» 

3. And the fluent of .— = j hyp. log. if+y/jf*-b\ 

(244.) Fluent 44. 

-— ' . 
To find the fluent of *' * 



V c" ± «" 

« " i«-i 2i 

1, Assume c^=a\ and%*=x; then x* ^"^ '^ ' and the 

3 . 

-"-■• n* 

fluxion ^ ^ is transformed into - ; of which 



the fluent is - x hyp. log. «+V«f'+*^- 
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(240.) Fluent 40. 

To find the fluent of —^ 



» • 



ax 



Since a» + x^ = ^ x a*x-* + i ; /. ■ . 4. = air^i x 

1 



0*0?-*+ 1] "'^ ; and the fluent = _ . 

« aycsJa'+3^' 

This fluent is used in Prop. 1., Art. 135., on the Attraction 
of Bodies. 

The fluent of \ = 



a* - x^\ ax /^a* — X* 
And by the same process^ if a=l, we have the fluents of 



, and of ; 



(241.) Fluent 41. 



1 
To find the fluent of «'^*"'^ 



Since a + c^i" = ;s" x a«'""+c; /, A^a + cz* = z^x >/aPH^» 



and the given fluxion = «"*""*% x a«'""+c]"''^ ; and the fluent 

— — —_ i^ -^^ — ■■ 

wa ^5 . 



1 I 



The fluent of -p^ = - — x J±zS£. 

(242.) Fluent 42. 

To find the fluent pf- ^^ V^'+^ , 

a:* 

Since a* + «» = X* X a'a:-»+l; /. "^ ^ \/f+^^ =arH% 
^oV^HT; and the fluent = - — — - x oH^^ . 

*3 CL U/ 
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Rule II. If the index of the variable quantity without the 
vinculum increased by 1 be some aliquot part of the cor- 
responding index under the vinculum, substitute for that 
power of the variable quantity, which is obtained by dividing 
the index under the vinculum by the number which expresses 
the aliquot part. 

(243.) Fluent 43. 

XX 



1. To find the fluent of 



v«*-^ 



Let v = x% and a* =6*; then the mven fluxion = — _^ . 
and the fluent = — r x circular arc of radius h, and sine y. 

XX 

2. In the same manner the fluent of . = } hyp. log. 

3. And the fluent of , ^ ^ = i hyp. log. tf+^y^^b\ 

(244.) Fluent 44. 

if-, . 
To find the fluent of ** ^ 



^ c'dzz^ 



» " i*-" 2i J , 

1. Assume c^=a; and%*=x; then z* *= *;^' and the 



— fi — I , *** 



2 . 

-X 

fluxion ^ ^ is transformed into -- of which 

2 
n 



2 f 

the fluent is - x hyp. log. x+^/a'+xr. 
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(253.) Fluent 52. 

X 



To find the fluent of 



a+x\* X ^/a'— a?' 



Let JL = y ; .•. -y = == ; and a+x = - ; .'. ar = 
a+x a + x] y 

: - a and a?* = + a ; •'. Ja^-x^ = V — - «. = 

y y y ^ '' •* 

2/£^^^z2; ... the fluxion = ,"^^ = 
which is of the same form with Fluent 19* 

(254.) Fluent 53. 

%% 




To find the fluent of 



a+zf X s/a^ + az+z^ 



a* . a*- ax a-x 

Let a? = ; then z = = a x ; .*. « = 

a + z X ^ 



a*i . a^x X a — X 



^, ; zz = ; ^a + az + z =z ^x 

>Ja*^ax + 0^' ; .-. the given fluxion = . = , 

a* X 0^0^— ax + IT 

of which the fluent is found in Fluents 82, 83. 

In some cases it is useful to substitute not for the reciprocal 
of the denominator^ but for the denominator itself. 

(255.) Fluent 54. 

To find the fluent of - — . 

x—pi*' 

Let x-p = z; X =: z + p, and x zz z; hence the given 
fluxion = ^'^'+/'r + ^^ = (if Lp+Af= 6)^±i+*.* = 
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— + ^; whose fluent is L x hjrp. log. z — = L x h)rp. log, 
b 



X— /I — 



(256.) Fluent 55, 

azz — Sazi^z 



To find the fluent of ,, 

Let 1 + 2* = J? ; then z* = x — 1, and z* = x' — 2 j? + 1 ; 



XX X ^ . X 



.". 2*i = — — - ; also zi = -- ; and 1 + 2*1 = a?' ; /. the 
2 2 2 

1 . Sa . . 3a 
-ax — — X XX + — X x 
^ . 2 2 ^2 2ax 3a« 

given fluxion = ^ =_«_.; 

J .1 « ^ 3a a 3a a 

and the fluent ss -. = 



2x X' 2 X 1+2* l+zM* 

Rule 4. The given fluxion may frequently be reduced to 
a better form by actual multiplicatiofi or division. 

« 

(357.) Fluent 66. 

X^X f* XX 

The fluent of . = , , x^ being multiplied both 

A^a+x j^ax+x* 

into the numerator and denominator ; and the fluent (Ex. 23.) 
=s \/ax+x* "• 2 ^ ^ ^yP' '^K- * *^" o "*" n/^*+^^ • 

(268.) Fluent 67. 

xi^x f* X X 

The fluent of = ; - j which corresponds 

y/a+x y/ax + x^ 

Fluent 23. 

(259.) Fluent 58. 

1. The fluent of i x ^x* ± a' = the fluent of . ^ ; 

KK 2 
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the fluent of the first part is given in Fluent 14.^ and of the 
last in Art. 43. 

2. The fluents of x*i x ^a' dz j?*, &c.; afxx ^a* ± x\ 
where n is an even number may be found in the same way. 

3. The fluent of ^ "" ^f "*" * * by this method = ^ x 
7y+^- 7F+6'~* • ^ ^ ^ hyp. log. 

y+^FTp+b^ X hyp. log. y+x/F+7=^ X s/7+5y + 

1 i X hyp. log. y + ^b'+j/*. This fluent is used in finding 
the length of the common parabola, Ex. 2. Art. 55 ; of the 
Spiral of Archimedes, Prob. 6. Art. 1 24 ; and of the Surface 
of a Solid generated by the revolution of the logarithmic 
curve about its axis. Art. 133, Prob. 6. 

(260.) Fluent 59. 

The fluent of ^->/^^^+^ = J^£^ + -J^L.; 

X »j2ax+x? s^2ax+s^ 

for which see Art. 43., and Fluent 23. 

Thus also the fluents of ^ and of 

X X 

by Fluent 23. 

(261.) Fluent 60. 



1. The fluent of 



xxVo^+x* f.a'i XX 



This fluent is u^ in finding the length of the logarithmic 
cun-e. Art. 133. IVob. 5. 

2. The fluent of ^^^ = ■ f , ^ . 



= s/x* - a* - a cincuUr arc of radius a, and secant x. 
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(263.) Fluent 6i. 
The fluent of -; y =• - y ' = a x hyp. log. 

RaLE 5. The given fluxion may frequently be reduced to 
a better form, by the addition and subtraction of another 
quantity, or by dividing it into other parts. 

(263.) Fluent 62. 

To find the fluent of i . 

• • • • 

XX , XX • • QfX -f /» XX 

1. — ; — =xH ; x=:x ; — ; /. the /. — -— =x-a x 

a+x a+x a + x ^ a-^x 

hyp. log. a+x. 

XX , , XX , ax . r* XX 

2. ^x-\ -x= x; .-. /• = -x-ax 

a — X a^x , a — j: *^ a — J? 

hyp. log. a-x. 

XX . ^ XX .ax Y* XX 

3. =x^ -x = x+ - — -; .-. /. z^x + ax 

x^a X — a x — a ^ a: — a 

hyp. log. x — a. 

(364.) Fluent 63. 



To find the fluent of - 



x^x 



x*x . , x^x . . a^x J ^1 ii . 

a +J?^ a +ar a +x 

X - a circular arc of radius a, and tangent x. 

x^x n 
2. In the same manner, the fluent -7—5 = 5 >^ hjT- ^^• 

a+x 

X. 

a- X 



s? X a X "^ a 

3. And the fluent -r ; =x+ - x hyp. log. — \ — 
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(365.) Fluent 64. 

To find the fluent ■ i > . 

^- ¥+1^ ■"^^"*" Sq:^ -xx-xx- ^5-p^; .-.y. ^jq^ 
= ^ - ~ X hyp. log, a'+x". 

r* X^X X^ fl* 

2. The r. -; r in the same manner = - — — x x hyp. 

log. a*— x*.^ 

3. And /! ; = — + T X hyp. log. x* - a*. 

(266.) Fluent 65. 

To find the fluent of - x 



l-x 



rr« . X X—2XX . 2xx i— 2jri 2i 
1. This = r = -T- H -: = ^ + 



X — X* X — X* x-x* X — X* 1-x' 



and the fluent = hyp. log. x- x*- 2 x hyp. log. 1 - x= hyp. 
log. x-x*— hyp. log. 1 — x]*. 

/^ X 1 

3. In the same manner, the f. - x = hyp. log. 

x+x* — h)rp. log. 1 +x|*- 

(367.) Fluent 66. 

To find the fluent of '''-/^°'+^' , 



X 



rru- 2<ixjp XX ax4-xx 

This = J + J z=z J ^ + 

xXy/2ax + x^ sjaax + x' s^2ax+3f 



ax 



Jaax+x' • *^^ ^^^ ^^^^^ "^ N/2ax + X* + o X hyp. log. of 
T+a+sJTax+p^ (Ait^ 43). 
For another method^ see Fluent 59. 
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(368.) Fluent 67. 



The fluent of y-*y X ^^17= / .^ZM, = f^i^Tll 
+ f, ■ , .. — 's/ay—y* + a circular arc of radius I a, 

•^ >/oy-y' 

and versed sine ^. 



yy 



(269.) Fluent 68. 
The fluent of ^ x 'V ^ =/. -^ =/. -, 

a circular arc of radius f a, and versed sine y. 

(270.) Fluent 69. 

The fluent of -^=^= =/ i-«i+ff »/: --lf£= = 

.ya«+x*— } a X hyp. log. j:+ - + s/s^+ax. 
{271.) Fluent 70. 



The fluent of ^ , , = /. j. x — ; — = (if c= -r- ), r 



h"" 



/:£f±fiZiL^ = ix/.i-/:-^ = lxx-cxhyp.Iog.H^ 



==1 >^*-£ X hyp. log. ^+x. 



(273.) Fluent 71. 

• • • • 

X /* X ""* *CJC /• XX 



1. The fluent of =— - = /: . + / 

2a?-ar*| 2x-x*| 2x-x^\ 

X'-xx X 2x~ar*f'^ + x"*i X 20?""' - 1 T = "^ 2a? -a^^"^ + 
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1 — 1 X ^ I * 



x-l 



^2x-x* 
2. In the same manner^ the fluent of 



2X + X*] 
X x+ 1 



^2x+x* ^/2x+x^ ^2x+x* ' 



XX J. ^i-5«*^ . 5^ 



3. The fluent of , = f. ^ + f. ^ 

= 5 X y/x^-lax^ ■*■ 3 ^ ^x-la. 

Rule 6. When the given fluxion is afiected by two diflferent 
surds, and the rational quantity without the vinculum is in 
a given ratio to the fluxion of the variable quantity under it, 
it may be useful to substitute for one of the surds. 

(273,) Fluent 72. 



To find the fluent of "^^ v^ 1 

Assume x—s/z*-b^\ .-. x* = s* — 6'; and xi=«j^. Also 
-6»-x»=-z*; .-. a*-6*-ir* = a*-x% or if c'=za'-b', 

y?^ri?= VcF=^; therefore the fluxion = ^^^V^^-^* 

, €!^x "■ «r\r 

= X X ^/c*-jr* = _ ; whose fluent is found in Art. 44. 

and Fluent 15. The same Rule may be aj>plied in cases like 
the following. 

(27^-) Fluent 73. 

To find tlie fluent of '^ — i^^ — ; — 1- . 
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1. Let 6* + z^=rX^; then zzz^xi. Alsa ^a^-z* = 
^a''+b*-x' = ^c'-x\ if c* = a*+6'; therefore the given 

fluxion = ^ = ^ ; whose fluent i|i 



X' X 



&i. iA = £ X hyp. log. ^Il^^ZS + Jd^:^. 

2. The fluent of ^ ^ ^ v + 1 jg found in the same 



B 



manner. If or be assumed = sjc^-z^, the 
fluent will be found = — a circular area BCED 

whose radius is A^b*+c*y and cosine x. 



(275.) Fluent 74, 

Nearly in the same manner we may find the fluent of 




a + c«*|*'x dz^'^^Zj where the index of z withoyt the vinculum, 
increased by unity, is some multiple of the index of z under 
the vinculum. 



^ X "^ CL X •~' fll 

^t a+cz* = x; then 2" = ; and «^= — - — ; r.msf^^i 



=s — ; and 2 •^'^'2;= — -xx-a] xi;orifr-l 

d 



= *, di'^^z^ ■—, xx-al'xJP= (by the binomial theorem,) 

7»C 



X jp*— sax"^ +s . a* j:""*- &c. Now for dz^'^^i 



substitute this quantity, and x^ for a+cz"|'", and the given 

d ^—1 

fluxion will become — x xTx x x" -^sax'^^+s . a*x'"* — &c. 

ncr 2 



d ^— 1 

z=. — T X x'^^'i - sax'^^'"' i + s . a*x^"^x- &c. Hence 

nc*^ 2 • 



f. t 



tlie fluent = ■ 



On this Fluent it is useful to oljserve, 



1. The 1 



from the 



1 of , 



arising irom the expansion i 
terminate, if r, and consequently .«, be a whole positive 
number ; therefore if m be a positive whole number, or 
a positive or negative fraction, the fluent can be found. 

3. If r be a positive whole number, and m a negati 
whole number greater than *+l, or r, the fluent can 
found. 

3. But if »i be a negative whole number equal to or I 

ijian r, the fluxion of one of the terms becomes - , which i 

X 

found not by the common forms, but by logarithms. 



4. By Reduction, the original fluxion becomes az~^-\ 
d^+'—'z; therefore if m and r be both fractions, butm+^ 
a negative whole number, tlie fluent can be found by trans^J 
forming the fluxion as before. The series will always termiaate, 
and the fluent of each term may be obtained by the comoion 
method. 



(276.) 



Fluent "5. 



If a = r\ c= - 1. 71 = 2, m = {, d=l, and r=2, this fluxion 
becomes zHx •Jr'-z'. To find the fluent, let ^f^— «' = r/ ; 
then a" = r" - y^, and r" = 7-^ - 2 r'f + y ; .•. z^z = - r'y^ + i/'^ ; 

and 2HxV^'-*'= ~'''y'!/-^it.y ' whose fluent = - -r^-f. 

Now when z = 0, suppose y = r: the cor. = ^ - g- 

15 



-,y 



the whole corrected fluent, when 3 = r (ory =o), is — ^. This] 
fluent is used in finding the center of gyration of a sphere. For] 
another method, see Fluent 11. 
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Rule 7* A trinomial may be reduced to a binomial^ by sub- 
stituting for the variable quantity and half the coefficient of the 
middle term with its proper sign. 

(277.) Fluent 76. 

z 



Required the fluent of — . 

s/b'+cz+z* 

Let x = z+ ic; then a?*=»'+c«+ic^; /. a?Hi*- -7 = 

c* 
x^+cz + b^; that is, if a^^b*-—, the given fluxion = 

4 

: and the fluent = hyp. log. x+s/a^+x\ 

(378.) Fluent 77. 

Required the fluent of , . 

- ThiB = Assume z'+--=Xi 

r ./a bz' ^ ^c 

vex V - + — + « 
^ c c 

=r^x*zt:rf*; if ^= -7-*, and r s=2;*"'i;; therefore the 

^'^ c 4c n 

X 1 

given fluxion = — -p: j=== ; whose fluent = — « x 

hyp. log. jr + v^V^rf*. 



(379.) Fluent 78. 

Required the fluent of 2; X ^a+bz+cz\ 

Assume ^-1 =:x ; then by the last case the fluxion may 

2c 
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be reduced to the form i x ^^x y/lF+cF ; whose fluent is 
found in Art. 259. Fluent 68. 

(280.) Fluent 79. 

Required tlie fluent of z'^'z x y/a+bz'' + cz^. 

Assume z* H =zx; /. s;*~*i;= - ; and z^+ — 4 

2c n c ^ 4c' 

and the given fluxion = — ^ — ^ — , whose fluent is 

found in Fluent 58. 



(281.) Fluent 80. 



Required the fluent of 



a+bzT+cz'' ' 

Assume 2*+ --~ =x; then the fluxion may be reduced to 

2c •' 

X 

the form ^i , and the fluent found as before. 

jicxx^^d^ 



(282.) Fluent 81. 

cxJt ~" fix 

To find the fluent of -r --r . 

X -ax + b 

Let J-- - =z\ then i=£, and x*-ajH =a*; /. j:»- 

2 4 

rtx + i=^* + ft- J = (if e* = 6- -) s*:±ie*, according as ^ 
is positive or negati\'e ; that is, according as the two values of 
X are im|X)ssible, or possible. Also cxx-di^czz'\' ^^ — dz ; 

therefore tlie given fluxion is transformed into 



ct£ + 4ac— rfx z 



e=±ie* 
vzi + mi 



= (if |ac-rf=w) -:l^— ;-^; and the fluent =|rx h\-p.log. 
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«*dbe* + — X a circular arc, of radius e and tangent 
«, if c* be positive; and if c* be negative, the last part = 

• Let the fluent of this second part = A ; then the 

whole required fluent is fcx hyp. log. z^±e^ + A. 

(283.) Fluent 82. 

xi 



To find the fluent of 



y/a^ — ax+x^ 



a 



Assume x - - = y ; then, as before, ^x* - ax + a* =z 






a* 



Also x^=zj/*+ai/-^ ; .*. xx^yy+ iay\ and the given 

fluxion = — , ^^ . — _ ^ ; and the fluent = 

A /* 3a* ^ / 3a* 

4 4 

(284.) Fluent 83. 

XX 

In the same manner the fluent of may be 

y/a^-^ax+x* 

, . v*v avv , 4 ^ 

resolved mto — 7===, — , ' ' - , and — 

of which the first is known by Fluent 1 4. ; the second = 
a X V V*H -5 ^'^^ ^1^® third = ~ x hyp. log. of y + 



Rule 8. If the fluxional quantity without the trinomial be 
not properly related to the fluxion of the highest power of the 
variable quantity in it, after subetitution the binomial may be 
expanded, and the fluent of each term taken separately. If the 
series terminates, the whole fluent is obtained ; if not, this i/f^ 
only an approximation to its value. 



(285.) 
Required the fluent of 



Fluent 84. 

2™i 



Let «+ — ; 






a+bz + cz' 
x; then z = x, and a": 
c'drrf", if ± (f* = - 



=;^". 



and the fluxion i 



— -E-~-J where m being by supposition an aflirmativ^" 

integer, x must be expanded, and the fluent of each 

term be taken by continuation. 

This is of the same form with the 4th of De Moivi 
Coroll. 1. 

(286.) Fluent 86 

To find the fluent of 

Let - =z; . 



a + bz+cs* 



— ^, and 2~" = w", and a + hz + cz* 



= a+ - + -i: therefore the fluxion = ; , - . — — 
^ y ^ y" ai/^ + by + c 

fluent may be found by the last case. 

This is of the same form with De Moivre's 7th, Coroll. I 



whose 
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(287.) Fluent 86. 



«''-'« 



Required the fluent of . , , ,. ., . 
Let «*=y; then «^=y, and Tf'^z^^- — =^; the denomi- 



nator becomes a + fty + cy% and the whole fluxion = 

; in which r - 1 being assumed an affirmative 



integer, the fluent can be found by Fluent 84. 
(288.) Fluent 87. 



To find the fluent of 



1 v''"*v 

Let sf=z - ; then z'^—jf\ and «~^"'«= - ^ — 2.. Also 

y n 

b c 
the denominator = aH 1 — r; and the whole fluxion = — 

— T-— T — -- , whose fluent can be found by Fluent 84. 
ay +by+c •' 

This and the last are of a form similar to the 12th of 
De Moivre's. 

(289.) Fluent 88. 

z^z 
To find the fluent of . , == , m being an intecrer. 

^a + bz + cz'' ^ ^ 

h li\ "* 

Assume z+~-x\ then i; = i, and x'* = a:- — - ; and the 

J- ' 
whole may be reduced to the form 2c| ; whose 

fluent may be found by expanding the binomial. 



^56 
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(290.) Fluent 89. 

z z 



1 . To find the fluent of — — . 

s^a + bz + cz* 

1 —V 

Let «=-, then z"^=y'^, and i= — ^; hence the 

y •^ y' 

fluxion becomes^ by the same methods^ = — ^ - -" — t 

VflyM-%+c 

whose fluent may be found by the last. 



z 

^s^+cz 
same manner^ by assuming y = 2**. 



2. The fluent of ' m»i inay be found in the 



3, And that of ^ "" j by taking z"=- . 

(291.) Fluent 90. 

,-— b 

1. For the fluent of z'^zx y/a-tbz + cz^y take2+~ = «2?; 



it may be thus reduced to the form Jc— —' x i x j^c x 
^x^ + d% the fluent of which is found by expanding x • 



2. For tlie fluent of z^ix s./a + bz-jrcz'y assume s=:- 

y 

the given fluxion = - yj/ "*"* x ^/uy* + % + c, whose fluent 
is found bv die last cju^e. 

3. F» that of Jr'^* fix s^a+bz' + C2^ take ;:"aIso = y. 

4. And for that of i^'*"*^ -^Ai+fcc^+cs'", let s" = i , 

y 

(292*) Fuknt9I. 



To find the fluent of 



s^:Jx-4iix+2iu:' 
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This=xixSx-4nx+2nx*\~'. Assume 2ar=a, 4nar- 2nx* 
= 6; then since a- 6l'^ = a'~-ma'"~'6 + m. rf""^J*— &c, 

by substituting for a, h and m their values^ 2x — 4«x + 2nj?"^ ^ 
= — r + — T r + &c. ; and the fluxion = — ^ H — 

2* 3* 2^ 2^ 2 

- • 

nx i a , ^ 2 J?^ 2 nar nar . ^ 

— - — ; — \r &c. ; whose fluent = — ^^ + r+*^^* 

2^ •* 3 6x2^ 

This fluent is used in Art. ^M* Prob. 9. in the Attraction 
of Bodies. 



(293.) Fluent 92. 

XX 



To find the fluent of — == 

>^2x+4nx— 2ni:* 

Assume a^2x ; 6 = 4wa: — 2iix* ; then since 0+ b] ~ 

Tit ^ 1 

= a"* + mcT'^b+m . — -— a***^ 6* + &c. by substituting as 



^ 1 



x^i 



in the last case, we have xi x 2x+4nx- 2wx*l"'" = — 7 

■i- • -T • 1**1 

n.3uX fiJkX 2^ x^ ftx^ 
4 ; + &c ; and the fluent = 1- 

2^^ 2^ -^5x2^ 

-— - + &C. 

This fluent is used in Art.4a9. Prob. 10. on the Attraction 
of Bodies. In both these cases, if n be very small, the suc- 
ceeding terms vanish, and the whole fluent is expressed by 
the three first terms of the series. 



(294.) Fluent 93. 

To find the fluent of ■ - - in a series. 

M M 
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In cases of this kind, no substitution is necessary. 

For a»-M»=a» X 1 -^; /♦ ■ . °^ = — ,^ =yx 

I 

5^-T 

1 - -^ ; which/ expanded by the series a - i]"*, =y x : 1 

+ ;ri +^ + &c- = y +^ + ^^ + &c.; and the fluent 
2a* 4a* ^ 2a* 4a* 

2. 3. a 4.5. a* 
This fluent is used in Art. 55. Ex. 5. 

(295.) ROle 9. When the denominator is a rational tri- 
nomial or multinomial, the best way of proceeding in general 
is to resolve the given fraction into binomial ones, by assuming 
the denominator = O, and finding its roots. 

(296.) Fluent 94. 

To find the fluent of -r r • 

Let j?* + ax + 6=0; then the roots are - ia-V J, 

^ 4 

and — - + \ h. I-^t these quantities = f and q ; then 

2 4 

x^jp X x^q = a:* + ax + 6. 

Let then -iJ-+—= , ^ ,; then ^lilS±£^^ 
x-p x-q 0? +«j:+^ x-px x-^q 

= -J— — —7 ; hence, the numerators being equal as well as 

the denominators, we have Ax- Aq'^ 

+ Bx''Bp> = 0; 

/. Ax + J?x= 0, and A = -- B; also — Aq - Bp = 1 ; or, 

since A=: - B, Ap- -^7 = 1 ; /. A-ss , and J5= ; 

p-q q-p 
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Ax Bx X , i 

.*, since — i — + — — = -r r, we have ■ — ■ 

x-p x-q x' + aa:+6' p-qxx-p 

+ = =r = ■ . --T ; and the fluent = x 

1 

hyp. log. j: -/» + ^—^ x hyp. log. x^q. 

(297 •) The quantities Aj B, &c. may be deteiKnined more 
easily^ by substituting one of its roots for x after the multipli- 
cation^ in which case most of the> terms will vanish. . 

Thus^ let p, q, r, &c. be roots of .the equation of — Paf'^ 

1 K 

+ &C.5 to resolve the fraction — — ^^ ^i , ^ — into + 

^ a?" - -Px*^* + &c. x—p 

+ h &c. 



a? — jf x — r 

Reduce the fractions to a common denominator; then the 
denominators on both sides of this equation will be equals and 

the sum of the numerators will = 1. That is, K x x^q x 

x-r X &c. + L X x-p X j?-r X &c. +M x x—p x x^-q 
X &c. = 1. Now as this is true for every value of a?, let 

ar=/>; tbenx-/>=0; .*. JiT x />-} x p— r x &c. = 1, and 
Jf = — . Next let 0? = }; then a?— y = 0. 



and L X a-ox9-r x &c. =: 1 ; .\ L = = — z — ; 

^ ^ ^ j-jpxy-rx&c. 

and in the same manner the other numerators may be 

determmed. 

» 

(398.) Fluent 95. 



To find the fluent of 



x*i 



K L 

Assume p, o, and r, the roots ; and let + f- 

"^ ■■ ^ X'^p x^q 

then i^L = ==: — == ; L =: 



x-r a:* + ax*+ 6x+ r' p-^qx p^-^r 



260 
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; M = r — ===r ; and the given fluxion = 



q^p X q-r r-p x r-^q 

Kx'x , Lx'i . Mx'x 



^H • ; of which the fluents, by actual division. 

x-'P X'-q X - r -^j i 

ai-e Kx J +Kpx + Kp* x hyp. log. x-p + Lxj +Lqx + 
Lq* X hyp. log. x^q + M x — + Mrx + Mr" x hyp. log. 



a:* 



o^-r = K+ L + Mx ^+ Kp + Lq + Mr X x + Kp' x 



hyp. log. X - jp + Lq^ x hyp. log. x - 9 + Mr* x hyp. log. 
x-r. 

(299.) Fluent 96. 

To find the fluent of -;; — |^ ^ ^ , m being a whole 

positive number^ and the roots of the denominator p^ 9, r, &c. 
This fluxion may be resolved^ like the last^ into the following 

quantities ; 1 1- &c. ; where A, L, &a nray be 

determined as before^ and the fluents may be found in each 
case by actual division. The first fluent = -f — .£ 



+ &C. + KfT X h}rp. log. x-^p ; in like manner the fluents 
of the otlier quantities are found. The sum of all these is 

the fluent required; and it = JST + L + &c. x — + 



iiTji -k L9 + &c. X — — + &C. + KfT X hyp. fog. x-p + 
£9* X hyp. log. x-^ + &c. 

To determine when any of tliese coefficients become equal 
to nothings Vide Dr. Wariug^s J/erfiV. Alg^. in the Ad- 
denda. 



- Mr f 

+ Np* > =0; 
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(300.) If two roots, as p and f, are equal, one of the 
quantities must have a quadratic divisor x-p\. 

r » 1 Lx + M N ^ ^ 

to a common denominator, and equate the numerators ; 
then Lx* -- Lrx - Mr 

+ Nx" + Mx 

hence, L + iV=0; M- Lr^2Np:sO; -ilfr+A^jp*- 1=0; 

/. L = -iV; iif=i^ilzJL; .^ :(l^lzi + Arr.2iVp=o; 

1 1 nr ^P'^^ WT 

/. A^ = •: .2 ; J^ = — \z ; -^ = -^ - s . Hence the 

p-r\ "-^""P! P^^i 

j: /. Lxi + Mx Nx 

fi"^* ^^ x^^ax^ + bx^c =y • TZT^-- + FIT' ""^^ 

Ly Mi and iV are found. And this fluent = L x hyp. log. 
X— p- -J^Jl h JVx hyp. log. x-r. (Fluent 54.) 

X ■"* V 

(301.) if some of the roots ji, q^ r, &c. be impossible, the 
fractions, in which the impossible roots are contained, must be 
incorporated in pairs ; and then the impossible quantities will 

disappear. For if ±:a + ^ -b*, and dia— >^ -i* be the 
roots of an equation of two dimensions, since they enter by 

pairs, the equation itself is a: T «— ^Z— i* x a? =f a+y/ - 6% 
or jf qp 3ax + a* + 6* = O ; where the imaginary quantities 
are not found. 

(302.) Fluent 97. 

XX 

Let the proposed fraction be -r-r — . , , , and let t\i'o 

x^+ajT+ox+c 

roots, p and ^, of the cubic equation be impossible. 

. L ^ M ^ N 1 

Assume + + = — - — _ . , — -— , and 

x—p x^q X— r x^ + ax* + bx + c 

incorporate the two first; then we have the given fluxion = 



L + Mx 



IV.T 



wliere the impnssibisn 



x'~p+qxx + pq 

parts vanish, as will appear by substituting a 4- V - A' and 
o — «/ — 6' for p and q. The fluent of the first part is found— 
by the method of Fluent 94. j and the fluent of the last ifl 
A'' X hyp. log. x~r. 



(303.) 



Fluent 98. 



In general, to find the fluent of 



x' -ax+b ' 



If the roots be both possible, resolve 



L J ^L ■ a ■ Kx^Jt Lx'"i 

H i and the eiven fluxion = A , whoi 

x-q ^ x~p 

fluents have already been found. 

But if the roots be impossible, divide x"i by a:' — oo: + l^ 

until the remainder becomes cxx-di, c and d being the 

coefficients, which arise fi-om the division ; let the quotient 

, ~l — 1. -»-*■ . a . cxx-dx M 

X + d^—b.xr^x + «c. + - —J— 



be j;"^x + I 
the fluent = 



x'-ax^b' ^ 
b.jf~' r- cxx~di 

— 3 -^ x' 



+?• 



or + ic X hyp. log. z' :± e" + A. (Fluent 81 .) 

(304.) Rule 10. When the denominator of tlie fluxion i 
the form x-\- a\ x x + bi , the given fi-actioii must be resolw 

L M N 

mto others of the form - — -^ + ^ ^^ » ^ + -;;^ •\- j 

x-\-a\ x-\-a\ x + fll 

P Q. R 

+ ,— + ^, ,^| + _^ + &c., respectively continuer 



x + il' x+i)*^' j + tl" 
to ffl and n quantities. 

(305.) Lemma. To resolve 

M 



x+a\ X x+b] 
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Keduce the fractions to a common denominator^ and suppose 
the numerators on each side equal ; then L x ar+ftl* + ilf x 
x+T)* X xTa + N X xTBX X "F+oj* + &c. +PxFfa]" + 
Q X xTaf X xTb + Rx xToT x x-f 61* + &c. = l. Call 
this eqCiation j4. Now assume x + a = 0; then x =: — a, 
and all those terms, into which x + a enters^ =0; :. L x 

b-a\ =1, and L= ,_^ ^n . Take the fluxion of the equation 

A J and divide by i; then nLxx + b] * +«ilf x x-fTI""" x 
X + a + M X ar + W* + &c. = 0. Let jr = - a, and we have 

nL X 6-ai'*'\+ Mx ft-afsO; .-. iJ/=: -Z^ = ===^ . 

6— a 6— a| 

Continue to take the fluxion of the last equation^ making 

x + asO/ and the values of iV, &c. will be determined. 

Again, assume jr + 6 = 0, and P will be found =r 



m » 



a-61 

take the fluxion, and again assume x + ft = ; then Q ^ 
— m 



3T)-^ 



7 , and so on for /?, Sy &c. 



(306.) Fluent 99. 

* OlX 

To find the fluent of 



« x + arxx + ft] " 



M-i 



l^tXTx li/lo^ X 
By the last Article, the given fluxion = ns + ==: 

ar + a] a: + a| 

+ &c. + ■■ ^^ H- n-i + &c. Assume j? + a=:«; then 

x + 6) a? + 6] 

^xi ^^+^ ^ r. . — ri-- •-^l^ = Lx£E^ 

jf+*=s%-a] , and a?'^a:=2Jx x-aj » ** ^^31^* 



% 



r— 1 
=: by actual exiwinsion, L x : ;s'*^i;-ra«''"'*"'« + ^•— ^^ 

X af^t^'^^k - &c. to r + 1 terms. The fluent of every term 
in this series can be found by the common method, except 
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that where the index of s is - 1, whidi involves the logarithm 
of z. In the same manner the fluents of the other series can 
be determined, and their sum is the fluent required. 



SECTION V. 



(307.) The sixteen following Fluents are taken from Dc 
Moivre's Miscellanea Jnalytica, lib. iii. 

Fluent 100. {De Mckcre 1.) 

To find the fluent of ^ (A), where a is less than 

1, or the roots of the denominator impossible. 

Let t; = «+a; then 1 +3a« + 2* =t;*-a* + 1 = .v* + t^, if 

V 1 

1 -a*=^; and «=*y; .% the given fluxion = ^ ; = - 



X 

s 



X—, — r ; and the fluent = — x a circular arc of 

radius s^ and tangent t; ; or of radius ^^\ -a*, and tangent 

z-^a. 

Hence this construction : 
With Cas center, and CJS=1 as radius, describe the semi- 
circle EDF. Take C^==», and CB 

on the other side of C=a; draw the 
ordinate BD; with D as center, and 
DB radius^ describe a circular arc BGH; 
then BA=z+a :^ v; and DB=ss,gz 

y/l-a*; /. the fluent = -grgi x the arc BH. 

(308.) The fluent of ^ is found by taking «-fl 

ss V ; and it = - k a circular arc of radius s, and tangent 




s 
z^cu 
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Here take CA=z, CB = a on the 
same side of C, and draw the oitlinate 
BD; join DC, DA; then the fluent 

X the arc BH. 




(300.) The fluent of -r-; — ^ — — -?, where a is less than 1. 

• z 
may be found in the same manner by assummg - + a s r ; 



for in this case r* + 2arz + «* = r* x ** + v* ; and z sarV; 

/• the given fluxion = == = — r x -r-- — -r ; and the 

r^xs*+if^ r^ ^ + ^ 

fluent = -3 X a circular arc of radius i^ = ^Z 1 - a% and tangent 

z 

- +a. 
r 

• 

(310.) And the fluent of -r — ; — -, where a is less 

than 1, may be found by taking — a=t;. 



Fluent 101. (De Moivre 2.) 

zi • 

(311.) To find the fluent of , — —5 (5), where a is 

less than 1 . 

Let vis=z + a; then the denominator =^+v*j also «*= 
r* - 2av + a* ; /. «i = v'y - av ; and the given fluxion = 

— — T-; and the fluent = ^hyp. log. a-'+v*— ^ ^ ^ circular 

y a 

arc of radius s, and tangent r = hyp. log. >^^* + ^* "" i^: ^ ^^^ 

CB 

BH (Fig. to Fluent 100.) = hyp. log. of AD - jjj^ x arc 

BH. 

(313.) The fluent of - — - — -j—^ is found by assuming 

N N 
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(313.) The fluent of 3 — — , where a is less than 1, 

may be found by assuming - +a=r ; 

zi , . , . z 



^"^ °^ r'-iarz + z^ ' ^^ *''^^"S ;-«="• 



Fluent 102. {De Maivre 3.) 

(314.) To find the fluent of (C), where a is 

less than 1 • 

Divide the numerator by the denominator in an inverted 
order. 

s^z + 2azi + i 
"^azz^i 

••. C=«- ,-7-; r-; - -7— T — t-t; and the fluent or C* 

z-aaB'-A. 

Fluent 103. {De Moivre 4.) 

(315.) To find the fluent of —— — — -j {D), a being less 

than 1. 

Divide^ as before, in an inverted order; then the given 

2a^z zi 

fluxion = «« - i+^az+z^ " l+2az+z^ ' 

or Z) = xi - 2aC - ^ 5 /. 

i)=- - 2aC-. J5. 
z 

In the same manner the series might be continued to any 
power of z. 

(316.) Cor. 1. Hence, if a be less than 1, and m any 

whole positive number^ we can determine the fluent of 

■ 

z!^i 
l+2aa + fi'* 
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IXvide the numerator by> the denominator in an inverted 

• ■ • 

order, till the remainder becomes ± — ; — ; , c and c 

1 + 2az + «• 

being the coefficients; then the given fluxion = «""*i — 
2a«*"'i + abz^^z-' &c. =fc — , ^"^ , ^ ; and the required 



fluent = ~ 1- &c. dzcBdz eA. 

m-3 iit-4 

(317.) Cor. 2. If a be less than 1^ and m be a positive 

fraction, the fluent of ■— — -— j can be found. 

Let m= -5 a fraction in its lowest terms ; then^ if t;^:^^, 

d 

v^ssz^ ; also «=t/; /. z^tv^^^v^ and z* = v**; hence the 

given fluxion = - i^^, ^t • ^^' (^^ P^b. 770 ^^^ fraction 

1 " • 

— ^ ^ is divisible into component parts of this form 

^ \^ , — ;; therefore this fluxion is reducible to the form 

■; — iin: — r^ — ^ *^, — r^, of which the fluents are known 

by the last O>rollary; for here h is less than 1^ and d and t 
are whole numbers. 



Fluent 104. {De Mowre 5.) 

(318.) To find the fluent of ■ . ^ ^ , , (JB), a being less 

than unity. • 

Divide the numerator by the denominator in the natural 

order; then^=--— — ; t—^^t-t^ — r-3=-- 2a^--B; 

« l+2a«+«* l+2a«+x* z 

and the fluent = hyp. log, of »— 2a^- B. 

N N 2 
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Fluent 106. (De Moivre 6.) 



«"'« 



(319.) To find the fluent of — — — -— ; {F), a being less 
than unity. 

Divide as before ; then F=s — -^ 2aE - A ; and the fluent 

= - - ^QaE'-A. 

z 

Fluent lo6. (De Moivre 7.) 

(330.) To find the fluent of , , ^ ^ , , (G), a bebg lea 
than unity. 

By division^ this fluxion =«*'«— 3a F-J5; /. the fluent 

G= - r-^ - 3aF- £ ; and the fluents may be continued to 
any power. 

(331.) Cor. 1. If m be any whde number^ the fluent of 

an be found by the same method. 



l + 3a»+x* ^ 

Or if V s - . it can be transformed 



z 



known 



(333.) Cor. 3. And if tn be a fraction, and a less than 1, 
the fluent can ||k found by the method adopted in Art. 317. 

Flvk>t* 107. {Dt Mohre 8.) 

(333.) The fluoit of — -— ; , where a is greater than 1, 

is of ^ same form with Fhient jM, and fimnd in die same 
manner. 
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Fluent 108. {De Maivre 9.) 

(324.) To fiud the flueut of 7- , n being a whde 

1 +111% 

positive number. 

Divide the numerator by the denominator in an inverted 



order ; then the fluent = — .. + 1 — fcc; 



1 



(») =*= ^pr X hyp. log. 1 +m«. 
This is similar to Fluent 4. 



Fluent 109. {De Mowre 10.) 

(325.) The fluent of — - — is found by dividing in the 

1 tn 

natural order ; and it = - == + - ■ — &c. In) 

n-l.z"^ »— 2.«'^ ^^ 



ff/^i X hyp. log. 1 +mz. 



Fluent 110. {De Maivre 11.) 



d 

z^z 



(326.) To find the fluent of — - 

Takey=iii«r; •% mzzzj^ ; also2* = iL, and ;e < =-«^f 






/. ^^ x^z^ ^ ^ — 2, and ^i=^x-^^-^; but 

1 +1112; =: 1 +y ; .% the given fluxion is equal to Vi-t ^ , ^ > 

n being substituted for d+t- 1. Now by Prob. 80. and 81. 
, can be resolved into quadratic divisors of the form 

— ^""^y — r, &c.« where ^ is even, and a is less than 1 ; 



} '1 



, pr.v 



i±.v 

hose fluent can hi 
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therefore the resulting fluxions in this case will be of the foi 

X - • ■ '^^ — •—, — ^ , whose fluents can be found by th 

preceding Cases. 

If / is odd, the first divisor is of the form — — — , and 

1 zt u 

first resulting fluxion is 

found. 

(327.) In the same manner the fluent of 

' l-m 

found by the resolutions in Prob. 78. and 79. 

Fluent ill. {De Moivre 12.) 

(328.) To find the fluent of . ■ gJ-T. ,»>. j "here / is k« 
than unify. 

By Prob. 77. I , ^ can be resolved into quadra^ 

(UvisoTs of the form —^-~ — — — ;, where a is less than 1 

1 - Sas + E* 

.". by multiplying %"% into these divisors, the resulting fluxions 
will be of the form 



- — ; — r- , of which the fluents are 

l-2aa+«* 

known by the preceding Cases, whatever be the value of m. 

(329.) If the given fluxion be ^.^Iz-'A-z-" ' '""'''Pty 
both the numerator and the denominator by z'", and the fluxion 



I 



will become - 



Fluent 112. 
(330.) To find the fluent of 



whose fluent can be found. 



{De Moivre 13.) 



1 ± 2lzp + zp 



FLU£)7T8. 871 

Take a» = y; .'. «'=y', and *« =y*+'>»; hence -~- 






X ««■« =:dp+ tpj/^^^^^y^ and «f « = #p x y*'^^^*y. Agaita^ 

X n 

7f =jfl .\ 7» zs ^; hence the given fluxion becomes s 
lzhSt/^±:y^ ' ^^^^ *"^^' ^^ known by the preceding 



Cases. 



Fluent 113. {De Mowre 14.) 



2- 



(331.) To find the fluent of - 

By Ppob. 78, 79, 80, and 81, the quantity — can 

be resolved into divisors, either all trinomials of the form 
;; — =, where a is less than unity; or into divisors 

partly trinomial and partly binomial, of the form ^ ^ 9 <ur 

^ ■ ; s^i is to be multiplied into these divisors, and the 
fluents can be found as before. 

(332.) The fluent of z can be found in the same 

manner by the resolution of ^ ;j • 



Fluent 114. {De Moivre 16.) 



(333.) To find the fluent of j^ 5;;, where / is 

greater than 1 . 

_ X 2±i 

Let z"" = x; then 2^ = x*; also z = jf»; A 2"^*»jf • , 

1 

and «*« = ; .•. the given fluxion = = , 

w t 1 + 2l«+ar* 
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let I 



be resolved, as i 



then the original fluxion i 



Fluent 94, into and 

x-p T-q' 

transformed into two others, whose fluents can be' found. 



Fluent 115. (De Molvre 16.) 

(334.) To find the fluent of ^^^^"! ^„ , where /=r 
or given tlie fluent of ^^ = p, to find the fluent 1 



Divide the numerator and denominator by : 



then I 



fluxion = 2 



To find the fluent of this quantity, let 
a*""*' _.y . then, since the fluent of i/x =yx~f. xy, the fluent 
■' n Z 



fix : sT"*! 



±1 nx:7r-:^\ 
m - « + 1 



SECTION VI. 



I 



(336.) On the Fluxions of Quantities which have a variable 
Index: and on the Fluents of Quantities which involve Quait- 
tities and their Logarithms, Arcs and their Sines, ^c. 

Examples. 
(336.) Ex. 1. To find the fluxion of x". 
Assume a* =w ; then y x hyp. log, x = hyp. log. r ; .*> y 31 

• ■ yx v 

hyp.log. x+ ^ = -; .: v = vy : 

X hyp. log. j:+yx''"'x- ' 
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Cor. If X be constant^ i = ; and the fluxion = x^y x 
byp. log. X. 

(337.) Ex. 2. The fluxion of aF+^' = a'+ z"] ' x 5 X 

hyp. log. a\+z* + zx a"+2;']*~* x 22 1. This appears by sub* 
stituting for x and its fluxion^ in the last Case^ the quantity 
a*+s^ and its fluxion. 

(338.) Ex. 3. To find the fluxion of x^\ 

Let a^ =zv; then ai^ ^itf; assume tf ::^u); .'.by Art. 336. 
w=zv^ix hyp. log. v + «t;*~'v ; but v = a?^ ; /. substitute for 
V and its fluxion^ as found in Art. 336., and we have w = 

x^ z X hyp. log. a^ + za?^ x : x^p x hyp. log. x +yx^'^^x =5 

jp*' i X hyp. log. x^ + zx^ x^y x hyp. log. j:+y«x^ a^ x. 

The quantity x*' means the z power of x''. If it denoted 
the y* power of ^, we must have assumed the index y' = v. 

In the same manner the fluxion may be found for any number 
of quantities. 

(339.) Fluent 116. 

To find the fluent of zj/y, where x; is a circular arc of 
radius 1, and sine j/. 

The fluent = ^-/-.3^x i = *J^-/.-^\ -.4=^ = 

-i- — ^ X a circular arc of radius 1, and sine y -|- .y ^ V — "zIL 
2 ' 4 

(Fluent 15.) 

(340.) Fluent I17. 

To find the fluent of . ' , where z is the arc of a circle, 

and y the sine, 

* 

Let J^^ = V ; then the given fluxion ^ zv^ and the 

fluent 5= fiv-fn vi^ -zx a/^"'^* +/• s/^-y' x «• Now 

OQ 



w 
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5s---:^====to radius 1 ; /. \/T"^^^xi»y; and the whole 
fluent = - 2 X sjx^if' +y. 

(341.) Fluent 118. 

%i 
To find the fluent of ^ , where s is a circular arc of 

TRY 

radius 1^ and tangent t. 

• a 

Here *=7T7»» hence* by the Rule, p. aao, /. 

(Fluent 40.) ■ x 



^l+t* y/l+t* ! + <• y/T+e 






Xq:^* -yTT? sT^^i^' 

(342.) The fluent of , ^ where ;e is a circular arc of 

radius 1^ and sine Xy by a similar process^ = 




(343.) Fluent 119: 

To find the fluent of , , where 2 = a circular arc 

of radius 1, and versed sine x. * 

X X 

Here % = , . Let . = y ; then %y = 

*^-; and /a!y = 2y-/.yi = £^£zi, (Fluent 71.) 



/i J?— 1 i^ zx«-l - xi—i zx X— 1 

/_ J? *~ «r J/ Z X •!» ~" 1. , • a /—^"la^M^i^^ 



(3*4.) Fluent 120. 

To find the fluent of .~y^, where z is the arc of a circle, 
and y the sine. 



This fluent : 



:^^- /J^ Xi; but i = - 
n + 1 ^ n + 1 



= yxl — ^, = (by the binomial theorem) y x : 1 + 
O + &c. And the whole fluent = ^"^ X : |^ 



^ r" 

» + 4.2r' ^ w4-6.8r* 



+ &C. 



(345.) Flitent 121. 

To find the fluent of s"y, where z = the arc of a circle, and 
y the corresponding sine. 

Let r = the radius, and x the cosine ; then, by Art. 44, 
ry=xi, and yK= ~ri. 

Assume v^z"; then, since the fluent of vif = vyf^f. yv, 
we have the fluent of z"if = x''y —f. y x nz"~^z ; but ys = — r.f ; 
/. the second part =+f. nra"~'.r; and the fluent of this 
pa.Tt = nz''~^rx-J'. n. It- I .rx!!^'~^i; and since xz = ry, the 
fluent of the last term = -n.n- 1 . z''^r'y + &c. Hence the 
required fluent = a"^ + Hs"~'r^- n . n— I . s"~'r'y — &c, 

(346.) The same fluent may be found in the following 
manner : 

Assume 1/ X : n2'' + ia""' + i;-:''~'+ &c. 

then ifx : az" + is"~' + C3""'+ &c. 1 

+ noy2""'2 + K- 1 ~hyz"~''i-\- &c. ) 

Multiply if into each term of the first series, transpose z"y, 

and equate the corresponding coefficients; then ay—y = 0, 

by+nayz—0, cy+n- i .byz~0, &c ; hence o=l, 6^ = 
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- nay2= -nyz = firjr ; /• bjf = nra, and 6=- , cy = 

t7 



rx 



-n- 1 . Jyz= — n.n— 1 X — xy2= — n. w- 1 .r*y ; /. c 



rx 



— * n . n— 1 . r% &c. ; and the fluent = y x : st" + nt*^^ 

-n.n— 1 ^'^V- &c. = ^x^y + wx^'Vir-n.n- 1 af*"*r'y - &c. 
as before. 



(347.) Fluent 122. 

To find the fluent of z^'w, where w is the versed sine^ 
corresponding to the arc z. 

If J? be the cosine, z^'w = — sf*x. To find the fluent of 
— iK**i, assume xx : flx^+fe***'* + cx**^ + &c. = the fluent; 
take the fluxion, and proceed as before ; the required fluent 

will be at ^xs^+nrsf'^y+n . n - 1 . r*z''''^x - &c. 

(348.) Fluent 123. 

To find the fluent of zf"i, where )s is a circular arc of radius 
r, and tangent t. 

% /""*"* •» /*"*"* 
The fluent, by Sect II., = -fr-r'^t* — r^ x i. Now »= 
^ -^ n+1 *^ n+1 

-5 -5 (Art. 44.) ; therefore the second term of the fluent ^ 

•/ w+ 1 r*+** 

This admits of two cases t 

1 . Suppose n to be an odd number ; divide the numerator 
of this fraction by the denominator in an inverted order, as in 

Fluents 6 and 8, tlie result is x : IT'H - r^t^i + 

n + 1 

T^V'^H - &c. ± the remainder , , .; ; the number of terms in 

T +f 

the quotient is —— - , and the remainder is positive or negative 
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according as is even or odd. Hence the whole fluent = 

— r-7 - — — - X : - - X + &c. =fc r^* X a circular arc 

jf+1 n+1 n w- 2 

of radius r, and tangent t. 

2. Let n be an even number ; the number of terms in the 

quotient will be - , and the remainder =fcy . --^ — j^ , the sign 
of the remainder being + or — , according as - is even or odd. 

r* + ^* 
szr^ X hyp. log. fjr^ + t^. 

(349.) Fluent 124. 

To find. the fluent of vxi^ where t;=hyp. log. x+s^x*+a\ 
In this case v=: , ; and the fluent of vxx. bv 



Sect. II. Art. 211, = — - / • - x v, or - /. ■ „ 

vx* 
hence^ by Fluent 14, the whole fluent of vxx = — — ^x 

XX s/x'+a* + ^a* X h)rp.log. x+y/x'+a^. 

(350.) Fluent 125. 

To find the fluent of z^x, where z = hyp. log. x. 

This = z^'x — y. a? X nz'^^i ; or since i = - , it :* z^'x — 

X 

f. nz^^i = 2**a: - nz'^'^x + n . n - 1 . z'^.r - &c., where the 
law of continuation is manifest. 

(351.) Fluent 126. 

zx 
To find the fluent of , where z is the hyp. log. of 

2X^X^Y 
l+X + j^/2X+lt^. 
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Heregg~- .f ; let y = — - — -; then y = 7===; 

.*. f. zy sz zy - f.yz =s -— — / • — ' , ■ X 

j _ gJ?+g , /• i+x* __ x+1 

yax+i* " " ya x+x* «^' 2x + x* ~ ~ "* ^3x+«* 

hyp. log. ^/sx+x*. 

(353.) Fluent 127. 

To find the fluent of . , where « = hyp. log. 

^ TTW 

x+^l+x". 

Here z = — — T^r » *J»o if , = y, then y = 



>/M^ TTxH" v^l+F 



«X i? X J? 



xX -/^ X 

(Fluent 40.) ; .*. the fluent = -/. . x ^ 

SX /• XX zx . 

* Ttt^ "'^* nr- = 7i^ - hyp- »^- v^+«^ 

(353.) Flvent 128. 

To find the fluent of ' , where s = hvp. log. -^. 

l-x»l ' *"' 

Here s = j-~5 ; and if y = :::::^ , y = --^ 

1 -x*' VI- 



(Fluent40.); .\/. sy= ^' ^ arr 



*J _ J? aXT ZJF 



tx— a 



^/l-x* ^^/l-r*" 



(354*) Plvknt lap. 

To find the fluent of -^ x hvp. log. j 
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By Sect. II. fluent = hyp. log.- x hjrp. log. x --J. — 

X ^~ X X 

X hyp. log. . Now since the fluxion of the hyp. log. of 

= =i+xi+x'i + &c. ; the hyp. log. = x -f 



a^x 
3 



X* X^ f^ X 1 XX 

_ + _ + &c. ; .../. _ X hyp.log. YZTx -J' *+ T + 
+ &c. ; hence the whole fluent required = hyp. log. -— ~ 
X hyp. log. J? — j: — •- &c. 



(355.) Fluent 130. 

X 



To find the fluent of 



V hyp. log. ^ 



X 

L^ hyp. log. of - St; ; then if e be the number^ whose 

m X 

h)rp. log. is unity, - = e'. 

Also xssae^; and - =^; hence 

X 



\/hyp. log. I -y^' 



Now by Cor. to Art. 144, e' = l+t> + — + — - + &c. ; 

a^v _, . , . . av'v aiTv » . _ 

.'. — - -av~'V+av^v+ —— + — — + &c.; .-. the fluent 
v^ 3 2.3 

required = aav' + -— - + — — + &c. 

1^ 0.3 



(366.) Fluent 131. 

To find the fluent of vafXy where t; = hyp. log. -- • 
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Here v zz — . Also if aTx = w, since the f. vw=zvw - 

f. wv, we hate the /. vard!=^ /. x v. Now 

•^ n+1 •^ n+1 

^= - - ; /. the last term = +/. — = /. ^z v i ; 

hence the whole = h 



n + 1 ^qrn' 

(35/.) Fluent 132. 

To find the fluent of vx^i, where v » hyp. log. l — jr. 

This, by the method of Sect. II., = fi " ■ , Now 

•^ ^ it + 1 *>^ n+1 

v= ; .*. the second term = + x /. ; or, hv 

1-0? n+1 •^ 1-^ -^ 

actual division, =» — -— x : -x^i-jc^'i — &c. to n + 1 

n+1 

. 
terms, and the remainder is + ; .*. the whole fluent = 

1 -X 

vjf*^^ 1 jp"^' if* 

— — ■ r-r X : —-T+ h &c. to n + 1 terms, + htrp. log. 

n + 1 n+1 n+1 n > • /r 5 



I— J?. 



(358.) Fluent 133. 



By the same process the fluent of vjfx, where v = hyp. log. 
1 vx""*"* 1 sf*^^ ^ 

1 — X n+1 n+1 n + 1 n ' 

- hyp. log. y— J. 

. (359-) Fluent 134. 

And if V = 1 hyp. log. -^ , the fluent of voTx = ^^ 

* ^^ n + 1 

+ ^+T ^ •• ^ + ;r:^ + ^^ + ^^- + 1 hyp. log. rrp, 

if n be an even number ; or - 1 hyp. log. -^ , if » be odd. 

1 — X 
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If n be an even number, n + 1 is odd, and the number of 
terms in the quotient is - (Fluent 8.) If n be odd^ n+ I 

18 even, and the number of terms is (Fluent 6). 

(360.) Fluent 135. 

To find the fluent of «*a!^"'i, where % = hyp. log. x. 
Assume the fluent = ai^x : a«* + iar~*+c«"^* + &c. ; then 






«*«*"'f. 



Transpose )8~ac^'x» and equate the corresponding terms ; then 
nai^i=sO; nbi + maxis:0; nci + m— 1 . bxz = O, &c. ; 

A a=s-; 6=5 ^iforss:-; c= z — , &c. Hence 

sT msT^ m.m— 1.2*"^ 

r- + 

n vr n 

the hw of continuation is evident. 



^\ A ^ - * m»^ m.m— i.z © j 

the fluent = ai^ x : r— + i &c., and 



(361.) Fluent 136. 

By the same process the fluent of x'^af^^is where z s: hyp. 
log. — X|» may be found ; the result is the same. 

(362.) Fluent 137. 

If in Fluent 135. ms2, and n=zl, the fluxion becomes 
s^i, where z s hyp. log. x. This is found immediately by 

Sect. 11. =s z*x-f. 2xzz^z^x-f. 2zx, since i= -«:«*x— 2«a? 

4;/. 2xJ;s:)S*X* 2XX + 2x. 



X 



(363.) Fluent 138. 

To find the fluent of CtoTx. 

Assume the fluent = Q" x aaf + bxf*' -f caT"* + &c., where 
a, &j c, &c. are constant ; then, if 971 = hyp. log. Q, we have 

FP 
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(byArt.336.) mOrix : a«* + ftaf^»+cjr- + &c.> _q, ... 

•*• if both sides of the equation be divided by Cti, and of" be 
transposed, maaf+mbsir'^ -{-mcjif^* + &c.l 

Equate the coefficients of the corresponding terms ; then 



ma— 1=0, mb + na=:Oy mc+n- 1.6 = 0; hence a=s—, 



, na n n-l.b n.n-l ^^ . ^, 

6= - — = r, c=B = r — , &c.; /. the 



fluent = Cr X : — r* + — ^ ■ » ■■ ■ — kc, and the 

mm* m' 

law of continuation is evident. 

The same result would be obtained by ammiing Q^ at^ 
and af = z, and finding the fluent by the Rule in Sect. IL 



u. 
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Chap. XXIII. 

ON FLUXIONAL EQUATIONS. 

(864.) Xhe object of this Chapter is^ to shew the method 
of deducing from a fluxipnal equation the equation of the 
fluents, which may be called the primitive equation. 

- The fluxional equation, which expresses the value of ^ > 

dfduced from a primitive, involving y and x, is an equation 

of tiie first order; from this may be derived another, involving 

■• 

■21 , this h of the second order ; and a similar mode of definition 
dr 

may be used in the successive fluxions. 

(365.) An equation is said to be homogeneous, when the 
sum of the^ exponents of the variable quantities x and y is the 
same in each term ; as in the equation, 

axx + byx + dxp -^ cyy-== 0, 
or ax + bf/xx + dx+Cf/xy=^o. 

(366.) The simplest case of fluxional equatiohs is that In 
which the equation contains only one of the variable, quantities 
with its fluxion in each term ; here the fluent of each term 
must be taken separately. 

Examples. 



ar""' 



Ex. 1. Let ax^x=y^; then "T" '^ 7" • 

Ex. 2. Let afy"i = ay, or jfx = ay^y ; then 

1 — m* 

r p 2 
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^ 2i*cy 3v"v , 

Ex.3. ^=-y^ + i^+yx<y6y+^; that is, ie 

3i*c ,. 3y»y .. n Ah*c y' 

Ex. 4. Given . : = ■ /./ ; to find the nature 

of the curve^ x and tf being supposed to vanish together. 

1 ai 1 by 

Here - x -7== = r x ..> ; /. by taking the 

fluents, - X a circular arc of radius a, and versed sine xm^ 

X an arc of radius b^ and sine y; .\ an arc, whose radios 

is 1. and versed sine - .= an arc whose radius is 1. and sine 

a • 

'- . But since these radii are equal, and their arcs equal, the 
o 

sines must be equal. Now the sine of an arc, whose radius 
is 1, and versed sine •, ^J^EzE.^ :. N/f«^=f ; 

and yz^-K i^J^ax - ar*, an equation to the ellipse. 

(367.) The preceding rules will sometimes apply when two 
or more variaUe quantities are involved in ^e equation. 

Ex. 5. If v^y^z^x+2xsi^yy+3xy^7^z^^ then t;=xyV. 

• • 

X XV 

Ex. 6. If V = - — -^ , then, by reducing the two tem)s 
on the right to a common denominator,- v = ^ — ^-^ , and 

X 

t;= -. 

y 
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(368.) In some cases the quantities and their fluxions are 
so involved, tliat these methods cannot be applied. The 
equations of this class are not reducible to any general form ; 
but the variable quantities may frequently be separated by some 
of the following rules. 

(369.) Rule 1. Substitute for the sum of the two variable 
quantities, for the sum of their squares, for their products, &c. 

Ej. 7. Let a''r = x+y\' x y. 

Assume x-\-y = z; then i+y = z, and i=a-y; .'. by 

substitution, a*Z'~a'y = z'y, and y = -r r, whose fluent is 

known by Art. 44. 

■^ , xi+yif 

Ex. 8. Let xy+yxxy/a*-x^^ =- ^^ 



Assume xy = z, and x'+y' = r; then xy+yx = z, and 

are known. 

{370.) Rule 3. Multiply or divide the given equation by 
some function of the unknown quantities, so as to bring it to 
a form which is known. 

Ex. 9. Let myx + nyi = 0. 

Divide the terms by xy; then — H — - =0; ,", «(x 
■' ^ X y 

hyp. log. x+nx hyp. log. y= some given quanti^ =c. 



Ex. 10. Let - + ■ 



aiT'x 

Multiply the equation by nsfy^; then n^af^'x + nsfy^'y 

^nax**""!! and by taking the fluent, n3f'i/''= ; and 

■^ " > J m + n + l 

if no correction be wanted, y" = — — — — -- . 
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Ex.11. lAtPf + 'lM^?^^. 

Multiply by jp'y ; then pif^^x x y"* + j:^ x ry^'y = — -5- . 
The fluent of the first part is afy"" ; and since y^^ly the fluent 

of the second part =5 , , — ' ; therefore, if there be no 

m+p+l xa 

correction^ if = : • 

m+p+lxa 

Ex. 12. Let ff + *y - ^-« =0. 

X y z 

Multiply by —f- ; then the resulting fluxion is ■ ^ 
hj^^c^ and the fluent i. ^ =^. 

The same method may be applied to fluxional equations of 
higher orders. 

Ex.13. Let i-xi» = ii*. 

Here z is not found ; therefore in deducing the fluxional 
equation, z must have been supposed constant. Multiply by 

x\ then iic— ;rii^=&^2*; and as i; is constant, the fluent is 

•• • • • * 

- — — r--=6xi*; therefore i=:— 7===:, and 2= hyp. log. 
3 ^ »^2bx+3f' 



b+x+i^2bx+x^. 

(371.) Rule 3. It is sometimes useful to aubstitute for 
one of the unknown quantities the sum of the other, and a new 

variable qutatity ; 

Ex. 14. Let aisxi-xj. 

Assume z^'a+x+v\ theni=i+V; .\ by substituting 
fo^ X and i, we have ax+av^mi-^Tx+Px^xi, or #^stli; 

.\ i = — p and xsa x h]rp.log.o. Henoe xtsa+v+an 

hyp.log. V. Substitute for v its value, z-a-^x^ and x^ax ; 
hyp. log. « - a - X. 
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(372.) Bulb 4. Substitute for one fluxion or fbr one 
unknown quantity, the product of the other and some new 
variable quantity. This mode of substitution may be adopted 
in homogeneous equations. 

Ex. 15. Let the equation be - - - =b-^ . 

y X ay^ 

Assume y = zx; then y=:zx+xz. Hence, by substitution, 
• ■ ' * . '. 

zJt+xi X x^x z x^x . . ' .^ 

' ■» * - - =s ■ ^ ■■■j or -*=**-r^; /. azzszxx; and if no 

zx X az^x* z az^x^ 

correction be wanted, dp* = a»*=« ~ , and ai^=zay*. 

X* 

i 

*' ^.Mji. 16. Let xx-^-ayx-Yyy^O. 

Assume ysmzx; .\ y^ zJt+x z. Hence, by . substitution, 

w + azxx + z*xx + x*zi = 0; or xxx I +a« + «*= --x^zi ; 
X zz 






X l+az + t 



-, whose flQ^nt is known by Fluent lOJ. 



Ex. 17. To find the fluent of axx+byx + dxy + eyy:sO. 

Let y^zx\ then y^zx-^-xix therefore, by substitution, 
axx + hzxx + dzxx + dx*z + ez^xx + eoc^zz = 0. Assume 



c^h+,d\ then xix a + cz + ez* + c?i+e2)2X4:^==0, or - 

X 

dz + ezz • 

"" "" a + cz+ez*' 

The fluent of the first part = hyp. log. of x ; and that of the 
second is found by Fluents 100. and 101. 

Ex. 18. Let j?3f-yi=ixx/a?*+y". 

Assume ^ = za[r; then, by substituting for ^ and ^, zxx+ 
jc^z - zxx s=i X ^a?*+zV, or x^z^xxX ^i +2.* ; therefore 



Z X 



/ y^^ =* i ; and hyp. log. z + >/!+**=* hyp. log. x. 



Ex. 19. Let ^ - ^ = ^ 
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Assume jfsszx; then yssxi + xi. Hence^ by substi- 

tution, = "-=-=> or -- = ' ^^ \ that 18, -2f 'x 

X zx as^sf^ z azToT 



s i; .-. Cor. = — ; but Zss*^; /. by 

substitution. Cor. - •— = • r^r-—^. — . 

n axm-it+1 

(373.) Rule 5. If only one of the TamUe quantities be 
found in the equation, substitute for one fluxion the product of 
the other, and some new variable quantity. 

Ex. 20. Let aiy" =y x f+^ *. 

Let xzzzy; then azy=yx**y* + y^f ==3fy*xi?+r)% 

az az — Sas^i 
• va» — — — %» ; hence v= — ,, — ; therefore x or «*= 



azx— 302^2 3ii 

— .> — , whose fluent or x, by Fluent 55, = . 



T+^*^ 



Ex, 21. Let - ^;-2L^ = «. 

Here f is constant. Assume y = zx. Then y zs zx; 

hence, bv substitution, - -n — rrs = t= — ^ 5 .\ -zx xfi zx 
' ' x -k-s^jr j.zx "^ 

1 + 2»* X X 

8 i^ 4> aV, or — /' sx = — ^— : . Take the fluxion ; 

. z 



then -«x=2zx ji ; .-. t =y:j:^; "» hyp.log. 



i + Cor. = « X hyp. log. 1 +c*. 



Snce c or X must entor into erecy tenn, let z be c o npected 
bv taking it = ai, a given quantity; then hyp. log. — : = 

sX 
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zz g 

.'. «x or y = , ; hence (Fluent 40.) x^ — -t== 



+ Cor., and »/= — . + Cor. 

Ex. 33. Let yy»x = ax* + 2a iy + a^. 

Take zy = i; then y«y* = az*if* + 2a«*y* + ay* ; 

A y=a«'+2a«+-, andy = 3a2;'i+2(ii — j^ . Now i=xy; 

/. i = 3a«'i + 2(i«i; , and x= — -- + a«* - a X hyp. 

log. z. 

X may be found in terms of y, by obtaining the value ol' ^ 

from the equation y:=a%^ + 2az+ -, and substituting it in the 



• ( 



3021* 



equation x = J-aa' -ax h}'p. log. «. 

Ex.23. Letx = ^ + ^%*^ + &c. 

y jf t 

Assume x'=^%y\ then, by substitution, x = ^y + a 2*3^* 
+ 6«^^ + &c. 

In this equation, for zy write v\ then a?=t;+av'+6v' 
+ &c. ; .% X or «^ = ^ + 2a tn) + 3fci;*v + &c. ; that is, 

-il = V + 2at;l) + 3ii;*v •+ &c. ; .*. hyp. log. y = hyp. log. v + 

2av ^ h &c. 

2 

(374.) Rule 6. Take the fluxion of the given equation, one 
of the fluxions being supposed constant. 

▼^ T . 1 .-1 , aii — xy yx 

Ex. 24. Let the equation be y + -^— : — =^ =x - '— . 

X y 

Make i constant, and take the fluxion ; then y + 

av — xy-yx . . yyx-y*x .. a — x yyx , 

X y ^ X y* ' 
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; hence y~'y = a—ai ~^ x x; therefore 2y*=*i 



Ex. 25. The equation — ^-^ = x + if i-, solved i 

the same manner, gives 2a:* = 2 x a+yY. 

Ex. 36. Let yyi — xy' = ax'. 

Take x constant ; then ^x 4- i/yx — xy' — ix^y = O, 

yyx= 2xyy ; .*. yx = 2tfX, or - = — ; hence hyp. log. x 
X y 

3x hyp. log. y, 3.nd ax^y*. 

(375.) Rule 7. The equation may sometimes be broug! 
to a better form by completing the square and extracting 1 
root. 

Ex. 27. Let ^' = iy-x^x''. 

Hence ^'-i'y + -- = ~-j:*i'; .'. y~- = ±xx <>/J— jp 

.'. jf= ^ it ix v^^-x*, and y= - ± the area GPE4 
where GP=x, and GE-^. (Fig. p. 229.) 
Ex. 28. Let the equation be x*x* +xyxy =0.'^^. 

Complete the square ; then x^x* + xxyi/ + *^-^ = a*y*' 
■^-^ ; therefore, by extracting the square root, xi+ '— ^=^ m 



y/^TTP^ 



<^4a'+y' = 



2a'j/ 



lf±. 



fluents of which are known by Art. 43. and 2H. 

(376.) pROfi. To transform a fluxional equation of 1 
second order, containing two variable quantities x and y^ 
which X flows uniformly into another in which y shall f 
uniformly, or j/ be constant. , 
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which, being substituted for y in the 



S91 

Let MA be a curve, whose abscissa AP flows with a uniform 
velocity; let AP=ix, Pp=x, PM=y, 
and ^mf=y. Next, suppose y to flow 
uDiformly; \et Mh=y ; then Ae^i*, and 
2me — x. Now by similar triangles, Mhe, 
fme, th{x) : hM {y) :: 2em (x) : I2mf j- 

(->)= •■•>=-f 

original equation, will give another equation in which y is 
constant. 

(377*) f^c same proposition may be thus demonstrated: 

Let y = a+bx + cx^ + dx' + &c. s then '^ =6 + 2cj;+ 

Srfj" + &c. 

Assume x constant, and take the fluxion ; then ^ = 3ci + 

X 

Sdxx + &c. 

Next make y constant, and take the fluxion ; then - ■^ 

= 2cx + 6rfj:x + &c. ; .'.■:, when i ia constant, = — ~- s 

X X 

when y is constant, or jf, = — —-. 

(378.) Rule 8. Any fluxional equation of the second order, 
containing only x and y, in which x is constant, may be trans- 
formed into another in which if is constant, by substituting for 

y the fraction - ^~ . 

Ex, 29. Let xy — xy - ay ^ = o. 

In this case, since x is not found, i is constant. Substitute 
according to the Rule for y ; then xy ■\- x'k^ + ax ^. 



a" 



xxy 



~M— =0, or J* + xJf + aJtf ^ =0 ; the fluent = xi -f or 



\ 
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- ^ , which must be equal to some constant quantity. Now 

since i or y must be found in every term of the first fluxion 
of the equation, the constant quantity must be of the form 

^1 , , , Jp'y , . . 2hxi , 2ahi 

cy\ /• take xx+ao? r = ^y; then y= -t i+n — r-n> 

^ 2b ^ ^ 2bc+p 36c+jr» 



a 



and jf = A X h3rp. log. 2bc+x*+ - x a circular arc, whose radius 
is i^2ftc, and tangent x. 

(379.) This equation may also be solved in the following 

manner : 

• _»^ • • •• 

Multifdy it by the fraction —- ; th® result is ^"^ ^ — 

-~ r =0 ; and the fluent -r + — r — r = some constant 

quantity =s c ; .*. xi + ai — -^ = cy, the same as in the 
last case. 

(380.) The most general method is that of an infinite aeries, 
which is to be used when other artifices fail; 

Rule 9. For the quantity whose value is to be found, 
assume a series involving the powers of the other with unknown 
coefficients; substitute this series and its fluxions for tlieir 
values in the ^ven equation, and equate the coefficients of 
the corresponding terms. 

MIX 

(381.) Ex. 30. Let =y, ormx-y-x^=0. 

1 +x 

Assume the series, and follow the process adopted in 
Art. 144; x=:-^ + :^. + &C. 

Ex.31. Let yi* + «ixy-»ejF=0. 

In this case x is constant. Assume is 1, and let y^mx 
+ 6j' + cx»+rfjr*+&c.; then ^ysa+2ix+3cx*+4d^+&c.» 
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and j? = 36 + 3.3.cjr+3.4. rfaf + &c. ; hence^ by substitution 
in the original equation, 

+ma+2mbx+3mcx* 
- 2m'i - 2 . Sm'cx -3.4. tri'dx^ 
Hence ma— 3m*i = 0, a + 2mi- 2.3 .fn*c=i 0, i + 3mc- 

3.4. fn^a = 0, &c. ; .'. ft = — -^ = r- , <?= ; , &c. ; 

2m* 2m' 2.3.m** ' 

^ ^2m 2.3m*^ ^ 2m ^ 2.3m* 

+ &c. 

(382.) Ex.32. Let ma^i+yi-ny=0. 

Assume y =aa:'+ijr* + cx* + &c. ; .-. y=3aar*x + Aha^x 
^bca^x + &c. And by substitution in the given equation, 

mx*i + aaj'i + 6ar*i + &c. *) 
— 3«ajc*i-4n6aJ^i-6iicar*i — &c.j "" 

Hence m-3na=0, a— 4ni=0, i-5nc=0, &c.; .%a^—j 

alt 

_ a m 6 m ^ mx* 

3.4.ir^3.4.6.n»^ 

If in this equation we had assumed y^Ax + £Sjc* + Cix? 
+ &C.J it would have appeared that A szO^ and BzzO; so 
that a regular series beginning with x is not always required. 
The principal difficulty is to determine, what kind of series 
with respect to the indices ought to be taken, that no super- 
fluous terms may be admitted. As the subject is curious rather 
than useful, the Reader is referred to Simpsan^s Fluxions, 
p. 296. Second Edition. 
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Chap. XXIV. 



SECT. I. 



PROBLEMS. 



Prob. 1. 

X wo weights are connected by a chord going over a single 
fixed pulley; to determine their ratio, so that one shall 
generate the greatest quantity of motion possible in the odier 
in a given time. 

Let P be the greater weight, and y the less; then the 

accelerating force s -» — S.* .% the momentum o(w 
^ P+y* 

: V. which is a maximum bv the Ph>blem ; henof 



P+y "' ' 

fluxion of ^^^ =0, OTPy-2yyxP+y-yxPy-y=0,. 

<P+y=/^-y*; /• y*+2/^=P*; and by solving 
the quadratic^ y = P x »j2-\. 

P : y :: 1 : ^- 1. 

Prob. 3. 

Maternds are to be raised to a given height by means of 
a given weight hanging over a single fixed pulley? What 
weight must be raised each time, so that the greatest possible 
quantity may be raised in a given time ? 
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I 

Let t represent the whole tiine^ n the time of one ascent, 
S the given space; then S^mn^xFi :. n=V — pi ^u* 

— = the number of ascents ; /• this number = / x \/ ^-^ ^ 
Also, if P be the given power, and x the weight raised each 

time, F^-iT-, — ; A the number = ^ x \/-r» ^ v W— ■; 

P+x ^ S ^ F+x 

and the whole weight raised =3 / x v rr X \/ t^ — x x' oc 

° A ^ F+x 

\ p" X Xy which by the Problem is a maximum. Hence 

Fx^ — x^ 

its square — p is a maximum, and its fluxion s: ; that is, 

2Fxx - Sa^x X F+x- XX Px'— x'=0, from which equation 

,^ PxV5->l 
2 * 

Prob. 3. 

A body falls from -^ to JB by the force of gravity, and then 
JH^ uniformly on a given horizontal line BC with the velocity 
acquired ; to find AB, so that the time of falling down AB 
added to the time of describing BC may be a minimum. 

Let AB^Xy BC=b, 111 = 16^5 feet The time down ^£=: 

\ — i and the velocity acquired ^^ Amx. 

Also, since the velocity in BC is uniform, 

BC • h 
the time of describing J3C= — -=— p==- c— — — - 

ix b « 

/. by the Problem, V — h . is a minimum, or x"^ + 

m ^ 4mx 

Ajtf"' X ux b 

is a minimum ; hence — :=, — — r = 0, and jc a - , 

3 a^x 4x* 3 

or ABss^—-. 



\ 
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PrOB. 4. 

From what height above C must a perfectly elastic ball 
be suffered to descend by gravity; so that it may impinge 
upon A^ and return to the given point Cy in the least time 
possible? 

Let B be the point required ; take BC=x, AC=a ; then 
the time through BA^\ ; time through BC= ^ 



\/l; .-. 



the time down CA, or the time of rising 

through AC after impact, = '^ .~ ^ — . Hence 

the whole time of falling through BA and returning to 

C= --^ . — ^ — , a mmimum. Hence . >- — — p 

^/m y/a + X 2y/x 

ss 0| and X is found = - • 



Prob. 5. 

Given two perfecdy elastic bodies A and B ; to find an 
intermediate elastic body x of such magnitude, that the motion 
communicated from AtoB through x may be a maximum. 

Let a = the velocity communicated to ^, u; the velocity 
communicated to Xy and b that communicated to B ; then, 
by mechanics, 

A + X : 2A 11 a I w 
a? + J3 : 2x :: to : 6; 



.-• A-^xxx + B : 4Ax :: a : ft, or 

AB 

A+X+ + B : 4A :: a : b. 

X 

Now the two mean terms are constant; therefore the first 
varies inversely as the fourth ; but the fourth is a maximum ; 
therefore the first is a minimum. Hence, by taking the 
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ABi 



fluxion, i— ■- '" ■ "* - =0 ; .•, x'=jtB, and A : x •.: x : B, ot x 

X 

is a mean prxtportional between ^ and B, •■-. ) n '» -e-'nV^ 

Cor. If A impinge upon x at rest, x upon jr/, 1/ upon s, &c. 
and z upon B, the motion communicated to B is a maximum, 
when the several bodies interposed are geometric means between 
the first and the last. 



PROB. 6. 

Given two sides of a triangle ; required the third, so that 
a body may fall down it by the force of gravity in the least 
time possible. 

Let AB, BC be the two given sides, of which the greater 
AB is drawn parallel to the horizon ; 
with fi as a center, and the less side 
SC as a radius, describe the circular 
arc CM. From A draw AF per- 
pendicular to AB, and make AF= 
BC; join FB. Make the angle FBC 
equal to the angle B FA ; produce 
BC and FA till tliey meet in D, and 
join AC; CA is the line required. ' 

For if BC be produced to D, since DF= DB, and AF= 
CB; therefore DA=DC; and a circle desciibed, with the 
center D and radius DA, will touch CM in C. Hence, by 
mechanics, the time down CA is leas than the time dovra any 
other line PA drawn from A to the circumference CM. 




Prob. 7. 

Given the base of an inclined plane; required its height, 
> that the time down the plane may be a Kiinimmn, 
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Let the base = b, the 
/a*-i-x* ; but the time » 

0* + J* 



the length i 



■JH ■J'' 

is a minimum. Hence 2x*x-a*x~x''A = 0, 

X 

t=a, or the height = the base. 

1*R0B. 8. 



1 

;ht 

i 



Given the length of an inclined plane; to find its height 
when the horizontal velocity of a body, after descending doH-n 
its length, is a maximum. 

Let j4B be the plane ; produce j4B to E, 
perpendicular to the base CB produced. 
Take AB=a, AC = x: then BC = 
^a*-x\ Now the velocity through .^B 

= ^4mx, if jn=l6— ; and this velocity 

: the horizontal velocity :: BE : BD i^ J 

:: BA : BC | 

:: a : ^a^-jf; ■ 

.-. the horizontal velocity oc .^/j" x y/a'-x', a maximum. 
Hence a'^x-a? is a maximum, and a'i-S^i — Of and x 

AC :: v^ : I. 




— — , or ^B 

If the base be given to find the height, it will be found 
the same manner that BC= CA. 



I 



pROB. g. 

Given the height of an inclined plane ; required its length, 
so that a given power acting upon a given weight, in a 
direction parallel to the plane, may draw it up in the leftst 
time possible. 

Let a = the height, x = the length, P the power, and J 
the weight. The tendency of W down the plane is 
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, and the accelerating force = — p — ^y-~ p . ^ » 



S xxP+fFxx ,_ 

but ^=:rr; •*• ^ »« this ca8e = ==^=; hence 

»«' in X Px-~Wa 

fn* 

-fc «7- is a minimum ; /. 2xx x Px- Wa— Psfx^O ; and 

Px:s2aff^, or P : fF :: 2a : X :: twice the height : length* 

Prob. 10. 

A body is projected from a given point, with a given 
velocity ; to find the angle of elevation, when the horizontal 
range is a maximum. 

Let X = the versed sine of twice the angle of elevation ;^ 
3r ss the parameter. The amplitude oc sine of twice the angle 

of elevation oc Mj2rx^a?\ .•. by the Ptob. ^2rx-jr*, or 
2rx-x*f is a maximum; hence 2ri = 2xi, and xsr, or the 
angle of projection is 45^. 

Prob. il. 

The same supposition being made, it is required to determine 
the angle of elevation, that the area of the parabola described 
may be a maximum. 

The area of the parabola == r x base x altitude oc base x 

altitude oc sine x versed sine of twice the angle of elevation oc 
y/arx-s^xx; .'. ^2rx-3^ x x, or its square 2rx*-x*, 

is a maximum ; hence ^rsfx - 4^?^^ = 0, and ar = — = versed 

2 

sine of twice the angle of elevation. 

Prob. 13. 

t 

The same things being given, it is required to determine 
the angle of elevation, when the sum of the amplitude and 
altitude is a maximum. 
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Iq this case, since the altitude = 

,T rx ~ xi 
a maximum ; -*. T + ~' , - — = 

x~r, and x x* found in a quadratic equation = 
= the versed sine of twice the angle of elevation. 

Prob. 13. 

A body is projected with a given velocity from the top i 

It given tower ; required the direction of projection, that it may 

fall at the greatest distance possible from the bottom- 
Let AB the tower = a; suppose the body to be projeeted 

in the direction A F, and to fall at D. Let 

DC parallel to AF meet AB produced in 

C, and draw AE parallel to BD meeting 

the [perpendicular DF in E. Take FE 

or BC=iX, and p the parameter of the 

parabola. Then px AC = CD*, or p x 

a + x = CD' ; and Off = />C - Cff = 

p X a + x — x'; therefore pxa + x-x* is 
. P 



a maximum ; 



: 2xx, or jr = ' 



and pi = 

Hence, in the right-angled triangle AFE, 

which is similar and equal to DBC, AF 

and FE are known, from which the angle of elevation FA^ 

may be found. 




Prob. U. 

To deduce a general expression for the time of emptyti 
a vessel through an oritice in the bottom. 
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Let AEB represent the vessel, C the orifice, CD the 
perpendicular altitude, and EHF 
the descending surface of the fluid. 
Take z to represent this surface, n 

the orifice, m = 3l2g feet, and x = 

CG, the height of the fluid at any 
point of its descent. Then the 
velocity of efflux is equal to that which a heavy body would 

acquire in failing through -; .*. the velocity of efflux = 

„Jmx. But by hydrostatical principles, as the area of the 
8ur&ce : area of the orifice :: the velocity at the orifice : the 
velocity of the descending suriace ; that is. 




» : n :: >/mx : velocity at the surface = 




— «a? 



• • * as: 

n^sj mx 
the time required. 



z 



corrected^ 




Prob* 15. 

1. To find the time in which a given cylinder will empty 
itself by an orifice in the base. 

Here z the descending surface is constant ; 
and if CD = 6, and j> = 3.14169, z^pb"; 

let BA^ai then r= >— « ^ ^ ; 

fiMjmx n^m 

.\ T = .-J- X - 2x^ + corr. = — r^ x 
Tiy/m n»Jm 




a*- - a!* ; and the whole time = 



2pi*a^ 




m 



In the same manner the time of emptying any pmmatic 
vessel may be determined. 
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Prob. i6. 

3. To find the time of emplying a hemisphere by a hole 
in the vertex. 

Let ACB represent a hemisphere (See first Fig. in pre- 
ceding page). Let DA = a, CG=x; then the descending 

. -p 2axi^af i 

surface = p x GF^=:p x 2ax-x^ ; and r= 7=x ■ . 

^ "^ . ny/m X* 

ss — =: X 2ax^x - x^x ; .'• r= — 7= x — + corr. 

n,,Jm njm 3 5 



Let x=«, r=o; .-. r= -^ X l£i - £^ - -^ 



i££I-. ^ . Let a?=0 ; then the whole time = ^^^— 
3 5 15nA/i9i 



Prob. 17. 

3. To find the same^ the orifice being made in the base 
of the hemisphere. 

Let CF^x\ then FE'^a^-x'i :. p x FE^ or « a 

— /> a^i-- a?x 



= — =r X a*x^x - Jf^i ; and T = 




nnjm 



P .. 0.«iAwr 3X 



n^jm 



X 2a»jr - ±L+ C; that is, 




r=-^^x : 2tf^- — -3tfaf^-£^; .•. the whole time = 
n^^m 5 5 

ipgj 

CoR. If equal hemispheres are emptied by oriBces in the 
vertex and the base, the time in the first case : the time in 

tjhe last :: rr : - 

15 5 
:: 7 : 12. 
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Prob. 18. 

4. A sphere ABF being filled with a fluids it is required 
to oompare the times of empt}ring the upper and lower 
hemispheres by an orifice at the bottom D. 

Let Dlnx; then, if KA:^a, K being the center, z = 



p X 2ax — x"; therefore T= 



Usjlii 



2ax x^x Xy and / = — j=. x ■ — 

n^m 3 5 

+ corr. Now if 7=0, x=^2a ; .•. 7*= 



4 



^ ^ 4 X g X 2fl| _ 3x2a] _ 
n^m ' 3 5 





X -— - - -— ; or the whole time of empt}ang = 






=- X 1 — , smce X vanishes. 



n^Jm 



15 



Again, if x = a, we get the time of emptying the lower 
hemisphere = ^ ,— x — . Hence the time of emptying the 

l6v^"2 - 14 jpa* 
upper part = — :^i-_ x ' — t=i ; .•. the time of emptying 

16^^-14 14 
15 15 

:: 8x/3'-7 : 7. 



15 



the upper part : time of emptying the lower :: 



Prob. 19. 
5. Let the vessel be a paraboloid, and the orifice ia the 



▼ertex. 



^ 
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Let c = the latus rectum ; then, if DE = x, FE* = ex, 

m 

and z=pcx; .*. 7= 



• -pc XX 




-jpc 






X' 



2x^ 



V"^— X m7 tF 9 • • ■« s: y ■■■ X 

w UsJ rn 3 




+ COIT. Let x=:DC=a; then 7=0; 

.•. the whole time = - . — x ~^ . 

w^m 3 



Prob. 20. 
6. Let the vessel be a paraboloid^ and the orifice in the 
base* 

-Pi 



Let C-B=x, D-B=:a— x; .-. j?cx a-x-=« ; .*. 7= 



li^m 



1 • 



ax ^ XX —pc 
X ;; = — 7=z X ax~^x - x^x, 



num 



corr. 



and r= — ^ X 2aj:^ - i£ + 
n^m 3 

Now if x = a, r= ; hence the whole 
time of emptying = ^ x . . 










Cor. If the paraboloids in the last Examples are equals die 

time of emptying the former : time of emptying the latter 

3 4 

3 '3 

1 : 2. 

Prob. 21. 

7. Let ADB be a cone^ and the orifice in the vertex. 
Let DC^a, CB=:by DG=:x, GF 
= y ; then y = — , and z or /ty» =; 

* , ; .•. /'ss — *-7=r X X'J?; and the 
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ph" 



2cr _ 2pb^aJ 



whole time of emptying = — = — j=r x 

Cor. The time of emptying a cone at the vertex : time of 
emptying a cylinder of the same base and altitude :: - : 2 :: 

D 

1 : 6. (SeeProb. 15.) 

Prob. 22. 
8. To find the time when the orifice is in the base. 

m 

Here let CG=x; /. DG^a-^x; 

Aen % or px y*= ^— 

ph" 



a* 



X a' — 2aj:+ar*; 






a^n 




X a^x^i — 2ax^i+ar^i\ 



m 
and the whole time = tt x 



15 ^ r 



num 




CoR, If the cones be equal in the two last cases, the 

time of emptying the former : time of emptying the latter 

2 16 

•• •• • __ 

•' 5 ' 15 
:: 3 : 8. 

Prob. 23. 

Let CAD represent a plane figure or a solid, generated by 
the revolution of CAD about its axis AK. It is required to 
compare the resistance of the curve line CAD^ and of the 
surface of the solid, with the resistance on the base CD ; the 
plane figure or solid being supposed to move in a fluid in 
the direction of its axis. 

Take FE a small arc; draw FHy 
EOy perpendicular to CD, and FQ, 
EP, perpendicular to AK. Let AQ 
=x, QF=j/,AF=:z; then ultimately 
FE=z, FR=:i, and ER=^. Let 
Let LF represent the force of one 
particle of water ; draw LM perpen- 
dicular to a tangent FM, and MN to 

s s 



r 

« 
I 
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LF\ then, if this particle struck the base perpendicularly at 
Hf it would be wholly effective ; but its force on the curve 
at F is diminished in the ratio of LF to LNj or of jLJP : 
LM^ ; that is, of FE' : ER\ or of «* : y». 

Now let CAD be considered first as a plane surface. The 
number of particles which strike upon FE and HG is the 
same, and it varies as GH or y. But the whole efifect is as 
the number of particles x the force of each ; .•. the efl^ or 

the resistance on FE : resistance on GH :: «-^ : v - C 
: y :: - ^f .^ : y, or :: '^ ^ : y; /. the whole resistance 

y 

on the curve CAD : that on the base CD x\f. "~3 • /-y- 

H — 

In the next place, suppose the figure to be a solid, generated 
by the revolution of CAD about its axis. In this case^ the 
number of particles striking on the annulus, formed by the 
revolution of the part GHy is proportional to that annulus, or 
to the product of GH and the circumference described by H\ 
that is, it varies as 3py//, or as yy. Hence, since the resistance 
is proportional to tlie number of particles x the force of each, 

tlie resistance on the surface : that on the base v.j. ^^ : f.yy 

It 

Prob. 34. 

1 . To compare tlie resistance upon the sides of an isosceles 
triangle or prismatic solid CADy moving in the direction of 
a perpendicular A AT, with that on the base. 
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Hereif^C=«, CA"=ft, FQ=y, FE. 
'.'. «* : h*i :, since the resistance on the 
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■ • ^ 

sides : that on the base :: j. '-—' : f. y 

(Prob. 33), it is v.f.^-^ :/.y :: i' : 

s 

^ :: KC^ : CA\ 

Cor. If CAD he a right angle, and therefore -4CK^=45^ 
the resistance on the sides : that on the base :: 1 : 2. 

Prob. 25. 
2. Let CAD be a semi-circle moving in the direction KA. 

ay a*v* 

Here i= , z (Art. 44.); /. i'=-~-T- Now the 

resistance on CAD : the resistance on CD -'-y-^ •y*y» 

.•. in this case, they are ::^. ^^^ ., ^ : /.y try. % 

ory a 



Prob. 26. 
.3. Let CAD represent a cone. 

Here if CK^b, and AC=s, ^=? ; 
•'. since res. on surface : res. on base :: 



y. .3 :y. yy, we have, res. on surface 



z 



. b* 



: res. on base ^y-yy^"^ *f*yy •• ^' • *' 

:: CK^ : C^\ 




Cor. 1 • If CAD be a right angle, the former resistance 
the latter :: 1 : 2. 
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Cor. 2. If a right-angled cone and cylinder^ whose bases 
are the same^ move in the same fluid in the direction of their 
axes, and the resistance upon the cone = resistance on the 
cylinder; then the velocity of the cone : velocity of the 

cylinder :: ^2 : 1. For let f^ represent the velocity of the 
cone, and v of the cylinder; then, since by the last Cor. 
when the velocities are the same, the resistances are as &' : ^, 
and that, ceteris paribus, the resistance varies as the square 
of the velocity ; /.in this case, resistance on cone : resistance 
on the cylinder :: f^*b^ : vVj whence f^'6* = f^V, and 
f^ : V :: s : i :: i^/T : 1. 

Prob. 27. 

4. To compare the resistances upon a globe and (^linder 
of equal diameters, moving with equal velocities in the 
direction of the axis of the cylinder. 

In general, the fluxion of the resistance on the solid : the 
fluxion of that on the base :: '-^ : yy, since &*= ^ ^1 , 

(Art. 44.) :: ^T"^ • VV^ 

•' yy "" • • yif » •*• ^'^ whole resistance on the 

V* V* V* 

globe : that on the cylinder :: "o" " 4 • ' 2 * ^^ V^^^ •' 

2 0" - fl* .«*..,. o 
4 2 

pROB. 28. 

5 . Let the solid be the common paraboloid moving in die 
direction of its axis. 

2'uii x^ 4i/* 

Here y^^ax\ .'. i= -^^, and ~ =-~ ; hence, since 

resistance on solid : resistance on the base i\j. - . -y r^-yy, 

1+- 
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they are ..f- -^ : f..yy :: |- x hyp. log. ~ + y' : f 



a* 



a' 



(Art. 43. Ex. 5.) :: — x hyp. log. — + y* : y*. 

4 4 

Prob. 29. 

6. A solid^ generated by the revolution of the eommon 
cycloid about its base, moves in a fluid in the direction of its 
base ; to compare the resistance against this solid with that 
against its circumscribing cylinder. 

Let f^A^2a, BC=:Xf CD=^t/; then i : y :: Dn : np 

:: MN : N^ :: ./AN : n/A^ or 

ff ly^v.y: 2a-yi .-. | = ^X^; 
hence resistance on soHd : resistance on 



the cylinder :: J. 



yy 



1 + 



•• /• yy " . 




2a -y 



f.'f^^-f-yi =: I" - g = f that b. if ,=x, 

resistance on the solid : r^istance on the cylinder :: 2a*— 
~ : 2a^ :: 1 : 3. 



Prob. 30. 



7* Let CAD be a spheroid^ whose center 
18 K^ moving in the direction of the major 
axis KA\ to compare the resistances a8 
before. 




Let^Q = x, A'Q=ti, Q/^=y; then, if AK^a, and the 
latus rectum = 2r, by a property of conic seciMI^ c^^tif : 
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:: a : r; .\ a* -^ u* =z -^, and u = ^ a* ^, 



and 



u = ====; but since u + x =: a, ii^ -x; •*. iss 



Va»- 



r 



:>> y«*«A yv««* 



''yy and ~ = ^y = ^^ and 

^ ._fl£' 5'* a^r^-ary" at* - ry** 



rx 

r 



^— X yy, whose fluent (by Fluent 10.) = ^ — 



+ .^ X hyp. log. y*H = -« ; .*. resistance against 

V* 

the spheroid : resistance on the cylinder :: A : ^ 

:: 2A : y». 

Prob. 31. 

8. If the figure be an hj^perboloid, by conic sectionSi 
ti»— a* : y* :: a : r; and in this case, ■ ^^ _ ^<^+ y'y^ x yy 

It 

\ Tit i ^g* Z3 

whose fluent = —f-- + ==7i x hyp. log, y» + JlfL -.JJ 

(Fluent. 10.) ; .% resistance against the solid : resistance on 
the cylinder :: 2B : y*. 

Prob. 32. 

9. To determine the frustum CDEF of a triangular prism, 
of a given base CF, and altitude BA, which, moving in a 
medium in the direction of its length BA, shall be resisted 
the least llRi possible. 
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Let €H drawn parallel to AB meet ED produced in H; 
on HC describe a semi-circle, meeting 
DC\n P; join///', and draw PQ. per- 
pendicular to HC, and PR to DH. Tlieu 
the resistance to DC, which varies as the ' 
number of particles x the force of each, 

DHxDW DHxDW 
varies as ^^^ , or as -jjj^ ; 

but DH : DP :: DP : DR, since the 
angle DPH is a right angle; .-. DH : DR 
DHx DR* 




or :; DP^ : DR" ; .■. DR= ■ 



DP* 



:: DW : DP\ 

or the resistance 



to DC varies as DR; and the resistance to AD and DC 
varies as AD + DR. Now this is a minimum when DR is 
a minimum, or when RH is a maximum; but RH=PQ., 
and PQ is a maximum (Art. 23. Ex.2.) when CQ=QH; 
that is, when DCH or DCB = 4b°. 

CoK. In this case BC is supposed to be greater than BA ; 
if not, the whole prism will be less resisted than any frustum 
CDEF of a greater prism. 



Prob. 33. 
10. To determine that frustum of a cone of a given base 
and altitude, which, moving in the direction of its axis, shall 
be less resisted than any other. 



Let HBEI be the required frustum, 
complete cone. Then, by Prob. 26, the 
resistance on tlie surface AH : that on 
the base HI :: HG* : AH* ; .*. if the 
resistance on the base = 1, that on the 
HG^ 



and HA I tlie 



nirjace = 



AH'' 




Also, since the resistance varies as the number of particles 
into tlie force of each, the resistance on the haan-HI : that 



SIS 
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on the base BE :: HG* : BC, the force of each being the 
same when the velocity is the same ; .'. the resistance on the 

base BE = uTvi = "Ti/i > ^^^ ^^ resistance on the base 
BE : that on the surface B.4E :: AB* : BC*; therefore 
the resistance on the surface BAE = ttt^ x . ,,. = -7-n: • 

/fG' ^/r» .4ir 

Hence the resistance on the surface of the frustum BHIE= 

H&-BO . . ,, . AB*+HG*-BC* 
jtft — ; and the whole resistance = Jfi* 

~ AH* • 

Let AG=ix, CG=a, HG=b; then ^^» =*»+«•; and 

^, .^ x-ol*+fc* a;*'-2ax+<^+i* ,,o'-2a« 
the resistance = ^^^, ^+6^ = » + "^TF;; 

which is a minimum ; /. - aai x ^^m:^^ + 2xx x 3ax - tf 
ssO; hence X* + t* = 2x*- ax; /. x*-flx = ft*, and x=s-- 

Cor. The Thirty second Problem might be solved by the 
same process; tlie only difference is, that the resistance on 
the base CF in that Problem : that on DE :: CB : DA; 

and the expression, which is a minimum, = jTg + TJ^ ^ 

1 -. k^ , BA and CD being produced to meet in jL, or 
LB 

r >rf BC* AB 

idL + ^^ X -y-= ; which, according to the same substitution, 

M^B LiC* LB 

varies as ^LZ^ ^ — - — i— ; and the fluxion of this quantitv 

X Jr + trx 

being put = 0, gives x = b, or the angle DCB =. 45^ as 
before. 
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Prob. 34. 

To find at what angle the wind must act upon the sails 
of a mill, so that its effect to produce motion may be a 
maximum. 

Let X = the cosine of the angle ; then if r = radius, the 
sine = aJj^-x*^ ; but the eflfect by hydrostatics varies as 
j?xr* — a?*; ovr^x — oc^ is a maximum; hence r*jc — 3jr*jp = 0, 

r 

and x= ~pz , the cosine of 54°. 44'. 
V3 



Prob. 35. 

Let the triangle ABC be immersed in a fluid, so that its 
base may be level with the surface; to find where a line DE 
must be drawn parallel to the base, so that the pressure upon 
it may be a maximum. 

Draw CF perpendicular to AB\ let AB = a, CF^szz b, 
FG = x; then CF . CG :: AB : DE, 



or 6 : b-x :: a : DE, =:ax 



b — x 



Now 




the pressure varies as the surface pressed Jt 
into the depth of the center of gravity ; 

/. the pressure in this case varies as & - :» 
X X oc bx- X*, a maximum ; hence bi - 

/ Prob. 36. 

If a semicircle ACB be immersed vertically in a fluid, 
with its diameter contiguous to the surface ; to find on which 
of the chords parallel to AB there is the greatest pressure, 
the density of the fluid being supposed to vary as the depth, 

TT • 



Let CD=x, CE=r; 
FE X depth x density oc s^/r' — x* 
X I*, a maximum ; hence the fluxion 
of rV— x'' = 0, or Jr"jr',r = 6j:^i-; .', 
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; then the pressure on FE varies i 



X' 



and . 



v/!- 







If AGB be a parabola, on the same supposition. 
6 being assumed = CG. 

Prob. 3r. 
Let AGB represent a hemisphere ; to find the section Fi 
parallel to the surface, on which the pressure is a maximum, 
the density of the fluid being as the n"" power of the depth. 

The area of the section FE varies as i/', or as r* — jr" ; hi 
the pressure varies as r'-i' x j-x 2:" ; that is, r'af^^ — af^' 
a maximum; hence n + 1 .r^x^x = n + :i .x"**i't and 
. /n+1 
* ni-3 

Prob. 38. 
A cubic inch of metal, whose specific gravity is to that 
water :: m : 1, is formed into a hollow cone, and immersed 
with its vertex downward ; it is required to find the ratio of 
the exterior diameter of its base to the altitude, when 
surface immersed is a minimum. 

Let r = the radius BC of tiie base, DB the altitude = x, 
DG the altitude to which it is immersed 
= 2, p = 3.14153, &c. Then, by similar 

triangles, x : r :: z : — = GF\ and 

the content of the conical part EDF= 

^^ GD pr^z' 
p X GF' X ' 



1 

lato^ 



) ot 

1 



water displaced ; 



- ^ , = ttie bulk of 
and the weight of the 
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water displaced, or °. x 1, = mx I, the weight of tlie 

cubic inch of metal; .', z = \/— - x I*. Also, since the 

Burfece of a cone = ^the circumference of the base multiplied 

into the slant side, the surface of ADC = pr x y/r' + x^ ; 

but similar surfaces are as the squares of corresponding sides ; 

/ , , - ; prz^ X Jr" + 3.' , 
or X ^I'^ + x* : , the suriace 



.: X" : 



immersed; which, by substitution, = f"'^ yr' + j' 3m' 
x^ pr" 

X x^, a minimam by the Problem ; or ^ — ^ — is a minimum ; 
in 

and the fluxion being put = o, x = rx -.J^. 



Prob. 3g. 

A cylinder of oak is immersed in water till its top is just 
level with the surface, and then is suffered to ascend ; it is 
required to determine the greatest altitude to which it will 
rise, the velocity which it has then acquired, and the time of 
its ascent. 

Let A = the height, and a the base of the cylinder, and 
suppose the specific gravity of oak : that of water ;: « : i. 
Let X be any variable altitude tlirough which the cylinder has 
ascended, and 1= l6— feet. Then tlie moving force by which 
the cylinder endeavours to descend = A x a x n, and the 
force of the water upwards to prevent it = h-x x a x 1 ; 
.'. the whole moving force upon the cylinder = k — xxa — h 
X ox n = ah-ax — h x ax n = \- n.ha~-ax = mha — aT, 
by substituting m for 1 — n, = a x ritk - x. Hence the 

, ,. . ax mh-x nth-x ^, 
accelerating force = -, = ; — . Now if y represent 

the velodty of the cylinder after it has risen through a space 
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= T, vv ss± 2tFx=s^ in this case, 2/x r ; A t^=a 

2/x 4 * and t; = V — 7- X ^J2mhx - x^. And when 

the cylinder has acquired its greatest ascent, 19 = 0, or 
^/2/nAx-x* = 0; /. x = 2mA = the part of the cylinde* 
extant. 



To find the time, we 



v/S 



T. 



V ^ 27 ^ ^2mhx-x* 

== V Trr-rn X — p-- ^ - , and T= V . . . y X^; where 
2/wVi* ^2mAx-ir» ^ 2/m»A 

-^ = a circular arc of radius mA, and versed sine ar, which 

needs no correction. 

PROB. 40. 

Let Q be an object placed beyond the principal focus F 
of a convex lens ; to find its position when its distance Qq 
from its image ^ is a minimum. 

Let QE = x, FE^a\ 
then QF : QE :: QE : Qq, 

or x-^a : x :: x : Qj = 
or* 



S 



j?-a 



, which is a minimum ; 




2xx X X -a^oc^x = 0; that is, 23^x — 2axX'^x^x = 0; .'. 
a: = 2a, or QE^2EF, and QF=FE. 

pROB. 41. 

If a person view himself in a concave reflector, his image 
decreases from the reflector to the principal focus, and then 
increases in going from it. 

Let E be the center, and 
7 the principal focus of the 
concave reflector AC. Let 
pq he the image of PQ ; the 
apparent magnitude of PQ 
to an eye situated at Q is 
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^. Take ET=TC=a, QC=x, PQ=sM; then TQ 



cc 



TE :: TE = r,= |S = ^^■. .: C,^T,-TC=~^^ 



ax 



ax 



-a=-^^^, and Qo=j?+-^^^= . Also (M) PQ : 

p^ :: QC : oC :: x : :: a — x : a; .•. pa = > 

^^ ^ a-x ^^ a — X 

pq Ma 



.•. the apparent magnitude or -gi 



a-x 



a- X 
2axr- X* 



whose fluxion = 



^xx - 2ax 2x X X- a 



which is 



2ax-x*' ^x.^.w «v*^.v,.. 2ax-x*^' Sax-x*^*' 
negative, while x is less than a, or QC less than TC ; hence 
the apparent magnitude is at that time decreasing. But when 
X is greater than a, or QC greater than TC^ the expression 
for the fluxion of the apparent magnitude becomes positive, 
and the magnitude of the image increases. 

Prob. 42. 

If the eye and an object be both fixed, and a concave lens 
be moved from the object toward the eye, the apparent 
magnitude of the object will decrease to the middle point, 
and then begin to increase. Required a proof 

Let ABDC be the lens, O the place of the eye, F the 
principal focus of rays coming 
in a contrary direction, PQ 
the object, and pq the image. 
The angle, under which pq 
appears to the eye at O, varies 

as ^Hh:. Assume QO = 2a, 
qO 

FE^p, QE=x, and PQ=M. 

Then, since QF : FE :: QE : Eq, Eq = ^^^/^^ 
px 




QE' 



Ako QF\ QE :: QE i Qqi .\ Qq^^^^r 
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= — r — ; hence Oo = OQ- Qfl= 2a- 
p + x ^ * 

And PQ (3/) : pq r. QE : qE :: 

Mx 



_2ap + 2ax—m 



p+j^ 



p+x 



Hence the apparent magnitude, or the angle on 



which varies as —3- 
qO 



Mp . 

p-\-x ■ 



Sa/> + 2«x — x" 



^ap + lax — x^ ' 



The 6uxion of this quantity is _ 



'2ap+ 2ax~ j/^] 
which is negative, while x is less than a, but positive, whi 
X becomes greater ; that is, the apparent magnitude di 
to the middle point, and afterwards increases. 

Prob. 43. 
To find the position of Venus when brightest. 

Let £ be the Earth, S the Sun, and /' Venus ; y 
Sr, SE, Ef^, and produce E T to J, 
making f''A = yS% with ^ as a center 
and VS radius describe the circular arc 
SA, and draw SB perpendicular to 
EA. Then SEr is the angle of elon- 
gation, SVA the exterior angle, f'B 
its cosine, and BA its versed sine to the 
radius SF. Take SE = a, EV = x, 
VB=y, SV=b. Then the visible 
illumined part oc BA oc 6 - y ; and the 

, . t h — y b y 

bnghtneas oc — f-^ oc — - •— 

by the Problem is a maximum. 
'iEFxFB, or a' ^x'+b^ + Qxx ff 




which 

NoviSE'=EF'+Sr'-i- 
a*~b'- X* 



(if m'= 



-f) 



by substituting for y, we havi 
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— • -— a maximum ; that is, — -r is a maximum ; 



hence 26x+2xi x 2i?'-6a:'i x ^bx-rn'+x* = 0; or if we 
divide by 2x*i, it may be reduced to this form ; — j?*- 4Jj?+ 
3m* = 0; .-. a?*+4Jx = 3m*, from which equation x= -2J+ 
^Ab^+Sm" = - 2j+N/3a* + 6*. Hence the three sides of 
the triangle SEf^ are known, to find the angle of elongation 
SEF, which is equal to 39°. 44'. 



PrOB. 44. 

To find the position of Mars when least bright. 

Let E represent the Earth, S the Sun, M Mars at the 

time required. Join SE, 

SMj EM; and suppose 

EM to be produced to Z>, 

making ilfD = ilf5. With ilf 

as a center and MS radius 

describe the circle ^*SF; draw 

SB perpendicular to Z)J?. 

Then SEM is the angle of 

elongation, and l^MD the 

exterior angle of elongation, 

whose versed sine is Z> J}. Take 

ES^a, MS^b, EM^x, MB-y; then the brightness 

Dc^. But ES^^EM' + MS*-'2EMx MBy or d*^ 

m^+x^ 




x* + i*— 2j:y; .'.y = 



6*-a*+x* 



2a? 2x 

.-. the brightness <5c — -| : — oc — 



, if m*=: 6*-.a*; 



which is 



0?' 2jr' 2x' 

a minimum. And the fluxion 2bi + 2xx x 2x^ — 6x*x x 
2bx+m* + x* = 0, from which equation x may be found =: — 

2b+j^4b*'-3m'=z - 26 + y/b*+3a\ 



Peob. 45. 

The Sun being supposed to move uniformly in the ecliptia 
to find when that part of tlic equation of time, which ari 
from the obliquity of the ecHptic, is a maximum. 

Let Q Q represent the equinoctial, EL thiz ecliptic 
first point of Aries, PLQ the ^ 

solstitial rolure. Then at ^ the 
Sun's longitude and right ascension 
are equal ; and they are again equal 
when the Sun is at L ; but at any 
intermediate point, as B, PBG 
being a declination circle, the lon- 
gitude A B Is greater than the 
right ascension AG; it appears, 
therefore, that from v/ to a certain 

point the longitude increases faster than the right ascensiqf 
and from that point to L the riglit ascension increases i 
than the longitude ; hence the equation is a maKimiu^"" 
when the daily increment of right ascension is equal to the 
daily increment of longitude. At that time let the Sun be_ 
at B, and let BD be the increment of longitude, and Gffji 

right ascension, in one day. Draw the circle of decHni 

PDH, and the small arc BF parallel to QH. 
Now GH : BF :: r : cos. BG, 

and BF CBD :: S, BDF : r (since the triangle J 
■ is extremely small) ; 

.-. GH : BD ■.: S, BDF : cos. BG :: S, ABG : cos. BG, 

and GH=BD by hypoth. ; .-. S, ABG^cos. BG. But l 

Napier's Rules, r x cos. ^ BAG = S, ABG x cos. Bt 

that is, 

COS. BG 




Sun be 
GHJM 
Hnati^H 

all) ; 
BG, 
.t^ 



COS. BAG — COS.) BG; hence r ; cos. BG '. 

)s. BAG; or tlie equation is a maximum, when 
the cosine of declination is a mean proportional between 
radius and the cosine of the obliquity of the ecliptic, 
longitude at that time = 46r. 14'. 



r 
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To find when that part of the equation of time is a 
maximum, which arises from the unequal angular motion of 
the Sun in the ecliptic. 

Let MDA represent the ecliptic, MSA its major axia, 
and S the Earth in one of its foci. 
With S as a center, and SD a mean 
proportional between the semi-axes of 
ADM as radius, describe the circle 
DEF. The area of this circle is equal 
to that of the ellipse ; .*. if a body be 
conceived to revolve in this circle with 
the Sun's mean angular velocity, its 
periodic time will equal that of the Sun 
in the ecliptic ; for the areas described 
in the two cases dato tempore are the 
same. Let this imaginary body be 
conceived to set off hom B at the same 
time that the Sun begins its motion from the higher apse at 
M. The Sun's velocity at M is less than the mean ; therefore 
the angle BSG described by the body in some given time 
is greater than BSH described by the Sun in the same time; 
and their difterence, or the equation, will continue to increase 
till the angular velocity of the Sun is equal to that of the 
body; hence the equation at that point is a maximum. Now 
the angular velocity varies as the aroa described in a given 
time directly, and the square of the distance inversely ; .". 
since the area described in a given time is the same in both 
cases, when the angular velocities are equal, the distances are 
equal ; or tlie equation is a maximum when the Sun is at D. 

The absolute equation from both these causes is a maximum 
about the first of November. 
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Prob. 47. 

To a pendulum SA of a given length, suspended at S, 
a given weight ?j is affixed at // ; to 6nd where another 
weight must be fixed, so that it may vibrate in the least til 
possible. 

Let Fhe the point required, and O the center of osciUation 
then the pendulum itself being considered as of no 

weight, if S^=a, and SF=x, SO = ""' '^ "'^ 

Now the time of oscillation oc ^SO ; /. 



(Art. 71.) 

.... iia^' + mx' . - . 

since the time is a minimum, is a minimum ; 

110 + inl- 
and its fluxion, that is, 2mxi x na + mx - mi- x 
Ha^ + mif' = o, or 2nax + 2mj;'' = na^ + tnsr'; :. x' + 

2nax na* , , ^. . , . « , I 

-__ z= ~~; and from this quadratic a= - x y/n' + mni 

^=SF. 



'1| 



Prob. 48. 
Let y1 B represent a straight lever moveable round 
horizontal axis of motion, which passes through S ; suppt 
a weight 7 to be atfixed to the extremity of the shorter amT" 
S^, and a power p at the extremity of the longer SB; 
Required the ratio of the arms, when the effect of p to tun 
the system at the lirst instant of motion is a maximum, I 
inertia of the lever not being considered. 

Let SA = X, SB = a. The moving force of p =p ; but I 
weight 9 would balance a power at 

if 



"'-'^ 



the moving 



force acting oil B=:p~ i_ ~ 



/"' - V J 
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Also tlie inertia or mass is obtained by suj)[X)sing the bodies 

, , 111 9'T' na' + ox* 
p and 5 to be removed, and a weight =/*+ ^-j-, or ' — » — 

placed at B (Art. 65.) ; hence the force, which accelerates B 

va — qxx a i ■ u ■ ■ ^u' 

I- '■ which IS in this 



at the jirst instant of motion, = 



case a maximum ; 



yj«" + fyi' 



~qixpa''-\-qx* - 2qxxx pa - qx = 0, 
or pa'-{-q.x''-\-ipax-2q3^=0; 



and by solving the quadratic, x-=- ^^^t- " — . 



Prob. 49. 

Let the arms of the lever ASB be given, and a given power 
p be affixed at B ; required the weight y suspended at A, 
so that its momentum in a small given time may be a max- 
imum, the inertia of the lever not being considered. (See 
preceding Fig.) 



Let SB = a, SA = b ; then the moving force at B, as before, 

Vxb 
=p- 



pa-yb J .1. ■ .- , b' pa'+ui» 
= - '-^i and the inertia z:p+^x -j=^^ ~ — ; 



.*, the accelerating force upon B at first = -^ ^^ x a. 

" "^ pa^+yb* 

Now the force which accelerates B : that which accelerates 

ji :: SB : SA i: a i b; .*. the force which accelerates A^ 



. '^ ,, X b ; and this varies as the velocity ; hence, at the 
par+yo* ■' ' 

commencement of the motion, the momentum oc L-ii — -iL 
pa'+b 'y 

a maximum; .■ . pay - 2byy x pa' -^b'y — b'^y x p ay - by' = 0; 

hence, dividing by y, and multiplying the quantities, lr'y* + 

2pa*by=p'a\ and y = ^x v'aA+a'- S^- 



PROB. 50. 

Given the radii SA, SB of a wheel and axle, and let 
B given weight p, applied at tlie circumference of the wheel, 
raise a weiglit 1/ applied at the circumference of the axle; 
to find ^ when the momentum communicated to it in a given 
time is a maximum, the inertia of the wheel and axle nol 
being considered. 

I-et SA = a, SB = bi then the moving force upon A 

p-' — ; and the mass supposed to be 

collected atv/=p+ ■:^; therefore the 



accelerating force at ^ = "' 



■'/'' 



X a ; hence tlie accelerating force at 
■n pa-ub , . 

pa' T t/ A* ^ ' ■'■''"= ""omentum 



communicated to y oc 




pa' + T/b 



maximum; and the fluxion =0, or pay — 2byif x pa^+yi^ 



— ft'y xpoy — y'A=0; whence, dividing t>yy, and multiplyii 
the quantities b^y*-^2pa^by = p^a', the same equation as 

the last case ; 



pROB. 51. 






Given two weights p and q, acting, as in the former 
at A and B, and the radius SB of the axle ; to find the radim 
of the wheel, so that p may draw up y through a given space 
in the least time possible, the inertia of the wheel and axle m 
being considered. 

hat SB=b, SA^Xi then the accelerating force upon j 

by the preceding Problem, = "J ,, - . Now S <x Fx 
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therefore T* oc -- , when S is given ; hence, since the time is 
a minimum, the reciprocal of the force, or '. — r, is 



a minimum ; .*. its fluxion =0; 



px^qhxh 



hence 2pxxxpX'- qb-pxxpsf^ + qb^=0; 

or /Jjf - 2qbx = qlf, 
froip the solution of which quadratic x = -2 ^--5l tl^ , 



SECTION II. 

Prob. 52. 
To inscribe the greatest cylinder in a given sphere. 

Let ABED be the cylinder ; CB^r, 



CF^x, BF=: y. Then y» = r^ - af ; 



and the content = 2p x r*x - s?y a max- 

r 
imum ; •'. r'i=3ar*i, and a?= —^. 

n/3 




Prob. 53. 
To inscribe the greatest cone in a given sphere. 

Let HAB be the cone required. Then, since the content 
of a cone = r of a cylinder of the same base and altitude. 



(Art. 51. Ex.6.) the content of HAB ^p x FB* x 



HF 



Let CH=^r, HF=zx; then BF':=^2rx-x^ i therefore /ix 
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'^ is a maximum; hence Srx^-x* is a maximum. 

3 

4r 
and 4rxi=3x*i ; /. 1?= --- . 

3 ' 



PROB. 54. 

To inscribe the greatest cylinder in a given spheroid^ the 
axis of the cyhnder being supposed to coincide with the axis 
of the spheroid. 

I^t a = the semi-major axis, b the semi-minor^ y the 
ordinate, and x that part of the axis intercepted between the 

ordinate and the center. Then y* = -^x a* - J?* ; /. py* X 2x, 
the content, = -^~ x a'ar — a?', a maximum; .*. a^is^Aa^i^ 

Or 



a 

and X = /— . . 

n/3 



Prob. 55. 



To inscribe the greatest cone in a given spheroid^ its vertex 
coinciding with the extremity of the major axis. 

Let the part of the axis intercepted between the vertex of 

6* 



the cone and its base =x; then y*=^x 2ax^x^; and the 



a' 



_pb' 



content of the cone = ^ x 2a j* - *», a maximum ; therefixe 

4a 
4axi=3xV, and x = — . 

3 



Prob. 56. 

To inscribe the greatest cylinder in a given paraboloid 
CAF. 



PROBLEMS. 

Let BIGD be the cylinder ; AH=. 
X, AE = b, HI = y, and the latus 
rectum = c. Then y* = ex ; .'. the 
content, or py* x HE, =pcxxb — x, 
a maximum ; hence bi = 2xi, aiid x = 
b 
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Prob. 57. 
To inscribe the greatest cylinder in a giyen cone. 

Let JF^x, FE=j/, AG^a, GB^b; 
then 11 = -^ ; therefore thfe content of the 



pb" 



cylinder, or py^ x FGj = ~-. x x* x a - x, 
a maximum; hence ax^ — a? is a max- 
imum, and 2axx=3x*x, or x = — • • 




Prob. 58. 

Find that point in the side of the triangle ABC^ from which, 
if perpendiculars be drawn to the other two sides, their product 
may be a maximum. 

Let D be the point required; draw 
DE perpendicular to Cfi, and DF to 
AB ; also from A and C draw AL and 
CG perpendicular to CB and AB. Then 
by similar triangles, ADFy ACGy and 

CDE, CAL, 

AD : DF :: AC : CG 
CD : DE :: CA : AL 




.\ ADx DC : DFx DE :: AC^ : CGxAL. 
Now as the last two terms are constant in the same triangle^ 
DFx DE oc AD X DC, and is therefore a maximum when 




PROBLEM^' 
DC is a maximum ; that is, when AD = DC (Art. M. 



D, and D is the 



At>> 

Ex. 2.); hence AC must be bisected 
point required. 

TTiis Figure answers for an acute-angled triangle ; the 
process is nearly the same for a right and obtuse-angled 
triangle. 

Prob. 59. 
From a given cone ABC, to cut the greatest parabola DEF. 
Let BC be that diameter of the base which is perpendicuj 
to EF. TiikeCG = x, CB = b, nA = a; 
then, by the property of the circle, EG = 



JBG X GC = 



: v^&j:- 



.-. EF=2x^bx-.v\ Also CB : BA 

:: CG : GD, or b : a :: X : GD^ ~ ; 
b 

:. the area of the parabola EDF=- x ~ 

X 2 x^bx-x* (Art. 48. Ex. 2.), which varies as jrx ^bx — x', 
a maximum; hence its square bx^ — x* is a maximum, and 

it8 fluxion =0; .'. 3bi^i = 4x^x, and x= — . 




Prob. 6o. ^H 

The distance of the center of gravity from the vertex of 
B solid, formed by the revolution of a superficies of tiie 

parabolic kind, is ^ of its axis ; required the nature of the 
generating curve. 





The fiuent of ^— 


= g-ar. (Art 


61.) 










Assume an 


equation 


a"-'j:=y; 


then 


■/• = "- 


"■*", 


and 


f- 


y'xi f. a'"~x'*'x 


n+ 2 ^ 

X X ' 

n 


« + 2 
3n+ 3 


X X 




/ 


2n + 2 
XX 


-~ 
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3^ 



|}4*3 7 1 

3tt+2 ~ 8' •*• 8«+l6 = 14n+14, and 6n = 3, andn=-; 



* I 



.*. the equation is x^cTy^, or j^^a^y. 

11+ 2 3 •» 

In the common parabola. = -; Z. 3n + o=4n+4, 

*^ ' 3n+2 3 

and n=s2; :. ax =:y% the equation. 

Prob. 6i. 

Required to find the nature of the curve, in which the 
sub-tangent : the sub-normal :: m^od^ : y*. 

By the Problem, ^ : ^ :: mV : w* ; 

y X 

.\ £^ : y* :: mV : y*, and x : y :: mx : y; 

.*. - = — ^, and hyp. log. x=sm x hyp. log. y; /. x oc y*, 
X y 

and if^^x-szt^, the equation. 

Prob. 62. 

Required the equation to a curve, whose sub-tangent = n 
times its abscissa. 

• • . 

Here ^ = na? ; /. - = n x ^ , and hyp. log. x ^ n x 
y X y' ^^ ^ 

hyp. log. y; .-. xocy", or a""^x =y". 

If n=:2, ax^y^y the equation to the parabola. 

Prob. 63. 

To find the nature of the curve, whose tangent is a given 
quantity. 

i 

Let X ^ the abscissa, and y the ordinate ; let the tangent 



t*^% 



= 6; then, since the sub-tangent = ^, we have ~- +y* 



by 



= 6»; .'. y'xi"+y' = iy, or y»x» = &y ; .-. !8 = -^, and 
js OC &x hyip. log. y ; or a« = ix h}rp. log. y, the equation. 

X X 
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Prob. 64. 




To determine the law of the weights, which press upon 
each particle of a perfectly flexible line, so that it shall form 
a curye whose equation is a'x =y'. 

Let DAG represent the curve, JM its axis, and A I 
lowest point. Draw EH, BC, two 
ordinates to the axis, indefinitely 
near each other ; let CF be drawn 
perpendicular to EH, Eind AL be 
a tangent at A. Then AC being 
considered as inflexible, after it has 
assumed the proper situation, it is 
kept at rest by three forces ; at ^4 by the action of AD i 
the direction AL; at C by the part of the line CG in a 
tangential direction, and by the pressure in the direction FC 
hence, if the effect of AD = b, AB=x, BC=y, 

y '. X :: o ■ pressure; .■. x^ T"^* 

but by the nature of the curve, since a^x ~y*, i z 




Prxy _ 4.y'.v 



and the pressure 'x y*. 



Let AP be the abscissa of any curve, PMXQ an ordioate 
revolving about the fixed point P, and cutting the curve in as 
many points as it has dimensions; My, Xx, and Qu?, being 
drawn tangents to the cun^ in .f/. A', and Q ; it is required 

10 find the sum of tlie reciprocal sub-tangeota p~"*"p7+p^T 



Let the equation to the curve be y" - tf'x + 6' jc y^ H 



PROBLEMS. 

let a, 6, c be the values of y correspond in ^ to AP or x, the 

abscissa ; then, since 

the last term is the 

product of all the roots 

with their signs chang- 
ed, a'^h^if.cy. &c. =.-p:^ 
~ q3f~' + &c. ; hence 

abc, &c. + bac, &c. + cab, &c. = np3f'~'a;-n- 1 .qaf^x 
+ &c. ; .'. dividing the former part of the equation by a X b 
X c X &.C., and the latter by px" — qjf^^ + &c., we have, 

a b <■ , 7>p3r~'x-n-\ .nx'^-x+ itJC. 
-+r + - +&C, = -i- i 




hence, 



o+r;+8«=- 



;).r"-9.r"''+&c. 

npz"^' — n—l . i/3f~* + &c. 

' px" - yx"-' + &c. ' 

npjir~'-n- 1 .q:tf'-'+ 8cc. 

px" — fjx"'' + &c. 



that is, .p-+_- + ^_ + &c. 
i*^ /*j; Pmj 



P 
Cor. Since the roots of the equation s^-^:^^ + &c.=0, 

are AB, AC, AD, &c., the coefficients of this equation are 
constant ; also x is constant, because i* is a fixed point by the 



na"^' - 



hypothesis ; 



P 



+ &c. 



is constant; that 



3^-3-jr-' + &c. 
V 
IB, the sum of the reciprocal sub - tangents is a constant 
quantity. 

Pkob. 66. 
In the same curve, to find the sum of the sub-normals. 

If p and q be the coefficients of the second and third terms 
of an equation, the sum of the squares of the roots =p'—^q; 
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^H 


hence, on the supposition in the last Problem, 


a' + b' + i^+yU 


= a'x + b'\ - Stfx" + 2(tx + 2e'. Take the fluxion ; then 


aa+b$+cc = a'xx a'x+ b' - 2<frx+d'x ; .-. 


aa bb cc 
)-normal = '~^^| 


a"x + a'b — 2(^x + (t ; that is, since the su 


where x is the abscissa and y the ordinate. 


"'"1 


sum of the sub-normals =«"j'+a'6- iifx + d. 


^^ 67. 


1 


1 To draw a tangent to an ellipse, so that the triangle con- 
tained under this tangent, and the major and minor semi-axes 
produced, may be a minimum. ^- 


Let ABM be the ellipse, C the center. 


Let P be d« 


point through which the 
j tangent must be drawn ; p,^ 
join CP; draw P]V per- ^^___ __: 
pendicular to JC, and let /^"^ 
the tanf^cnt at P meet the J y^ 


>fj 


two axes produced in O V ^ 
, and T. Take AC = a, V^ 


r\ 


CB = b, CN=x; then 


PN= -x^a'-x", and CT— — by conic sections; .*. iV1^| 


= x= — ; and by similar triangles 


, TNP, TOCsB 


TN : NP :: TC : CO, or ^^^ : - x . 

X a 


/^.f: 


CO - -7^i=; therefore CO x CT, 'or - 


a^b 
x^a'~x' 


a minimum ; hence xx ^a* -x*, ora'x* — x*, 


is a maximum ^^ 


a 
£, ^a^xx-A3?S: = 0, and x= —p=. 


d 




V'a" i: 1 : 2 ; .\ TP : TO :: \ : 2, or the tangent TO is 
bisected in P. The same is true for any oval figure. 



PROB. 68. 

The greatest parallelogram that can be inscribed in a curve 
ABC concave to its axis, and the least triangle that can be 
described about it will be when the sub-tangent ET m equal 
to the base BE of the parallelogram, or half the base of the 
triangle. 



By Art. 23, the greatest jwral- 
lelogram which can be inscribed in 
the triangle BTG, has its base BE 
= § BT. Now a greater parallelo- 
gram cannot be inscribed in the 
curve than in the circumscribing 
triangle; therefore BEDK is the 
greatest parallelogram which can be 
inscribed in the curve. 



Also if TG be bisected in D, where it touches the curve, 
BTG is the least triangle ; if not, let BtH be less, and suppose 
tH to cut TG in M, and to touch the curve in F. Then, 
since DG = DT MG is greater than MT; and Mt being 
less than MT, and consequently less than MG, must be much 
leas than MH. Hence, since the vertical angles at M are 
equal, the triangle HMG, which we have added to the original 
triangle, is greater than TMt, \vhich we have taken away; 
that is, the triangle BHt is greater than BGT. 
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The eame kind of proof may be extended to any rectiliiu 
figure, wliich circumscribes an oval ; tor the other sides 1 
supposed constant, the figure is always the least when the 
remaining side is bisected in the point of contact. 

PROB. 69. 

To find that point P in an ellipse, to which if a tangi 

be drawn, the part Pi/, intercepted between the point P and 

the perpendicular Cy drawn from tlie center upon the tangent, 

may be a maximum. 

Draw the conjugate diameter CD, and draw PF perj 
dicular to it. Let Ci/=p, PC=x, 
AC=a, BC, the semi-minor, = b. 
Then CD"" + {CP^) x' = a^ + b^ ; 
.'. CZ>' = a* + A^-ar'. Now CD x 
PF, or CDx Cy, =(ix 6: .-. CU" 



IgCO^^ 

'and 
^nt. 



and p' ' 



hence — r- = 
V 



whose fluxion =0; 



;' + ft'- J% 
Py'^CP'-Cy^^x" 




. a' + J'-z 



=:o'6', and o'+i*-x'=;ai; that is, CD^+x*-a:^ = ACk 
CB; .: AC : CD :: CD : CB; hence x is known, 
therefore the point i*. 

pROB. 70. 
To find the area of the parabola, considered as a spiral. 

Let PQ represent the fluxion of the cune, 
Sy a perpendicular on the tangent at P ; 
join SP, SQ,, and draw QT perpendicular to 
SP. Then, if SA = a, and SP = .r, Sy=i 
\y^, PT=x, and SQ.P is the fluxion of 
SPx QT 



the area SAQ. Now SPQ = 



and 07": 
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Py or y/x'-ax; .-. QT=z " "" 
; and the Huxlon of the area : 



^ j^-ax 



/■=t^-- 



.J7 



' 2^x 



and 



(Fluent 19.) = the 



area SAP ; the corr. = O. 



ON MERCATOR's PROJECTION OF THE SPHERE. 

Lemma. 

The length of a degree of latitude at any place is to the 
lengtli of a degree of longitude there as radius to the cosine 
of latitude. 

Let P represent the pole, and C the center of the earth ; 
AH the equator, AB the length of a degree 
of longitude at the equator ; PDA, PEB, 
two ineridians; from F draw in the planes 
PAQ PBC, the lines FD, FE parallel to 
AC, BC. The included arc DE is part of 
a small circle parallel to AB, and measures 
a degree in longitude at D. Now by similar 
sectors ACB, DFE ; AB : DE :: AC : 
AB = the length of a degree of latitude at any place D, the 
length of a degree of latitude : the length of a degree of 
longitude :: radius : cosine of latitude. 

In Mercator's Projection, the sphere is projected upon a 
plane, P is at an infinite distance, and the meridians PA and 
PB are parallel. Hence, in all latitudes DE is the same ; 
therefore to preserve the just ratio between a degree of latitude 
and longitude in the projection, the degrees of latitude must 
increase in receding from the equator, according to the pro- 
portion in the Lemma, 




DF; or, since 



PROBLEMS. 



Prob. 71. 
In this projection, to find the length of an arc of I 
meridian corresponding to any given latitude. 

Let PCp be the axis of the earth, A C the equator, 
some point in the meridian PA ; draw 
DF perpendicular to Pp, and join Dp, 
DC. Then, if AC=r, AD = x, CF 
=y, and the length of tlie projection of 
AD on the plane =z, wc have b_y the 
Lemma, z : i :: r ; y/ r""- y^ ; .■. %=■ 




But (by Art. 44.) x = 



hyp- log- 7^1 (Art. 43.) + corr. = r x hyp. log. V ^ 
+ corr. But DF : Fp :: r : tan. of the angle FDp, that is, 
^r*-y' : r+y :: r : T, FDp ; .'. the Ungent of FDp, 

)-Iat. =rx V ^^; 
r-y 

and z=r X hyp. 



or co-tan. of FpD, or of \ DCP, the 
hence 



r+y co-tan. of { the co-lat. 
r-y " T 

j^^ co-tan, of^i co-lat. ^ ^ ^^^ ^^^^ ^^^^ ^^^ ^^^^ 

of \ the co-lat. is the co-tan. of 45°, and equals r; hence 
C = - r X hyp. log. - = o ; therefore a = r x hyp. I(^. 
co-tan. of i co-lat. 



Prob. 73. 
Given the arc of a circle, to find its sine and cosine. 
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Let BD the given arc =:;;, DE its sine =y, CE its cosine 
= X. Then, by the nature of the 
rircle, i : — i v. r : y, therefore 

y= — : — . Now to the cosine CE 

we have two values of z, BD and BF, A, 

which are equal to each other, but 

they must have different signs ; if 

z=.a, 2-0 = 0; if s=-o, 2+« = o, 

and the quadratic resulting from these two is z'-«* = 0. 

The same reasoning holds for any other corresponding values 

of z ; hence the equation, whose roots are the several values 

of z, will contain only its even powers; also, if CE=CB = r, 

z = 0; therefore if CEhe assumed in a series in terms of «, 

the first term will be /■, and the succeeding terms will contain 

the even powers of z. 

Let a? = r+a2'+i2'+c3i*+ &c< 
then i=:2azi-{-4bz'z + 6cz^i+ &c. 

,\ y [ = ^f = — 2arz- 4brz^~6crz^— &,c, 

and p= - 2arz - 3 . Abrz'z- 5 .6crz*z— &c. 
But, in a circle, z : y :: r : x'; .*, xz-rp^O; 
hence rz + az'z + bz*z + &c.^ 



+ &c.^ ^ 
i+&cj="- 



Therefore, by equating the coefficients of the corresponding 
terms, 



r + 2«r* 


= 0; 


.'. a = 


2r' 






a+3Aln- 


= 0; 


.-. b = 


a 
3.4.1^ 


I 




b + 5.6cr 


= 0i 


.\ c = 


b 


1 




2.3.4.3 


s? 


snce, by 


substituting 


for o, b, 


&c., their 


val 



, &C.} 



SSS PROBLEMS. 

assumed equation. j?=r + — 75^ + &c.. 



2^ «^ 



»"**y=*-2:37 + ixr5;:^-^'^- 



Prob. 73. 
To sum the series 75 + — a+^ + &c. ad inf. 

In the last Problem, if r = l, y=« + ^ , ^ — &c; 

' ^ 2.3 2.3.4.5 • 

let v=0; thenx— — -tH — r— rz'-&c«=0, in which one root 
^ 2.3 2.3.4.5 ' 

«=0; hence, dividing by 2, 1 - — + jjj^ - &c. = 0. 

Since 3^ « O, if C = the semi-circumference, the other values 
of z are iC, 2C, 3C, &c. - l(y -2C, — 3C, &c., each aeries 

ad inf. Let 1;= -; then 1——-—- + — - — -_ - &c. =0; 

z 2.3.t;* 2.3.4.5.V* 

or, multiplying by v% 

^n^ ^11-4 

in which n values of y = 0; and the other values are — ^, 

'2€' 3C' ^^' a^inf, and -y^, -— , -_, &c. ad inf. 

Now the sum of the squares of the roots of this equation s 
p* — 2^^ here, as the second term is wanting, p=:0, and o» 

""23' •'•?'- 27 =- ; that is, since the squares of --^, -^, 

11 2 

&c. are the same as the squares of — -- , ^, &c., -^y^ 



r» ■• 



.. ■' 



I 



■\ 
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Cor. 1 . In the same manner the sums of any of the even 
powers of the reciprocals of the natural numbers may be 
found. Instead of finding the value of //-2j, take the 
algebraic expression required in that particular case. The 
sum of the reciprocals of the odd powers cannot be determined 
by this method, as the odd powers of the negative roots destroy 
the odd powers of the positive. 



CoH. 3. Since - 



4. + ;-, 



-&c. = S, 
o 



that is, — + — + 



1 



:+&c. + -+_+&€. 

2 4 

+ &C.+ ' 



3* 



D 






In the same manner the sum of the reciprocals of all the even 
powers of I, 3, 5, J, &c. may be found. 

Prob. 7-4. 

To compare the momenta of a sphere and its circumscribed 
cylinder, whilst they revolve round a common axis. 



Let AEBC be the quadrant of a circle, whose semi-diameter 
is CA or CB. Complete the square ACBD ; 
draw any line GEF parallel to AC, cutting 
AD, BC, in G and F, and the quadrantile 
arc in E. Join EC. Now let the segments 
AEFC of the quadrant, and AGFC of the 
square, revolve about the axis CF, and generate 
segments of the sphere and circumscribed cylinder. Take 
CF=x, FE=y, CA = r. Then, the momenta being as tlie 
quantities of matter and the velocity jointly, the momentum 
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of the spherical segment AEFC : the motnentum of thi 
c_ylindrical segment AGFC :: /. yi ; /. Hi-. 

:: f. r*i x ^r"— ar^-^. x'i' x y/r' — x" : J", j-'i*. 
Now the ^. H.f X ^H - J-' = r* x area -4 Ci^£ ; and y. .fx M 



V? 



area ^ CFE -x x r'- x*^ 



(Fluent 24); .J 



the third term in this proportion = -»■' x area CFE A 



Let 



and we have, the momentuifl 



of the sphere : the momentum of the cylinder :: — ) 
quadrant AEBC : r*i or {if Q= the arc of the quadrant)| 

:: - X Q : H 

:: 3Q : 8?-. 



SECTION III. 



PROB. 75. 

To resolve u'"— Sju" + 1=0 into its quadratic divisoil 
* being equal to or less than unity. 

Let AB and AK be two circular arcs, which are to < 
other as 1 in; let AB = z, AK=nz, 
OB = \, OE the cosine of AB=}i, 
and OL the cosine of AK = x. Then 

- -.v 



Vl-y' 



and multiplying 




(Art. 44), and ni 



hyp. 1 



■ ^x 



«x hyp. log. y + -Jy' - 1 (Art. 43) ; hence x+^a-'— 1 = 
H + sJy^ - 1 1 , by the nature of logapithms. 

Now let V ^y + ^y^ - 1 ; .*. v-y = ^y*- l, and i^—2yv 
+ y*=y'-l; .-. w*- a^iJ + 1 =0. Also 1?" = ^ + ^^'— 1 1 
= a; + ^x' - 1 ; .-. v''-x= ^x^~ I, and r*"- 2z-«" + I =o, 
the given equation ; and since v is the same in both equations, 
one quadratic divisor is v^- 2i/v+ I =0. 

Now X is not only the cosine of j4K, but of s6o + j4K, of 
3 X 360 + -.4/C, &c. ; .■. y is not only the cosine of —, but 

or , of , «c. Call these cosines a. 



b, c, &.C.; then u*" -2a.t/'+l = 



-2bv-\-\ > 



- 2CU+1 X &c. 



There can only be « different values of;/; for after taking 

AK 360 4--^ A" „ ., ... 

[ arcs, —^ , , etc., the same cosines will recur. 



Cor. 1. If AK be taken equal to the whole or to half of the 
circumference, the equation is tr" ^ Su-^- 1 =0, and its square 
root is r" =F 1 =0. But every equation, which is a square, has 
another root equal to each of its roots ; therefore the roots of 
f" 7 1 = are found in the same manner. 

Cor. 2 The quadratic divisors of r""- 2rr'B" + j'*"=o are 
found in the same way; for this equation is merely the 
equation v^"—2xv'' + l=0, having its roots multiplied by r. 
Hence, multiply the roots of the above quadratic divisors by 
r, and we have w*- 2arr + r' = 0, v^ ~2brv + r^:=0, &c. for 
riie required divisors. 



Prou. 76. 
To demonstrate Cotes" Properties of the Circle, 

taken in the radius of a citde AO 

produced, and the circumference be divided into 

I, &c. ; then ^O"- PC, or PO"- 
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the quadratic divisors of 
&c. 




2it)- + 1 = 
point P in the 



n 



v^'-2av + l, V*— 2At!+l, &c. Assume 
radius, and draw PB to the circumference ; let w = PO, 
y=OE, and the radms = l. Then BO^=0P' + PB' + 20P 
xPE, or l'=w"4--B^+ Svxy-w; .% BP'=V-tf~ 

^v y. y-v =v'' — 2yv + \ *'"'• "' ■- *''- — ■ — -' 

^K+360 AK-^2 X 360 



Also y is the cosine of ■ 
tc, whose cosines are a, 6, c, &c,' 



and tr*- 2at> + 1 x w'- 261; + 1 x fcc. 

AK=:t\ie whole circumference C; then these area are 



-sxv'+i. Let 
C. 



aC 



jth 



, or — ) — > — , See. parts of the cipcumfepenflef 
n n n n n 

that is, if the circumference be divided into n equal parts in 

B, C, D, ice, the cosines of JB, AC, AD, &c. are a, b, c, 

&c. and 1 = 1. Hence PB^ = v' - 3av+l, PC' = v^~2bv + J, 

&.C. ; .-. PB^ X PC X PD' X &c. = v"- -2if + 1, and 



1 



tPCx PD X . 



or l" 



: PO'~AO\ 



AO*- PO", according as F is without or within the circle. 



Second Property. 

If the whole circumference be divided into 2n equal parts 
""la b, c,d, &c., then ^0"+ PO':=Pbx Pcx Pdx &c. 

By the preceding case, if P be taken, for example, within 
the circle, JO"-P0" = Pbx PB x PcxPCyPdxPD 
X&c; h\xt AO" - PO" = PBx PC X PDx &c. ; 

JO"- PO" PbxPBxPcx PCx Pdx PDx he. 



•' AG" -PIT ' 

oTA(y+po-=Pbx 



Pc 



PBxPCxPD> 

PdxiLc. 



Stc. 



Cor. 1. .If n be an even number, each semi-circle is 
equally divided ; hence, in the equation, 1" - r" = -^ y' - Qav+l 

X iJV- 2ir + 1 X &c. one value of ^ is +1, and another - I ; 
therefore 1"- y"=l -ux s/v'- 2ai>+l x >/«'- 2iv+l x &c. 

\+v. But each PB has a PH in the other semi-circle 
corresponding to it ; therefore 1" — v" = 1 — r* x I — 2av + u' x 



\~2hv + ifx &c. to -terms. This is the method of finding 

the n roots of 1 j two roots are in this case + I and - I, 
obtained by solving the quadratic 1-y', and all the others 
obtained from the remaining quadratics are impossible. 

CoR. 2. If n be an odd number, none of the points of 
section will fall on the extremity of the semi-circle, and 

therefore no cosine can equal - I ; but the cosine of , 

n 

or of 36o% =1; .'. here 1"—!;"= i—v x 1 - 2av + u* x 

1 -Sbv + v'^x &c. ~ — terras. In this case, one value of v 

in the equation 1" — y" = 0, is l; the other roots are im- 
possible. 

Cor. 3. By the second property, p+v'^^i - 2av + t^x 
^\ —2bv-\-v-x &c. to n terms. Let n be even; here, as 
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in the former case, to every Pb in one semi-circle there i 
a correspondent Pa in the other; but no point of sectiol 
falls on the extremity of the semi-circle; therefore 1" + ^ 



l~2av + v'x l-2Ay+«'x &c. to -z terms. By solving th« 

quadratic divisors of l" + «" = 0, we obtain the n roots of —I 
and they are ail impossible when n is even. 

Cor. 4. Let n be odd. Since the arcs on each side < 
A are equal, and no point of section fell upon the extremity 
of the semi-circle in the last Corollary, one arc will now be 
a semi-circle, and one value of 1)=— 1; hence I"-l- u" = I +i)- 




c l-Sau + w'x 1 -Sfcr+w'x &c. 



■ terms. In this case 



therefore, one root of the equation l"+ii" = is — ], and th| 
rest are impossible. 



To resolve ■ 



Prob. 77. 

— , X being less than I, into itl 



quadratic divisors. 
Let 



v^ — 2.TU +1 m — v p~v t/—v 
Axp~v X q-v X &c. +B X m — v x q — vx &c. +Cx nt— f 
y^ p — V X &c. = 1. Substitute m for v; then A 3 

Substitute j' for v ; then B = 



thei 



&c. 



Now 



-ixv" -J- 1 =m— u xp— ■ 



m-p X q—p X &c. 
X &c., take the fluxion on each side, and divide by v ; thei 
— 2nv*^' + Snxv'"' = m~v X p-v X &c. +p — vxq-vx &c. 
Hence, if m be written for v, — 2n7ir^* + 2nxm'~* =p~m x 

q~mx &c. ; but A = = 
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1 m , J* p 

' — '' , — =2 3- : sinci Jj = ~ — ~ — 7TL 



or ^= JL X ^ ,, , and 5= ;^ x / ,, . But by 

supposition^ m^* - ^xm" +1=0; /. a^m"— m^ = 1 - l^w'*. 

Hence ^ = — x — ^^ , and iJ =* — x - ^ ^ . Now 

2n 1 - xm" . 2n I- xp'' 

A B pA + mB-A+B x v j , « . .^ 

+ = ^ — ■ — ' ; and 1 - 2av + r*> 

m-v p^v mp-m+pxv + v^ 

a quadratic divisor of 1 - 2xt;**+ir^, is equal torn — rxp-v^ 

therefore m» = l, and m+» = 2a; and we have H 

= ^--- — ;^ — T ; — 7 . The object then is to calculate 

l^2av + v ^ 

pA + mB 2LudA+B. Now pA=: — x — ;,, or = - 

^ ^ 2/1 1 - xm'' 2i 

X r; and m-B = —- x ; therefore pA+mB^ 

i-xmr 2n 1-x//"' ^ 

1 1,1 1 2 — xxm'*4-//'* 

2/1 ' 1 -xm* 1 - x;/" 2n i ^x.mr^fT + x'my 

But m^-2xm'» + 1=0; /. m^-2x+ — ^ =0^ alsop"= — ; 

I 2 — 2x^ 1 

... m-+p^ = 2x; hence pA + fnB= - x ^^3^*+^ = n ^ 

i-^»* 11 m 1 D 1 

= -. Again, -4= — X -1 r, and jS ac — x 

1— X* w ^ 2n l^xm" 2n 

, ^ ^ ; :. A + B '^ —• X : + ■ ^- ; = (since 

1— x//" 2w 1— xm" l-xp" ^ 



2n 



»»— 1 I ^»— 1 



V 1 • m+p-x .mT^-^p"^^ TkT - -. 

mi/= 1) :r- X = ^^ — -- . Now m* + »*•=: 

^^ l-x.mr+p'' + x*.my 

2X) where x U the cosine of an arCj which is to the arc whose 

cosine is a :: n : 1 ; for the same reason m^"' +//""* = 2e, 

where e is the cosine of an arc, which is to the arc whose 

cosine is o :: ^— 1 : 1 ; therefore, since m+// = 2a, A+B 

1 2a-2xe 1 2a-2xe „ A ^ B 
cs — x i r = -— x —: r- - Hence + 



2n l-2x*+x* 2/1 1— X* tn — v p-v 

zz 
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1 a — xe 1 a-'Xe 

'- — X V -"" 

n n—nx* .l /• I n n — nx* 



X V 



-p- ; therefore 



l-aav-fv* tr*— 2x1;"+! l-Sap + t?* 

1 b-xf 

= + &c. ; where f is found from b in the same 

manner that e is obtained from a. 

Cor. If X be negative, the quantity to be resolved is 

1 a+xe 1 b'\'xf 

- — i XV — =^^ X t; 

1 ^ . _ n n-^ns^ n n-nxr _l &r 

iFT2xtFTi* * "■ l-'Oav+u^ l-2bv+v^ 

In the same way may be resolved ; or it may be 

done by the following method : 

Prob. 78. 

To resolve into its quadratic divisors, where n is 

even. 



By Cor. 1 . Prob. 76, 1 - r* = 1 - tr* x 1 - 2av + r* x 

1 — 2bv + v* X &c. to - terms ; therefore their hyperbolic 

logarithms are equal, or hyp. log. 1 - r^ = hyp. log. i — v* + 
hyp. log. 1 - 2at; + v* + hyp. log. 1 - 2bv+v* + &c. ; therefore 
Ae fluxions on each side are equal; or, 
— ntf"^v_ — 2v^ j^ — 2aV'\'2vv , —2bv + 2vv n 

'IT^ T=V"*" l-2at. + t;'"^ l^2bv+v^ ' to - terms. 

Divide by - , and 

Subtract each side from it, viz. the first from n, and each 
term on the other side from 2, so that the whole may be sub- 
tracted from — -— or n ; hence, ' 



PROBLEMS. 347 

n _ ^ , 2-2av , 2 — 261; o xw\ 

l-v^ " r^* "*■ l-2at; + i;* "^ i-sAv+t;' "*" V2/ * 

2 2 2gt; 2^2bv 

+ T^ i + 1 * + &c. to 



- terms. 
2 

0)R. In the same manner -^ — - may be resolved, where n is 

an even number. 



Prob. 79. 
To resolve ^ into its quadratic divisors, where n is odd. 

By Cor. 2. Prob. 76, in this case 1 —!;••= l - 1; x l—2av + v* 

72 -f- 1 

X l-26t;+i;* X &c. to —r— terms ; /. hyp. log. 1 - 1/* = 



hyp. log. 1 — v + hjrp. log. 1 - 2av + v* + hyp, log. 1 - 2bv+v^ 
+ &c. (^ ) ; therefore their fluxions are equal, or 

— wv*"*V_ —V _^_ - 2fl^ + 2ty^ ■ — 2bv+2vv j> / n + l \ 
1-t;* 1-v l-2at;H-v* l-26t?+t;* /V 2 /' 

Divide each side by - ; then, 

— nv" -V '^2av + 2v* - 2fet; + 2t)^ /^''"^^ 

1 — !/• ~ r^ ■*■ i-2ai;4-t;' l'-'2bv+v* \ 2 /' 

Subtract each side from n ; viz, the first from «, the first term 

w— 1 
of the other side from 1, and the remaining — — terpis each 

from 2 ; so that the whole may be subtracted from 1 + 

^ 2, orn ; and the result is 

' i-t/» 1-1; i-2ai;4-v' l-26t;+i;*^ V 2 /* 
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1 2_2av 2 2bv 

1 n , n n n n .o/» + l 



1 - 1;'* 1 - v 1 - 2av 






In the same manner may be resolved, where n is 

an odd number. 

Prob. 80. 

To resolve into its quadratic divisors, where n i« 

even. 

By Cor. 3. Prob. 76, in this case. 



n 



l'*+i^= 1 - 2av+v*x 1 — 2^i; + t;*x 1 -2ct; + t;*x&c. - term|; 

then, by the same process as in Prob. 78, we get, 

2 _ 2av 2 _ 2ft t; 

1 n n n n .«.w^ 

; — ^ = ; — :; ^ + -; — n — r^ + &c- ^ - terms. 

Prob. 81. 

To resolve into its quadratic divisors, where n js 

odd. 

By Prob. 76. Cor. 4, in this case, 

■ n+1 

l"4.t;'*=l+t;x 1 — 2at;+t;*x 1 -2bv+v* x &c. — r— terms; 

then, by the same process as in Prob. 79, we get, 

1 2^2av 2 _ 2bv 

1 _ n n n n n « n+1 

r;^"'r+7; + l-3at;+i;»'^l-26t;+t;* "^ *''• 2 ^^"^• 

In the same manner -; — - may be resolved* 

Prob. 82. 
Given the sine of an arc, to find the sine of n times that 
arc. 
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If AB = z, AK—nZy OE^y^ and OL the cosine of AK 
= j?; then, by Prob. 75, the radius 

jbeing 1, we have x + ^J x* - 1 = 
y + ^f-i\ , or x + V^-i=y" + 



n - 1 



y 




n - 1 W - 2 ,, n-3 

y'- 1 + w.~^- -3- X y'* ' X 

hjy*- 1 xy*— 1 + &c. This equation consists of quantities, 
part of which is possible and part impossible; hence the 
possible and impossible parts on each side are i-espectively 
equal. Therefore, taking the impossible parts, we have 



V^ - 1 = wy**"' X x/y ' - 1 + « . 



n - 1 n-2 



X y*^ X 



X — T — xy*^ X $Jl -y* 



jjy^ - 1 X y* - 1 + &c. Multiply both sides by x/"^^; theo 

y/T^^^ny^'Xs/l-y' + n.—- .. ^ 

K^^^ + &c. = (if s = V 1 -y* or -*' = y*-l) ny»-'^- 

II . ^"" . !LlL_y»-'^ + &c., which is the sine of AK, n times 
2 3 

the arc AB. 

Prob, 83. 

Given the sine of an arc, to find the sine of an n^ part of 
that arc. 

By the same notation, since x+^x^-^l =c y+^/y*- M^ 

i — »' !l V Jt. ^" X^X'-I 1 



1— n l=*i -7 — r 1 1-^ 1 — 2n 
^ 2n n 2» 3n 



I— Sm 



X X ^ Var- 1 X 



a^-l + &c. Make the impossible parts equal ; multiply by 
;^/3T, and let 5=\/l-ar», the sine of ^Jf ; then s/i^V* 

^ ^- 11":^ 1"=^ X ^^S^+&c., the sine of AB. 
n n.2n.3n 
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Prob, 84. 
Given the sine or cosine of an arc, to find the cosine of 

n times that arc; or given the cosine of AB^ to find that 
of^^. 

Assume the possible parts of the equation in Prob. 82. 



n— 1 



equal ; then x ^y^ + n. —— .y*^ X y'— 1 + &c. = y*— n . 



w— 1 

*— -— y**- V + &c., the cosine of AK. 



Prob. 85. 

Given the sine or cosine of an arc, to find the cosine of 
an n* part of that arc ; or given the cosine of AK^ to find 
that of AB. 

Make the possible parts of the equation m Prob. 83. equal ; 



1 1-n 



I— 1« 



then y = af* + - x -— — xx" xj?*— 1+ &c., or 



JL 1 _ fl 

y = X" - ——- XX* #S*H- &c., the cosine oi AB. 

Tit • ^fi 



Prob. 86. 

Given the sine or cosine, and therefore the tangent of an 
arc, to find the tangent of n times that arc. 

Let t = the tangent of AB ; then, by trigonometry, t = 

s S AK 

— to radius 1 ; therefore the tangent of AK = — ' ■ j ,^ = 
y cos. AK 

(by Probs. 82. and 84.) ^ 



y* - » . ^^ . f/^s* + &c . 



= (dividing both the numerator and deapminat<»r by 5^ 
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ns n—\ n- 2 .v' « . n- I n - 2 ,, « 

w.-— —.— — - .--+&C. nt-n. — -/^ + &c. 

y 2 3 y^ 2 3 

1 - » . . ~ — &c. 1 - n . -— — . r* + &c. 

2 y' 2 

Prob. 87. 

Given the same^ to find the tangent of an rf" part of the 
arc. 

In the same manner as before, by Probs. 83. and 85, the 

x'S l.i-w.l-2n !z5;^ „ 

c y#D :; — n -^ * o^ + ccc. 

n jtn smeot-4/> n n.2n.3n 

tangent ot AJS=: tjj- =— ^ == ■ — 

° cos. JiiS ^ 1 — n iz:2i 

of X x - *S* + &c. 

n.2n 



= (dividing by x^) ^^ 2^^^ £! (if T be 

1 _X— +&C. 

n.2n or 



n n.2n.3n 
the tangent of AK) = == . 

l--m^xr+&c. 
n-'2n 

r* 
CoR. And since the secant of an arc = — r— , if the 

cosme 

sine or cosine, and therefore the secant, of an arc be given, 
we can find the secant of n times that arc or of an n* part 
of it. 



SECTION IV. 



Prob. 88. 



Required the quantity of matter in a sphere, whose density 
varies as the vi^ power of the distance from the center. 
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Let d s£ the density of the sphere at the surface, r = the 

radius, x = any variable distance from the center, p = the 

area of a circle whose radius is 1 . Then the surface of a 

sphere, whose radius is x, =4pjf ; and since r^ *. Ji^ i: d i 

daf* 
density at the distance Xy this density = — - ; therefore the 

daf^ 
fluxion of the quantity of matter = Aps^i x --jp , and the 

4pdaf"*'^ 
content = == : or the quantity of matter in the whole 

4pdr^ 
sphere = ^, ^ . 
'^ n+3 

Cor. 1. The quantities of matter in two spheres, whose 
densities are equal at the surface, and vary according to the 
same law of the distance from the center, are as the cube» of 
the radii. 

Cor. 2. If Its O, or the density is constant, the content 
4pdr^ 



Cor. 3. If two equal spheres have the same density at 
the surface, and the density of one be constant^ whilst that of 
the other varies as the distance from the center. 

The content of the former : that (^ the latter :: ^^ : tEriL 

3 4 

CoR. 4. If die densit}* of a globe vary as the w?^ power of 
the distance from the center, and the densitv of its circum- 
scriUng cylinder be uniformly the same with that of the surface 
of the globe. The content rf the globe : content of the 

c\*linder :: -^-7-^ • 2»rfr» 

^ «+3 '^ 

:: a : ii+3. 

Cor. 5. If the quantity of matter in a sfiheie be equal 
to that of its eircuoiscribiiig cylinder, the density of the 
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cylinder being uniformly the same ttrith tiiat of the sur&C* ©f 
the sphere, the law of the density may be determined. 



For ^P^*^ 



■ " ■ = 2pdr^ ; /, 2 = n+3, and »= - 1, or the 
density varies inversely as the distance from the center. 



Prob. 89. 

If a body descend by gravity down the quadrant of a circle 
ACy the radius AB being parallel to thq horizon; to find 
where the velocity in the direction jBC is a maximum. 

Let ML=y, BLsxr, AL^z; then the velocity at Z»oc 
^/MLoc ^/y ; and the velocity in the cuiTe : jjui^ » 
velocity in the direction BC :: LT : rT, 
{TN being drawn parallel and near to ML, 
and Lv perpendicular,) or :: LB : BM :: r : 

^/r^-y^ \ ••• the velocity in the direction BC 

^^ — — — ^, a maximum; hence r*y-y^ is a maximum; 



V3- 




its fluxion = 0, and y 



Prob. 90, 

To find the same, if a body descend down the arc of 
a cyclwd. 

The same assumption being made, velocity in the direction 
LT : velocity in the direction BC :: LT 
vT; by similar triangles, :: RC : CS ^^ ^ n b 

: BC : CR :: v^lffT: v^C5"; that is, 

: nja : ^/a-^y; hence the velocity in 

the direction BC varies as ^ KZ^ , a 



\/^ 




3 a 
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maximum; therefore the fluxion of ay~y' = 0, or 2_t/J'=«y»] 
and y= -. 



Prob. 91. 

To find where a body, moving on the convex side of ) 
cycloid FPA, will fly ott', its motion being supposed to begid 
from the point C 

After leaving the cycloid, the body will describe a parabola^l 
and its horizontal velocity 
will therefore be constant ; 
hence the fluxion of the 
velocity in a horizontal di- 
rection, at the point where 
the body leaves the curve, 
must = 0. Suppose that 
point to be /* ; let FD = a, 
•s/ax, and GN=^ax — x' 




rO = d, rN=xi Uien FG = 
Now the velocity at P = that 



acquired in falling through ON or x-d, =w4mxx — d, 
where m = 16— feet. And this velocity (v 47J 
horizontal velocity :: Pr : sr :: FG : GN 
:: ■•Jnx 

,\ the horizontal velocity = " 



-dx -J a 



-dxa- 



and 3 



a +d 




whose fluxion 
orixa — x-xxx 



Cor. If the body be just put in motion from /'', i/=O^I 

and x= - ; or the body will leave the cycloid at a point 

determined by drawing the ordinate A'i* from the cen' 
the generating circle. 




Problems. 




Prob. 92. 

A body begins to roll from A on the quadrant of a circle 
with the velocity acquired by falling through LA ; to determine 
the point where it will fly off from the curve. 

Let LA = d, AE=:x, AC=a; then the velocity in the 
curve at P, as before, =V4m x d + x; and 
"v 4m X d+x : horizontal velocity :: Ps : rs 
:: PC : CE, 
:: a : a-x; 

.'. the horizontal velocity oe i^d + xK a — x, 
whose fluxion, when the body leaves the curve, 

= ; and X will be found = — - — ■ . 

AC 
Cor. 1. If AL= , AE = 0, and the body moves 'm 

the direction of a tangent at A. If AL be greater than § AC, 
X is negative, or the Problem impossible. 

AC 

Cor. 2. If AL=0, AE= —_ — ; but in this case the body 

must be supposed to be just set in motion at A, or it would 
have no tendency to roll on the arc, a tangent at A being 
parallel to the horizon. 

Prob. 93. 
Required that point in a parabola, where the linear velocity 
increases or decreases the fastest. 

Let AP be the parabola, S the focus, PVa tangent at P; 
join SP, and draw SI' perpendicular to the p^^-~- 

tangent. Now the increment of the velocity y,^-"^/ 
varies as the force x the increment of the )( / 

time ; therefore, dato tempore, the increment / \/_ 

of velocity varies as the force, and is a max- 
imum when the tangential force is the greatest. 
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But the force in the direction PS : force in direction PV 

:: SP : PV; therefore, since the force in the direction PS 

1 PK 

^"oWi ^he tangential force in the direction P^^ -^j^^ 

which in this case is a maximum. Let SArsia^ SP—x; 
then PY=:^x^—ax\ :. ^^-— , or — 3 — , or —^;j-y 



5a 



is a maximum ; hence a^i — 6x^jc -f 5ax*i=0 ; /. x=s 

4 



Prob. 94, 

Required that point in a parabola, where the angular velocity 
increases or decreases the fastest. 

Draw SQ indefinitely near SPy and QT perpendicular to 

QT 

it; the angular velocity varies as -op-; 

therefore the angular velocity itself is a 5^ 
maximum, when -^jj- is a maximum. But 

the increment of the angular velocity varies 

, increment of Q T 1 .1 • ^ c r^^ 

as the ^75 J and the mcrement of CI i vanes as 

the force in the direction QT\ therefore the increment of 

, - ., . , force in direction QT 
angular velocity is a maximum when ^-p 

is a maximum. 

Now force in direction SP : force in direction PY :: SP : PJT, 
and f. in direct. PY : f. in direct. Qr :: PQ : QT or :: SP : SY\ 




/. f. in direct. SP : f. in direct. QT :: SP^ : SYx PY; 

^ ' t' r rkrr SY^ PY J this force 
.•. force m direction QToc — — ; and — ^ — oc 

SYyc PY .. .. . 

— ^p; — , which is a maximum. 
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Let SA=a, SP^x-, then SV^^/axt and Pr=^x'-axi 

hence x'i - 8j?'i + Bax^i = 0, and x = -— . 

7 

Hie same principle might be adopted in the two following 
Propositions; but it is more convenient to use a different 
method. 

Prob. 95, 

Required that point in an ellipsej where the linear velocity 
increases or decreases the &8test. 

Take P some point in the ellipse, whose foci sre $, H; 
join SP, HP, and draw ^SF per- 
pendicular to a tangent at P. Let 
SP=iXj HP=zv, the semi-major 
axis = a, and semi-minor = 6. Now ^| 

the linear velocity oc ^-^ oc \/ - , 
from the nature of the ellipse ; /. 
the fluxion of the linear velocity oc pir ; but :r + 1 = 2a, 

or ^ = — i ; /• the fluxion of the linear velocity oc j==— 




x^vx 

X 

— y=z. But the area SPQ described, dato tempore, round 

X\/ vX 



S is constant in the same curve (Newton, Prop. 1 .) ; therefore 
SP X QT is equal to a constant quantity ; and 
PT\ QT :: PF : SY, or 



v/? 



by the nature of the 



hi XX 



ellipse; /. QT =: ' : /. SP x QToc— ,=— , 

which is constant, or oc i ; and x oc isL Z — • hence the 



— J- is a maximum, or 7 ; therefore, taking the 

vsr X* wx* ■ 

— Ax's: h^ X bx'xv + x^'u 



v*x 



o ; then 



O; omit the denominator. 



fluxion, 

— 4t^x^x + bb^x'vx + feV^J 

v'x'" 
for v write -i; then bb*x*v~ k'x^ - 4v'3^ ^ 0; that i^ 
56'y-A'x-4y*i = 0. For :r write 2m- 
then 5iV+iV-2ai'+-4w'-8a(;V 
or 4v3 + gj»i,_8at)'_2a6* = 0, 
or 2w' — 4aw* + 36'u— 06* =0, 
a cubic equation, in which there will he only one possifal 
value of V. 

Prob. s6. 
Required that point in an ellipse, where the angular velo< 
increases or decreases the fastest. (See preceding Fig.) 

Draw SQ indefinitely near, and QT perpendicular to SP. 



The angular velocity varies as 



the area described date tempore 



oc -^-^ , since the area dato tempore is constant 
hence the fluxion of the angular velocity oc -_ oc — . Bqj 
^vx-b^ X Ui^x—b'* ,. , . 

« ^-^ JL - ■_ r^ _Z urhii^n ic g m 



and its fluxion = O ; that i; 



2x -Jv 



But i+u = o, and x= -V; 



2s/vx-h* 



tjvx~b'i hence —x^ = 'jvx~%h'. Now for v write 2a- 
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and X will be found = — — f; — '- — ^ . The other value 

6 

of X is of no use ; for it is a quantity greater than x ever can 

be in the ellipse. i 

* 

Prob. 97. 

To find the point, where the paracentric velocity of a body 
revolving in any curve is a maximum. 

Let PR be the curve, S the center of force, PY a tangent 
at Pj and SV perpendicular to it. Take 
PQ a small arc in the curve, and QT per- 
pendicular to SP. Then the velocity in the 




curve : paracentric velocity ::• QP : PT 

:: SP : PV; 

, I vel. in curve x PY 
.•. the paracentric vel. = ^p 

PY • 1 

■™ jrp (for the velocity in the curve oc -^^S 

V "op — cp" • Hence, in the case required, this expression, 
or its square ^pj — ^m^ , is a maximum. 



Examples. 
Ex. 1 . Let the curve be a parabola. 

Here if SP^x, SY^^ax, and tzf^ ^ or ^T!^, is a 

axxx^^ X* ^ 

maximum; /. x^X'^2xdrx ar-a = 0; .'.0:= 2x-2a, and 
x=^2a=i i the latus rectum. 

Ex. 3. Let the curve be an ellipse. (Fig. Prob. 96.) 
If SP = X, HP =5 V, AC=z a, and the semi*minor axis = b ; then 
5r»= ^, and ^i>»-^r*=x»-^ = liflri:^, and SP> 

V V V 



:jdO problems. 

X SJ ' = - — ; therefore -^^j^ — ^rr, = — rr-r- 



maximum; and 2flx*x— 2xix 3aj:— 6* = 0, or ax = 2ax—b'; 
,: x= ~ = I the latus rectum. 



Prob. 98. 
To determine tlie nature of the curve, down which a body 
must descend after its fell through a given space by the actioD 
of a constant force, so that it may, in the direction of its first 
descent, describe equal spaces in equal times. 

Let the space D^ through which the body falls = a, and 
suppose J FC to be the curv-e required ; 
take FG a small arc, and on DJ produced 
draw FjV, GL, CB perpendiculars, and 
let FHhc parallel to JB. Take JN=X, 
AF==z, F^^=^J•, tlien FG = i, FHsix, 
HG=y. Now the velocity in the curve 
at /"= that through DN, and therefore 
varies as ^a + x; and the velocity in the 
direction FH is constant by supposition, and equal to 
acquired down DA; 

:. z : X :: ./a + x : s/a, or £" : .r* 
that is, X* +y^ : i* :: a+a: : a, and y' : 




. 9".V' . 



r :: a;' : a», and cry=x'x 
and the curve is the semi-cubical parabola. 



a-\-x ; I 
' :: X : a; 



Cor. The latus rectom of thii semi-cubical parab< 
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Pros. 39. 
A body describes a curve, whose equation is a""'y = y, by 
a force acting in parallel lines, and in the direction of the 
ordinates ; required the variation of the velocity. 

By Art. l6l. «' oc Fx PToc - jl x A: {Art. 103.) oc i\ 

ow v= — :=;— ; .'■ i^—-T-=i X 3r X , and a* = x*+y' = 



w'a:""-'+o"-'xi' 



; .". voc ^T^jf^-^+u^'K 



Prob. 100. 



To determine the curve, in which a body revolving by 
a force, which acts in lines perpendicular to the axis, shall 
approach to or leave the axis with a velocity always proportional 
to the ordinates. 

Let NV be the curve, ^x the axis, LN and xy ordinates ; 
let AL = x, LN=y. Then x is constant. 



ind by the Problem y '>^ y; .*. - is 



^ 



. y 
y 

I(^arithmic curve. (Art. 132.) 



constant, or - oc x, a property of the 



Prob. 101. 
A body is projected with a given velocity from A^ in a 
direction AP parallel to the plane VQ. ; to find the curve 
described by the body, the attractive force of each particle 
being supposed constant. 

Let AQ. be the curve described ; assume AV perpendicular 

to the plane =a, VD a variable distance =x, DE an ordinate 

=y, EF= -X, FG=y, and let the uniform velocity in the 

3 B 
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direction AP = b. Then, if v represent the velocity at 
in the direction AV, vu ex — Fi ; /. u*oc -x 

+ coiT., and foe a-x; .'.vac ^a-x = 
e^ X «/« - X. But the velocities are as the 
spaces described uniformly dato tempore; .■. 

— i : y :: rf' x y/a — x : b; therefore i(= — 

hi 2b 

and ^ = -7 ) 



rf*x^ 

the curve ^Q is a parahola, vfhose vertex is A, and principi 

latus rectum = —r , 



Cor. Tliis corresponds with the motion of a body projectfi 
at the earth's surface, whcj^ d = 4m, and the latus rectum a 

— , m being 1 6-^ feet. 



Prob. 102. 
Conversely, a body projected in a direction AP parallel to 
the plane /'Q, whose particles attract it according to a certain 
law, describes a paraljola' ,^Q; required the law of the force. 

Let p = the parameter of the parabola ; then pxa — x =y' ; 



iP •• 



v^X a — x 

V j) xa-T. But if : -i :; the uniform velocity (fc) in the 
direction AP : the velocity (^) at £; 

:. h : V :: ^p : "Jpxa-r; 
hence v oc .J a—x, and r* oe a—x\ .*. vv ix — x. But 
vv « - Fi, where F is the accelerating force; .•, - Fi x 
— X, and F oi I, or is constant. 



Prob. 103. 



A body is projected with a given velocity from ^ in a 
4ircction AP parallel to the plane fQ; to find the curve 
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described by tlie body^ the attractive force of each particle 
varying inversely as the dist. ]\ (See preceding Fig.) 



Let ^Q be the curve described, and assume as before; 
then^ if t; represent the velocity at any distance x from the 



— a? 



plane in the direction Af^^ vv oc — /^i oc — — ; .•. t;» « -- 
— y and V oc ^ . But the velocity oc space 



— r oc 



a* aV X 



uniformly described dato tempore; /. — i : y :: rf x — : b ; 

the factor d being assumed in the third term to make that 

term of the same dimensions with the fourth ; hence jf == 

hxi h , 

— -J y==, and y= 2^ y/o^T^i which is the property 

of an ellipse; therefore the curve ^Q is an ellipse^ Whose 

ab 
semi-major is AV^a^ and semi-minor axis VQ:=z -^ . 

Cor. 1 • l{b=d, the curve is a circle. 

Cor. 2. If the force be repulsive, it may be shewn in 
the same manner, that the curve is an hyperbola, whose center 

is J^ and vertex A ; for in this case y s -jx a^x'-o*. 



Prob. 104. 

Conversely, a body projected in a direction AP parallel 
to the plane f^Q, whose particles attract it according to a 
certain law^ describes an ellipse AQi required the law of 
the force. 

Here if c = the semi-minor, and a the semi-major axis 
of the ellipse, y = - X Va*-x»; .-. y = - x --===; 
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.% if : — i :: ex : ayL^JlF^^. But y : — i :: the uniform 
velocity in the direction AP (i) : the velocity towards the 

plane at E (v) ; /. h : v :: ex \ a y. ^/a*— a?'; .•. r oc 

-^^ . and XT oc — - — . Hence w oc — • ^ ^ oc • : 

X ^ x^ jr* x* 

but if /^represent the accelerating force, v'z) oc — Fx\ .*. ^Fi 
cc 5 , and Foe -- . 

3? 01? 



Prob. 105. 

To find the time of vibration of a pendulum in the arc of 
a circle. 

Let /> be the point from which the pendulum CD begins 

its vibrations, and from any point F 

in the arc DA draw FG parallel to 

the horizon, meeting the vertical line 

CA in G. Let CA:=ia, AG=:x, 

AE = i, and AF= z. Then i = 

cix 

= ; and since the velocity 
^2ax-ar* 

st F=: \/4mx h-Xy we have T=: 



- 1 



-aar 






4m ^hx-x^ X s/2a^x 




, whose 




fluent or T, found by expanding - 



^2a — x' 



or 



the binomial theorem, = + ^ — x : 1 + 



2a 
3.3i» 



by 




8,„ 2.2.2a 2.2.4.4^ 

+ &c., where p = the circumference of a circle to the diameter 1 ; 
therefore the whole time of vibration, which is double of this, 

-,p\/ JL. X : 1 + 



+ 



2m 



2.2.2a 2.2.4.4.'2al 



i + &c. 
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Cor. The time of descent down the diameter, or the chord 

ADy = V — » hence, if the arc in which the pendulum 

m ' 

vibrates be very small, or b evanescent, we have, time down 
arc or i time of vibration : time down the chord :: ? x 

V r^ • V — :: p : 4 :: the circumference of a circle : 
four times its diameter. 



Prob. 106. 

To find the time in which a body will fall by gravity down 
the arc of a semi-cycloid. 

Let AB=^a, JC=^w, AE^z; then AD^z^JIlx^ and 
AE:=2^ax\ therefore the r b x, 

fluxion of the arc = OJX'^i. 

Also 5C=a- a?; /. if m= \^ ^ 

l6y5 feet, velocity at i5 = 




*>/4mxa-x; /. T^ 



- S —AFX ^x 2x lax 



V 4mx a — x \/ 4ma s/ax-^x^* 



.•. (Art. 44.) T=s—p== X a circular arc of radius fa, and 

4ma 

versed sine x + corr. when x=a, T=0; .•. 7"= ■ .- x 

y/4ma 

a circular arc of radius § a, and versed sine a ; the remainder 

vanishing, when x=0, = ■ .- — l x | circumference = time 

y/4ma 

4 

from L to -df ; therefore the time from L to jR = - - ^ 

\/4ma 



X ^ circumference 

px V—. Now t 
m 

time of vibration : 



7=^ X 2 » 'f P =3.14159, &C.1 



3_ 

he time down the axis = \/ ~; there 

time down axis :: py — : \^ — up: 
:: circumference of a circle : its diameter. 



Prob. 107. 



P Let /4G, BM be the parts of the chain on each side of 

I the pulley at tlie beginning of the motion. 

I Draw GF parallel to the horizon; then the 

I moving force with which M begins to descend 

I is the part FM. Let M descend to O, and 

!take Gm = MO; the moving force then = 
nO = FM + 2.VO. Let L = the whole length 
of the diain, and the force of gravity upon it 
1 =1; then, if F-V=2rt, and ,l/0 = j?, no = 2a 



If a chain of uniform density be hung over a fixed pulley^ 
and the parts of the chain be unequal, the heavier will descend ; 
given the length of the chain, and the parts of it on each side 
at the commencement of the motion, to find the time in whk 
it will leave the pulley. 



J 

d: 

de 

hklM 



and tlie accelerating force = j — . 



Let z= the space through which a body would 
fall by gravity to acquire the velocity at O ; 
i + 2,T,r , _ 2nJ + .r* 



then z = 



and z= - 




vclocj^ 



= l6i^ feet) = \/^ X V^TTT^ 
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s/2axX^ + corr. Let r=0, a:=0, and corr. = — V — • 



X 

Am 



hyp. log. a ; .'. ^^ V J^^ X hyp. log. ^ 

Now when the chain quits the pulley, x= ^ L-a; .\ the 

whole time = \/— x hyp. log. i-g^+^aX^^2a^+ ^ L~fl7 . 

4m ^ 



PROB. 108. 

Suppose a weight, suspended by a cord passing over a 
fixed pulley, to be uniformly drawn up; required the number 
of vibrations which the weight would make before it reaches 
the pulley. 

Let a = the distance of the weight from the pulley at the 

* beginning of its motion, x=i any variable distance ascended, 

and V =: the space through which it is uniformly drawn up in 

1"; m=l6j2 feet; then the length of the pendulum at the 

distance ar=a- J? ; therefore, time of oscillation : v :: 

2m 

circumference of a circle : diameter ; therefore the time of one 



Cx ^ a-x 
oscillation = — . ; hence the number of oscillations 

X 

in a time = - , or the fluxion of the number of oscillations^ 

jy X A./ 3)91 X X 
whilst the weight ascends through the space x, = 



Cx ^x^a— X 
X . , whose fluent, when x = a, is 



— . 2; -^ = the number of vibrations made by the 

Cx P ^ 

9 

pendulum. 
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CoK. The number of vibrations, made by this pendoli 
= twice the number made in the same time, viz. -, 

V 

a common pendulum, whose length is a. 



pROB. log. 

Let KLNM represent a cylindrical tube, whose arms KL 
and NM arc perpendicular, and LN parallel to the horizon; 
suppose it to be partly filled witli water, and the surface of 
the water, when quiescent, to coincide with AB and CD; 
let AB be depressed to EF, and CD raised equally to GH; 
draw IR in the other arm parallel to LN, and at the same 
height with GH; then, the pressure being removed, GH 
descend, and EF ascend. Required the time in which 
will rise to its greatest altitude IR. 



I 



Draw ST in MN at the same altitude with EF, 
parallel to L,V. Let GC=a; then GS ^ 
— au, and tlie force with which the 
upper surface endeavours to descend = 
a column of the fluid, whose altitude is 
Ha. Let the axis of the tube =L, and 
the force with which gravitj- would ac- 
celerate the fluid, if uDconfined, = I ; 
then the column GS : the whole weight 
of tlie fluid :: 3a : £. ; .*. the force of 



1 



this column 



2a 



•J-. Let GH descend to ry, and put Gj 



ad — 2x 



= r; then the acodentiiig Ibrce = — j — ; hence, if 
the $pace through which a body would fUt by gravi^ to 

, and 2 



1 



Sax - a* j 



•cquire the vdocity at xy, s = *- 

,'. tbe vdocity at x= V^xyfi 



3ax— X* 



Sox-x*. if m= l&ii feet. 
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v ^4111 y/aax-x* ^ 4ma* 

a circular, arc of radius a, and versed sine x, which needs no 
correction; /. the whole time of ascent to I By when x=:2a, 

is V/ . X * the circumference of a circle of radius a = 

4m a* * 

Xr^xpa (if /^ = 3.14159,&c.) =;>x V~. 

Cor. 1. The time of one descent of the fluid from GH 
to iSTis equal to the time in which a pendulum would vibrate, 
whose length is half the length of the tube's axis. 

Cor. 2. Since HD does not enter into the expression, 
whatever be the altitude of GH, the whole time of descent 
will be the same. 

CoR. 3. The velocity of the descending surface is accele- 
rated to CD, and then retarded to ST, where it =0. 



Prob. 110. 

Let the arms of the tube be inclined to the horizontal part 
LN \n any given angles, and let AB be depressed as before 
to EF; to find the time, in which, if the pressure were 
removed, EF would rise to its greatest altitude IB. 

Let AI or AEy which are equal to HD and DT, =a; 

p = the sine of the 
angle KLN, q = the 
sine of the angle 
MNLy to a radius 1 . 
Let L = the length 
of the whole canal, 
and the force with 
which gravity would 

accelerate the fluid if unconfined = 1. Then the force, by 
which the columa HD endeavours to descend at first = 

3c 
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HD X the sine of HNL .4E x sine of KLN 



= axq+p= the weight of tfie two columns HD and AB 
in a perpendicular direction. Hence the accelerating force 

at H= % — ^ ; and when the surface GH has descended 

to xy, if Hy=.T, the accclcratin{; force on xy = ayc ' j — ^ 

X X ^~j— = 'j^ — ~ ; and if z represent the space throu^J 

which a body must fall freely by gravity to acquire the velocityJ 

(i.i: — xdx g + p I 2ax-x^xq+p , _^4 
at xi/, z = -J — * — ^ , and z = — j — ^ — ^ ; hence j 



the velocity at y= V ^^ x 4m x ^2ax-x\ Now T= 



in this ease, 7"= 



r=x/: 



2L 



1+P ^ ^/flrtJ-x*' 

a circular arc of radius a, and versed 
4ma X ij ■'rp 

sine X, which needs no correction. Let x=^a; then the! 

/ aX 

whole tinM- = \ x ^ the circumference of *■ | 

4ma' X ^ + p 



circle of radius 



= /'«A 



Ama' X tj +p 



Pfl(if P = 3.I4159, &c.) I 



2hi X g i-p 

Cor. t. If KL and JUIV are perpendicular to the horizon, M 
or p and if each = l , 7*= P x\^ -—, as before. 



The time 
ascent 



t" one descent of the surface from GH i 
from £F to IH, is equal to the time i 



to ST, or 



which a pendulum would vibrate, whose length is ■ 
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Cor, 3. When the angles at L and N each equal 30°, 
then p and q each = | ; and the length of a pendulum, which 
would vibrate in the same time, «: L. 

Prob. 111. 

The force of gravity being supposed constant, to find 
the density of the air at any altitude above the surface of the 
earth. 

Let r= the radius of the earth, x = any variable' distance 
from the center above the sur&ce, v = the density of the air 
at that point, the density at the surface being assumed = 1 ; 
A= the height of an homogeneous atmosphere. Now since 
the compressive force of the air is proportional to its density, 
the fluxion of the compressive force is to the fluxion of the 
density as the compressive force to the density ; and in this 
case, since the force is constant, the fluxion of the compressive 

force is as the density and the fluxion of the altitude ; hence 

• 

h I I V. vi : -v\ /. - Ax * =i, and —Ax hyp. log, 1; + 
corr. = «+ corr., or Ax hyp. log. - =;j:~ r, 

CoR. 1. If ar, and therefore j? — r, be assumed in arithmetic 
progression, the hyp. log. of - is in arithmetic progression, 

and - in geometric ; that is, the densities of the air are in 
geometric progression. 



CoR. 1 . If AB represent the density of 
the air at the earth's surface, and AH 
be drawn perpendicular to AB, and any 
ordinatds, as FGy be taken proportional ^ 
to the density at F, the curve BGI thus 
traced out is the logarithmic curve. 



/ H 
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For x-r oc hyp. log. -, or AF varies inversely as the 

Ic^rithm of the density ; hence, if AF increases in arithmetic 
progression, FG decreases in geometric, a property o( the 
logarithmic curve. (Art. 131.) 



■ Ill* :i« I 



CoR. 2. Let A= the height of a homogeneous 
in which the density throughout is the same with the density 
at A; the pressure at A is the same, whether we take the 
homogeneous atmosphere, or that whose densi^ is represented 
by the varying Hne FG. Hence h x AB = the area ABIH 
= ABxAC (Art. 133. Prob. 3. Cor. 1.); .-. A = ^C= the 
sub-tangent, or the modulus of this system of logarithms is 
the height of an homogeneous atmosphere. (Art. 132. Prob. 2. 
Cor. 2.) Cotes* Harm. Mens. Prop. 5. Scholium. 

Prob. 112. 

The force of gravity varying inversely as the square of the 
distance from the center of the earth ; to find the density of 
die air at any altitude above the sur&ce. 

The force of gravity at any distance x =z ^ . Now the 

compressive force of the air varies as its density; and the 
fluxion of the compressive force is proportional to the force 
of gravity, the density and the fluxion of the altitude ; hence, 
on the same assumption as in the last Problem, 

h : 1 :: — r- : —V; .\ Ax = -— , 

and - A X hyp. log. r =s + corr. ; that is;, A x hj-p. Ic^. i 

V 

CoE. 1. If X increase in musical progressioa, -^ is in 

X 

arithmetic; hence the hyp. log. of the densities decreases in 
arithmetic progression^ and the densities themselves in geo- 
metric. ^ 
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COTES' SOLUTION. HARMONIA MENSURAUl'M. 

Prop. 5. ScHOLiuAt. 

Let S be the center of the earth, jiB its surface Assume 
Sf : SA :: SA 1 SF, and draw the 
ordinate fg proportional to the density 
at F; the curve Bgn traced out hy the 
point g will be the logarithmic curve, 
but in an inverted position. For let 
AFhn increased by the small line FM; 
take Sm : SA v. SA : SM, and assume 
mn, an ordinate proportional to the 
density at M. Then, since SmxSM 
= SA' = Sf'x SF, we have Sm : Sf .: 
SF : SM; and dividcndo, Sf-^Sm : 
Sf :: SM- SF : SM; altemando, 
fm : FM :: Sf : SM :: 5/ : SF :: 



5^' : SF' 



,. FMx SA' 
■•■•/'" = — SF^' 



hence 




j fm xfg varies as tlie fluxion of the distance x the force of 

j gravity at F x the density, or the area fgnm varies as the 

pressure at F; and the sum of all the similar areas below 
fg varies as the sum of the pressures above F, or varies as 

the density fg. In tlie same manner the sum of all the 
I areas below mn varies as mn; .hence their difierence, or the 

I . Area fgnm, ocfg-nm; that ^s, fg x fm <x fg — mn; ,-, 

if fg = y, and/7?i=:i, and/|r-mn=^, yxixy^ or i oc 

', -^ , a pro|)ertj' of the logarithmic curve. This curve is the 

same with that in the last Proposition ; for tlie ordinatcs 
I very near AB, and at very small equal intervals, are in each 

[ case equal ; lifnct', in Imth cases, the curvature, the inclination 

! of the tangent at B, and the value of the sub-tangent, are 

I the same. 
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Prob. 113. 



The force of gravity being supposed to vary as the vP" 
power of the distance from the center of the eaxth, and the 
compressive force of the air to be proportional to its density ; 
to find the density of the air at any altitude above the surbce. 

Here the force of gravity, at a distance x from the center, 
= — ; therefore, on the same assumption as in the preceding 

case, nil :: -—r- ' —V; /. — ax ~ = -—, and —A x 

hvp. log. v+ corr. = = — + corr. Now if x = r, i; = 1 ; 
^^ ^ n+l.r^ 

therefore A X hyp. log. - = ^=-^. 

Cor. 1. If the force be constant, n=0, and A x hyp. log. 
~ =x— r, as in Prob. 111. 



t; 



Cor. 2. If the force oc — from the center, n=z - 2, and 



1 r 
k X hyp. log. - oci , as in Prob. 1 12. 



COTES' SOLUTION. 

Let 5 be the center of the earth, j4 a point on its surface, 
SAF2 a hne drawn from the center to die top of the atmo- 
sphere ; and let it be required to 6nd the ratio of the density 
in ^ to the density in F, the force of gravity Taiying as SF"". 
Let SF= X, rf= the density at A, and r the density at F; 
then, since the compressive force varies as the density, the 
fluxion of the density is as the fluxion of the compressive 
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V 



afi 



c 



force, or *y oc vafi. and oc afi. Let -4 C be the height of 

an homogeneous atmosphere; that is, of an 
atmosphere, whose density throughout is the 
same with the density at A ; then A C : the 
height of the mercury in a barometer at ^ :: 
the density of mercury : the density of the 
air at A ; and if JF^ be conceived to approach 
toward Ay the altitude of the mercury in the 
barometer. at A : its altitude at JF' :: AC : 
FC. Hence the density of the air (d) at A 
: its density (v) at F :: AC : FC; /. d-v 
or *z; : d or v :: AF or x : AC; whence, in 






this case, ACx ^ ^^^'SA'* ^^^^ *^^"' 

wherever F be assumed, - ex oj^i, AC x - will = rr-z: in 

V V HA^ 

all cases, whatever be the position of F. 



Examples. 



1 



Ex. 1. Let the force vary as ~ from the center. 



V * X 

Here n= - 1, and ACx - =SA x -; .'. AC x hyp. log. 

V X 

V + corr. ss SA x hyp. log. x + corr. ; that is, since v is 

negative when x is positive, and the density Bi A=^d, 

d X 

AC X hyp. log. -^SAx hyp. log. -, 

or the measure of the ratios between the densities d and t^ 
to the modulus AC = the measure of the ratios between 
SCF and SA to the modulus SA. 



Ex. 2. Let the force of gravity oc D^ from the center. 
In this case, by taking and correcting the fluents. 
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the measure of the ratio between the densities d and v to the 
modulus AC. 

Assume SAy SFy SFl, SF2y in geometric progression 
increasing ; and SF^ SAj Sf2y 5/5, in the same progression 

decreasing ; and let the force of gravity vary as -jr^ ; the 

measure of the ratio between the densities at A and F to the 

d SA^ 

modulus ACy or AC x hyp. log. - =^ SA— ^ "vj!^* 

Now since SF : SA :: SA : Sf2, 

and SA : Sf2 (or SF : SA) :: Sf2 : 5/3, 
we have, by the first proportion, 

SF : Sf2 :: SF^ : SA' ; 
and by the second, Sf2 : Sfs :: 5F : 5^ ; 

.-. 5F : 5/3 :: SF" : SA^ ; 
hence 5/3= ^, and i 5^-|^ = i 5^-}5/-3 = l^y3; 

/. ACx hyp. log. - = ^ Af^. In the same manner, if the 

force of gravity oc -=^ , AC x hyp. log. - = Af2 ; if gravity 

be uniform, it =AF; if gravity vary directly as the distance, ' 
it =:^AFl ; if gravity vary as D\ it = \AF^, and so on 
in infinitum. 



^ 
f 



TTie Reader is desired to make the following 

Correctiom. 



Pack 7. fine 3. Insert 2xx'+x\ 

34. Figure, m is in En produced. 

44. line 9 from the bottom, for PFHR, read PFpr. 
\52. 1^. for " .-. a quadrant,'' read '' .-. the arc of a quadrant. 

'34. F is omitted in Figv I* 

60. 4th and 5th lines from bottom, for SA, read Sa. 

S3, line 2. £or TRS, read F/J.5. 
102. 12. for " circle/' read " center." 
112. 14. for BCR, read BSR. 



XX \^ax— J* 



1 15. 4 from bottom, for xx •flx— x*, read 5" 

\l 20. 4 from bottom, for x+a x V2ax+x*, read x+a+ ^2ax+?. 

122. 4. for/, read — /. 

140. 3. for ,43424968, read ,43429448. 

1 42. 4. for ax, read ai. 

,145. £ is omitted in the Figure. 

155. 2. for =, read oc. 

. ^74. 6 from bottom, afler '' VAC^+BC^/* insert " where EC 

is the semi-minor axis." 

•- 184. 2. for SPr, read SPii, S/V. 

194. 2 from bottom, after T= =f==- , read x*?'^. 

3x v^ma 

203- bottom line, for t>— c, read c— p. 

215. line 6. for x=:a, read x=:0. 



fli^+r^^ ar*+ry* 
219. line 1 from bottom, for ^ . — -1 "", read " = — xvf. 

\ 222. 6 and 7, for '' x + " and " -fa'+Z' read " x x '' and 

"-ia»x.'* 

229. bottom line, for 7 , read r- • 

4 4 

X 232. line 5. for "70," read ''74." 
233. bottom line, for «"«, read «•"*«. 

257. lines 6 and 13. for " Art. 129," read "Art. 135." 

lb. line 12. for 2^ read 2\ 

258. lines 4 and 5. Insert '' 2" in the denominator of the third term 

of the series. 



ERRATA. 

Page 269. line 12. for ^, read i* 

m 

272. 6. for l+«. read 1±«*. 

•/ 274. 10. tor ' , .read 



275. lines 5^ 6 and 7. Multiply 3 into the numerator of the third 

term of the series. 

285. last line but one. for fuT^, read j^\ 

lb. last line, read na:^\ 

288. line 2. denominator, for oT^ read je*. 
294. I. for " chord," read " cord/* 

336. 11. for —:===, read * ' * . 

351. 6. denominator, for ii^2ii, read fi.2ii. 

352. 6. for x^i, read jPi. 
352. Figure, omit the tangent PL, 

359. line 15. for5/»-5F*, read VSF^-^ST^ 



•i 
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